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Summary

The mechanical properties of coagulated colloidal microstructures strongly

depend on their “history” of preparation and thus on the microstructural

arrangement of the particles. Experimentally, up to one order of magni-

tude higher elastic properties and yield strengths are found for coagulated

gels with a “more heterogeneous” microstructure than for their “more ho-

mogeneous” counterparts. Thereby, “more homogeneous” and “more het-

erogeneous” characterize either a rather uniform distribution of the particle

positions or a microstructure presenting locally denser regions and – since

the overall volume fraction is the same – larger voids.

This thesis makes a contribution to the still poorly understood relation

between microstructure and mechanical properties of coagulated particle gels.

Three aspects are analyzed in detail: characterization of the microstructure,

generation of microstructures and simulation of the mechanical properties.

Appropriate means to characterize the microstructure are of fundamen-

tal importance in order to mathematically correlate microstructure and me-

chanical properties of coagulated colloids. The focus of the microstructural

characterization is twofold. First, methods characterizing load-bearing sub-

structures are investigated. Very promising results are obtained using the

newly introduced straight path method. This method analyzes the distri-

bution of quasi-linear chains of contacting particles. Its application to a

homogeneous and a heterogeneous microstructure originating from Brown-

ian dynamics simulations has shown that the mechanically stronger, hetero-

geneous microstructure contains significantly more straight paths of longer

length than the homogeneous microstructure. Second, this thesis provides a

mathematical quantification of the intuitive, but vague terms “more or less

heterogeneous”. The introduction of the degree of heterogeneity allows for

an unprecedented quantification, classification and comparison of the hetero-

geneity of particle packings using three distinct scalar measures. Thus, in

view of a description of the relation between microstructure and mechani-

cal properties, the methods introduced in this thesis represent an important

advance. In particular, they show large differences between the distinct mi-

crostructures and allow for a unique quantification of their heterogeneity,

which cannot be achieved using commonly used methods, such as the radial
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SUMMARY

pair-correlation function.

A systematic study of the microstructure-dependent mechanical proper-

ties further relies on the possibility of a reproducible generation of microstruc-

tures possessing a controllable degree of heterogeneity over a wide range of

volume fractions. This is achieved by the void expansion method developed in

this thesis. In particular, this computationally efficient, stochastic structure

generation method allows for a quasi-continuous adjustment of the degree of

heterogeneity of the microstructures.

Finally, the elastic properties of two sets of microstructures obtained by

the void expansion method and by earlier Brownian dynamics simulations are

determined computationally by means of the discrete element method. The

model parameters are calibrated using a homogeneous and a heterogeneous

Brownian dynamics-microstructure yielding good quantitative agreement be-

tween the simulated and the experimental elastic properties. The plateau

storage moduli are then investigated as a function of the straight path dis-

tribution and the degree of heterogeneity. A linear dependence between the

elastic properties and the characteristic inverse straight path length is found

for the Brownian dynamics-microstructures. This behavior could not be ob-

tained using the microstructures generated by the void expansion method,

since these structures all present similar straight path distributions. In terms

of the degree of heterogeneity, both sets of microstructures cover a broad, par-

tially overlapping range and the elastic moduli were found to increase with

increasing degree of heterogeneity. In particular, a power law scaling pre-

senting a critical degree of heterogeneity was found. This permits, for the

first time, a mathematical description of the relation between microstructure

and mechanical properties. Analogous to percolation theory, this behavior

is interpreted as microstructural percolation, indicating a phase separation

between a phase with zero and a phase with finite elasticity.
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Zusammenfassung

Die mechanischen Eigenschaften von koagulierten Partikelgels hängen stark

von der ”Herstellungsgeschichte” und somit von der mikrostrukturellen An-

ordnung der Primärpartikel ab. Experimente an koagulierten Kolloidkör-

pern haben gezeigt, dass jene mit einer ”heterogeneren” Mikrostruktur

bei identischem Volumengehalt bis zu einer Grössenordnung höhere Elas-

tizitätsmoduln und Versagensspannungen aufweisen als jene mit ”homo-

generer” Mikrostruktur. Dabei beschreiben die Begriffe ”homogener” und

”heterogener” eine entweder eher gleichmässige Verteilung der Partikelpo-

sitionen oder eine Verteilung mit lokal dichteren Regionen und demzufolge

grösseren Poren.

Diese Doktorarbeit verschafft Einblick in die bisher nur wenig erforschte

Beziehung zwischen der Mikrostruktur und der Mechanik von Gelen. Dazu

werden die folgenden drei Aspekte im Detail betrachtet: Die Charakterisie-

rung der Mikrostruktur, die Erzeugung von Strukturen und die Simulation

der mechanischen Eigenschaften.

Um die Beziehung zwischen Mikrostruktur und mechanischen Eigen-

schaften mathematisch beschreiben zu können, bedarf es einer geeigneten

Charakterisierung der Mikrostruktur. Dabei liegt der Schwerpunkt auf zwei

Aspekten: Erstens werden krafttragende Unterstrukturen beschrieben, wobei

vielversprechende Resultate mit der Methode der geraden Pfade erzielt wer-

den konnten. Diese Methode untersucht die Verteilung von quasilinearen

Partikelketten. Die Anwendung dieser Methode auf je eine bereits vor-

liegende, mittels Brown’scher Dynamik erzeugte, homogene und hetero-

gene Struktur, zeigt eine signifikant höhere Anzahl an längeren geraden

Pfaden in der mechanisch stärkeren, heterogenen Struktur im Vergleich zur

homogenen Struktur. Zweitens ermöglicht diese Doktorarbeit eine Quan-

tifizierung der intuitiv leicht verständlichen, aber vagen Begriffe ”hetero-

gen” und ”homogen”. Der Heterogenitätsgrad einer Struktur erlaubt erst-

malig über drei verschiedene Wege eine skalare Quantifizierung und damit

eine Vergleichbarkeit der Heterogenität von Partikelpackungen. Hinsichtlich

der Beschreibung der Beziehung zwischen Mikrostruktur und mechanischen

Eigenschaften stellen die in dieser Doktorarbeit vorgestellten Methoden einen

wichtigen Fortschritt dar. Diese Methoden zeigen signifikante Unterschiede
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zwischen den unterschiedlichen Strukturen und erlauben eine Quantifizierung

der Heterogenität, was mit bisherigen Methoden wie zum Beispiel der radi-

alen Paarkorrelationsfunktion nicht möglich war.

Eine systematische Studie der mikrostrukturabhängigen mechanischen

Eigenschaften erfordert die Möglichkeit einer reproduzierbaren Erzeugung

von Strukturen mit frei wählbarem Heterogenitätsgrad über einen weiten

Bereich von Volumengehältern. Dies ermöglicht die in dieser Dissertation

entwickelte Porenexpansionsmethode. Insbesondere erlaubt diese recheneffi-

ziente Methode die Erzeugung von zufälligen Strukturen mit einem quasi-

kontinuierlich regulierbaren Heterogenitätsgrad.

Schliesslich wurden die elastischen Eigenschaften von Partikelstrukturen

mittels der Methode der diskreten Elemente simuliert, wobei die Aus-

gangsstrukturen über die Porenexpansionsmethode und über Brown’sche Dy-

namik erzeugt wurden. Die Modelparameter wurden mithilfe einer homoge-

nen und einer heterogenen Struktur aus den Brown’sche Dynamik Simula-

tionen kalibriert, wobei eine sehr gute quantitative Übereinstimmung zwi-

schen simulierten und experimentellen Werten erzielt werden konnte. Die

simulierten Elastizitätsmoduln aller Strukturen wurden dann als Funktion

der Verteilung der geraden Pfade und des Heterogenitätsgrades betrachtet.

Die Strukturen aus den Brown’sche Dynamik Simulationen zeigen eine lineare

Abhängigkeit zwischen den elastischen Eigenschaften und der charakteristis-

chen, inversen Pfadlänge. Dieses Verhalten liess sich mit den über die Poren-

expansionsmethode erzeugten Strukturen nicht erhalten, da diese Struk-

turen untereinander sehr ähnliche Verteilungen gerader Pfade aufweisen.

In Bezug auf den Heterogenitätsgrad decken die mittels Brown’scher Dy-

namik und Porenexpansionsmethode generierten Strukturen einen breiten,

teilweise überlappenden Bereich ab. Die Simulationen ergaben, dass die

Elastizitätsmoduln, unabhängig von der Erzeugungsmethode, mit zunehmen-

dem Heterogenitätsgrad ansteigen und mittels Potenzgesetz mit kritischem

Heterogenitätsgrad beschrieben werden können. In Analogie zur klassischen

Perkolationstheorie wird dieses Verhalten als mikrostrukturelle Perkolation

interpretiert und weist auf einen Phasenübergang zwischen einer Phase mit

verschwindend kleinem Elastizitätsmodul unterhalb des kritischen Hetero-

genitätsgrades und einer Phase mit endlichem Elastizitätsmodul oberhalb

des kritischen Wertes hin.
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1
General Introduction

The mechanical properties of colloidal particle gels are of great importance

in nature and in many of today’s technologies. Sediments [1], clay [2], some

food [3], pharmaceutics [4] or paints and coatings [5] are but a few examples.

Typically, the mechanical properties of colloidal particle gels exhibit very

complex behaviors such as shear thickening [6], thixotropy [7] or aging [8]

and a thorough understanding of these properties is required in order to

optimize the various process parameters.

In a scientific context, random spheres packings provide ubiquitous model

systems for colloids – or granular material in general – and allow for a system-

atic study of the mechanical properties as a function of the various parameters

as, for example, the volume fraction [9], the particle size distribution [10],

material properties such as the particles’ friction coefficients [11] or adhesive

forces [12].

The present thesis focuses on the influence of the microstructural arrange-

ment of the primary particles on the structure’s mechanical properties [13].

This influence is often observed implicitly in experimental and simulated

mechanical tests on gels or particle packings differing in preparation history.

Macroscopic stress profiles, for example, were found to depend strongly on

the sample preparation procedure and thus on the microstructure [14].

Systematic investigations of the mechanical properties as a function of

the microstructure, however, are scarce due to the difficulty of the repro-

ducible generation of microstructures with a specific local arrangement of

the particles. Also, in the case of primary particles with diameters larger

than 10 µm, investigations are principally restricted to gravitationally stable

structures, which limits the volume fractions to the range between approx-

imately 0.55 [15] and 0.64 [16]. These empirical limits are called random

1



1. GENERAL INTRODUCTION

loose packing (RLP) and random close packing (RCP), respectively. This

relatively small range is substantially broadened toward smaller volume frac-

tions by the use of colloidal particles with particle diameters below 10 µm,

for which the gravitational force is negligible in comparison to the van der

Waals force, electrostatic repulsion or Brownian motion [17, 18].

Figure 1.1: Microstructure of coagulated silica suspensions with volume frac-

tion 0.4 formed by the ∆pH- (left) and the ∆I-method (right) using the DCC

process (particle diameter 0.525 µm). Micrographs obtained by cryogenic

scanning electron microscopy [19].

For such colloidal system an in situ coagulation method (direct coagula-

tion casting (DCC) [20, 21]) provides the possibility of an undisturbed gener-

ation of coagulated microstructures with distinct local particle arrangements

at constant volume fraction. DCC allows for a coagulation of the initially

electrostatically stabilized suspension along two principle pathways: Shifting

the pH of the suspension to the particles’ isoelectric point (∆pH-method)

or increasing the suspension’s ionic strength at constant pH (∆I-method).

The ∆pH-method results in “more homogeneous” microstructures due to

diffusion-limited aggregation whereas the ∆I-method leads to “more hetero-

geneous” microstructures due to reaction-rate-limited aggregation [19].

Figure 1.1 shows cryogenic scanning electron microscopy pictures of silica

suspensions with a volume fraction of 0.4 and a particle diameter of 0.525 µm

2



1. GENERAL INTRODUCTION

destabilized by the ∆pH- (left) and the ∆I-method (right) [19]. The particles

in the ∆pH-coagulated colloid present a highly homogeneous microstructure

whereas in the ∆I-system inhomogeneities on the length scale of a few particle

diameters are observed.

Experimental uniaxial compression test and rheological measurements on

“more homogeneous” and “more heterogeneous” microstructures produced

by DCC have shown that the local arrangement of the particles strongly

influences the gel’s mechanical properties. At equal volume fractions, up to

ten times higher elastic properties and yield strengths are found for gels,

presenting a more heterogeneous arrangement of the particles in comparison

to their more homogeneous counterparts [22, 23, 24]. The question, how these

microstructural differences on the length scale of a few particle diameters can

have such a dramatic influence on the mechanical properties, is still open.

In granular materials, forces are transmitted via force chains [25]. These

materials exhibit very inhomogeneous stress distributions, which possess two

key characteristics [25, 26]. The majority of particles (> 60%) carry less

than the mean force Fmean and the number of particles that carry forces

above Fmean decreases exponentially with increasing contact force. For de-

creasing forces smaller than Fmean the number of force-carrying particles was

found to be constant [27] or even decreases to zero [28], depending on the

experimental parameters. Figure 1.2 shows the force chain distribution in a

two-dimensional arrangement of discs where the internal stress is the result

of a swelling of the particles. Black lines represent forces between particles

with their thickness proportional to the magnitude of the force. It demon-

strates the highly inhomogeneous stress transmission in a granular system

and the small fraction of particles involved in stress-bearing.

On the other hand, in the case of highly dilute, fractal colloidal parti-

cle gels, the interrelation between microstructure and mechanical properties

is well understood. In such highly dilute gels, scaling models accurately de-

scribe the relation between the gel’s microstructure in terms of the fractal di-

mension and its mechanical properties [29]. The microstructure is controlled

by the coagulation method. Qualitatively speaking, more loose aggregates

are found for diffusion-limited aggregation while denser clusters are found

in the case of reaction-rate-limited aggregation [30]. For colloidal structures

with higher volume fractions, as targeted here, the fractal description fails.

One possibility for gaining more insight into the relation between struc-

ture and mechanical properties is by computational means. Simulation

3



1. GENERAL INTRODUCTION

Figure 1.2: Example of the inhomogeneous force distribution in a two-

dimensional confined packing of discs. Black lines show forces between par-

ticles with their thickness proportional to the magnitude of the force.

4



1. GENERAL INTRODUCTION

techniques such as molecular dynamics [31] or the discrete element method

(DEM) [32] account for the particulate nature of colloidal suspensions and

allow for a detailed investigation of the development of the force chains dur-

ing deformation. Furthermore, in combination with modern computational

means, efficient simulations containing well above 10 000 particles are feasi-

ble.

Brownian dynamics (BD) simulations, for example, were used recently

to study the coagulation of an initially electrostatically stabilized colloidal

suspension along the two principal destabilization pathways of the DCC-

process [33]. In good agreement with experiments, more homogeneous mi-

crostructures were found for the ∆pH-method and more heterogeneous mi-

crostructures for the ∆I-method. These simulations have revealed that the

occurrence and depth of a secondary minimum in the particle interaction

potential, described by the Derjaguin-Landau-Verweg-Overbeek theory [34],

is responsible for these differences in the final microstructures.

The question that immediately raises is how the differences in hetero-

geneity can be described. The qualitative terms “more homogeneous” and

“more heterogeneous” are intuitive but do not allow for a quantitative de-

scription of these microstructures. Up until now, various structure char-

acterization methods such as the pair-correlation function, the bond angle

distribution or the triangle distribution function have been applied to the

BD-microstructures [35]. These functions allow monitoring the microstruc-

tural changes during the coagulation process. Particular features in these

distributions, such as the height of characteristic peaks enable distinguishing

between more or less heterogeneous structures. These differences, however,

are relatively small and, in particular, do not allow conclusions to be drawn

with regard to the mechanical properties.

A thorough analysis of the microstructural arrangement of the particles in

the BD-microstructures has been performed using the Minkowski integrals in

conjunction with the parallel-body technique [36]. This method offers a very

detailed insight into the morphology of the various microstructures. But, as

in the case of the aforementioned methods, this method does not permit to

unambiguously relate the microstructure to the mechanical properties. In

order to find such a relation, the microstructures need to be investigated

in terms of load-bearing substructures, consisting of mechanically stronger

local particle arrangements that are more abundant in microstructures with

higher mechanical properties. Furthermore, a quantification of “more ho-

5
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mogeneous” and “more heterogeneous”, which does not rely on the optical

comparison of distribution curves, could not yet be provided. An appropriate

characterization of the microstructure in terms of load-bearing substructures

and a quantification of the degree of heterogeneity are thus crucial in or-

der to investigate correlations between microstructures and their mechanical

properties.
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2
Aim of the Thesis

Experiments on coagulated colloidal microstructures with high volume frac-

tion have demonstrated that the mechanical properties strongly depend on

the microstructural arrangement of the primary colloidal particles. The re-

lation between microstructure and mechanical properties, however, is poorly

understood. In a previous thesis, the distinct particle arrangements have

been reproduced by Brownian dynamics simulations and were found to be

in good agreement with experiment. These initial particle arrangements, to-

gether with the experimentally determined mechanical properties, provide

the basis of the present computational investigation of the mechanical prop-

erties as a function of the microstructure.

The aim of this thesis is to gain insight into the correlation between the

mechanical properties of coagulated colloidal particle gels and the microstruc-

tural arrangement of the primary colloidal particles. Toward this aim, the

following working packages are identified:

• The investigation of the mechanical properties as a function of the

microstructure relies crucially on the possibility of an adequate char-

acterization of the microstructure. Their classification as more het-

erogeneous or more homogeneous is intuitive but does not allow for

a clear and unambiguous quantification of the microstructures’ degree

of heterogeneity. Therefore, new characterization methods of particle

microstructures have to be developed.

• One working hypothesis of this study is that the higher load-bearing

capabilities of heterogeneous microstructures rely on a more abundant

presence of load-bearing substructures. Thus, gearing toward a corre-
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2. AIM OF THE THESIS

lation of microstructure and mechanical properties, such load-bearing

substructures must be identified, characterized and quantified.

• Brownian dynamics simulations were able to reproduce coagulated col-

loidal suspension with various degrees of heterogeneity up to a maxi-

mum volume fraction of 0.4. Differences in mechanical properties how-

ever, have been observed for volume fractions up to 0.6. In the case

of uniaxial compression experiments, in particular, the differences in

yield strength are equal at a volume fraction of 0.4 and only become

significant for volume fractions approaching 0.6. A systematic study of

the microstructure-dependent mechanical properties thus requires the

possibility of an efficient computational generation of particle pack-

ings presenting various degrees of heterogeneity over a broad range of

volume fractions.

• Finally, this thesis relies on the discrete element method to computa-

tionally reproduce the experimental mechanical properties of colloidal

microstructures. Therefore, a suitable simulation model, ideally with

a low number of degrees of freedom, needs to be chosen. This model

should be able to quantitatively reproduce the mechanical properties

measured experimentally, which requires a calibration of the simula-

tion parameters. In a second step, this model is used to simulate the

mechanical properties of a large number of particle packings presenting

distinct microstructural arrangements in order to reveal correlations

between the mechanical properties and specific microstructural charac-

teristics.

Outline

Chapter 3 covers the theoretical and experimental background in adequate

detail and presents the discrete element method, which is the numerical

method used throughout this thesis. Chapters 4 and 5 are dedicated to

the characterization of particle packings in terms of load-bearing substruc-

tures and to the quantification of the structures’ degree of heterogeneity. In

Chapter 6, the void expansion method is introduced, which allows for ef-

ficient computational generation of particle packings with volume fractions

ranging from 0.2 to 0.55. Further, depending on the simulation parameters,

the void expansion method allows generation of particle packings that cover

12
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a broad range of degrees of heterogeneity, which is discussed in Chapter 7.

The simulations of the elastic properties of bonded particle packings and

their correlation to microstructural characteristics are presented in Chap-

ter 8. Chapter 9 concludes this thesis and Chapter 10 gives an outlook on

further studies that could be performed based upon this work. All structure

characterizations presented in this work were performed using the software

is.structure.analysis, which was developed within the framework of this thesis

and which is described in Appendix A.1.

Chapters 4 to 8 represent self-contained pieces of information already

published or submitted for publication, and thus cover the necessary theo-

retical and experimental background. Therefore, certain redundancies could

not be avoided.
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3
Experimental and Theoretical

Background

In this chapter, the necessary experimental and theoretical background re-

quired for the understanding of this thesis is covered. A first section fo-

cuses on direct coagulation casting (DCC), the experimental method used

to coagulate colloidal microstructures, which provides the possibility to con-

trol the final structures’ degree of heterogeneity. Section 3.2 summarizes

the mechanical properties of these microstructures and their dependence on

the microstructural arrangement of the primary particles. In particular, the

experimental results of uniaxial compression tests and rheological measure-

ments are presented. Section 3.3 focuses on alkali-swellable polymers that

provide an alternative experimental method to generate more heterogeneous

microstructures. Section 3.4 introduces the results of Brownian dynamics

simulations, in which the coagulation of colloidal suspensions to stiff mi-

crostructures with distinct degrees of heterogeneity was reproduced. Finally,

in Sec. 3.5, the discrete element method (DEM) is explained. This method

is used throughout this thesis in order to generate particle packings and to

simulate their mechanical properties.

3.1 Direct Coagulation Casting

Direct coagulation casting (DCC) [1, 2] is an in situ coagulation method. It

allows coagulating initially electrostatically stabilized colloidal suspensions

to stiff particle structures and relies on the temperature-induced hydrolysis

of urea catalyzed by the enzyme urease according to

CO(NH2)2 + 2 H2O −→ NH+
4 + NH3 + HCO−

3 .
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Figure 3.1: Schematic stability diagram of colloidal suspensions.

Figure 3.1 schematically depicts the stability diagram for colloidal sus-

pensions. The stable initial suspension is generally prepared at low pH and

low ionic strength. In this regime, the electrostatic repulsion between the

particles due to their surface charge dominates and the suspension behaves

like a liquid. The destabilization can then be performed along two principal

pathways: shifting the pH to the particles’ isoelectric point (iep) gradually

decreases the particles’ surface potential to zero (∆pH-method) leading to

“more homogeneous” microstructure through diffusion-limited aggregation.

Increasing the ionic strength of the suspension (∆I-method) compresses the

ionic double layer, which results in “more heterogeneous” microstructures

via reaction-rate-limited aggregation.

The differences in heterogeneity have been observed using various tech-

niques such as static light transmission [3], which allowed measuring the tur-

bidity of the suspension during coagulation. A more drastic decrease of the

turbidity was found in the case of the ∆I-destabilization in comparison to the

∆pH-destabilization, indicating larger pores and therefore a more heteroge-

neous microstructure. A direct observation of the microstructural differences
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of silica suspensions (volume fraction = 0.4, particle diameter = 0.525 µm)

destabilized using the ∆pH- and the ∆I-method was achieved using cryogenic

scanning electron microscopy [4]. A more homogeneous microstructure can

indeed be determined for the ∆pH-coagulated suspension (Fig. 1.1, left) in

comparison to the ∆I-system (Fig. 1.1, right), in which locally more densely

packed particles and consequently larger pores are visible.

Within the framework of the Derjaguin-Landau-Verweg-Overbeek

(DLVO) theory [5], the inter-particle potential is given by the sum of the

van der Waals attraction V vdw (Eq. (3.1)) and the electrostatic double layer

repulsion V el (Eq. (3.2)). Thus, V dlvo = V vdw + V el.

V vdw(r) = −AH

12

[
d2

0

r2 − d2
0

+
d2

0

r2
+ 2 ln

(
r2 − d2

0

r2

)]
(3.1)

V el(r) = πεrε0

[
4kBT

zV e
tanh

(
zV e

4kBT
Ψ

)]2

d0 exp (−κ{r − d0}) (3.2)

The inverse Debye screening length κ is given by

κ =

√
2e2I

εrε0kBT
, (3.3)

with I the ionic strength, i.e., the ion concentration. Typical experimental

DLVO parameters are summarized in Table 3.1 [6].

Table 3.1: Typical experimental DLVO potential parameters for a stable sus-

pension of alumina particles in water [6].

Parameter Symbol Value

Hamaker constant of Al2O3 in water AH 5 × 10−20 J

Particle diameter d0 0.4 µm

Relative dielectric constant of water εr 81

Absolute temperature T 293 K

Valency of ions zV 1

Surface potential Ψ0 0.06 V

Ionic strength I0 0.001 mol/l
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Figure 3.2: DLVO potentials during destabilization. ∆pH-method (upper

graph): decreasing surface potential Ψ at constant ionic strength I0 and ∆I-

method (lower graph): increasing ionic strength I at constant surface poten-

tial Ψ0 .
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Theoretically, the microstructural differences are explained by the differ-

ent evolutions of the inter-particle potential for the two destabilization path-

ways. During the ∆pH-method, the surface potential Ψ decreases at almost

constant ionic strength I0 whereas the ∆I-method consists in an increasing

ionic strength I at constant surface potential Ψ0. The evolution of V dlvo

during the coagulation is exemplified in Fig. 3.2 for the ∆pH-method (upper

graph) and the ∆I-method (lower graph). The major difference between the

two methods is the appearance of a secondary minimum during the desta-

bilization using the ∆I-method. The energy barrier ∆E between secondary

and primary minimum decreases gradually with advancing destabilization.

During this process, particles are temporarily trapped in the shallow sec-

ondary minimum, from which they can escape again and rearrange due to

their thermal energy. This rearrangement leads to locally denser and thus

more heterogeneous particle configurations, which, in analogy to reaction-

rate-limited aggregation, is explained by a probabilistic argument. Indeed,

for a particle a locally denser configuration with more than one next neigh-

bor is energetically favorable, which decreases the probability of a further

rearrangement. It is only toward later destabilization stages, as ∆E is of the

order of magnitude of a few kBT , that particles can cross the energy barrier

and become irreversibly bonded.

3.2 Mechanical Properties

3.2.1 Uniaxial Compression

Typical stress-strain plots are shown in Fig. 3.3 for α-alumina particle struc-

tures generated using the ∆pH- and the ∆I-method at volume fractions 0.55

and 0.59, respectively (particle diameter = 0.4 µm) [6]. Initially, the stress in-

creases linearly as a function of strain and the slope of this linear part is iden-

tified with the Young’s modulus. After this initial part, the slope decreases

and the curve present a characteristic kink. The strain and stress at this point

are termed as the yield strain and yield strength, respectively. The more het-

erogeneous ∆I-structures present approximately four times higher Young’s

moduli and yield strengths than the more homogeneous ∆pH-structures with

corresponding volume fraction.
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Figure 3.3: Stress-strain plots for ∆pH- and ∆I-destabilized alumina struc-

tures at volume fractions 0.55 and 0.59, respectively (particle diameter =

0.4 µm) [6].

An overview of the compressive yield strengths of homogeneous and het-

erogeneous alumina structures with volume fractions between 0.4 and 0.6 is

given in Fig. 3.4 (particle diameter = 0.4 µm) [6]. At Φ = 0.4, the yield

strengths of the homogeneous and the heterogeneous microstructures are

approximately equal. Toward higher volume fractions, the yield strength ra-

tio between the heterogeneous and homogeneous microstructures increases.

Thus, the differences in compressive yield strength between the two types of

microstructures are more pronounced toward higher volume fractions. At a

volume fractions close to 0.6 an approximately six times higher compressive

yield strength is found for the more heterogeneous microstructures.
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Figure 3.4: Compressive yield strength of ∆pH- and ∆I-destabilized alumina

structures as a function of volume fraction [6].

3.2.2 Rheology

The viscoelastic properties of the colloidal suspensions were determined us-

ing a stress-controlled rheometer (Model CS-50, Bohlin Instruments, Sweden)

equipped with a plate-plate geometry measuring tool (rough surfaces, 25 mm

plate diameter). Stress amplitude sweeps in oscillation were performed at a

fixed frequency of 1 Hz. The absolute value of the complex modulus G is

obtained by dividing the peak stress value with the actual strain of each

oscillation. The storage modulus G′ and the loss modulus G′′ are then cal-

culated by multiplication with the cosine and the sine of the phase angle

between excitation and response, respectively. Examples of the rheological

stress-strain curves of alumina gels (particle diameter = 0.4 µm) formed by

the ∆I- and the ∆pH-method and at a volume fraction of 0.4 are presented

in Fig. 3.5 [7]. The plateau storage modulus G′
p and the yield strain γy are
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evaluated according to [8].

Figure 3.5: Example of the elastic modulus G’ versus strain γ for an alumina

gel formed by the ∆I- and the ∆pH-method [7] (Φ = 0.4). The plateau storage

modulus G′
p and the yield strain γy are evaluated according to [8].

An overview of the experimental results of the rheological measurements

of alumina gels (particle diameter = 0.4 µm) is given in Fig. 3.6 (upper graph)

presenting the plateau storage moduli of homogeneously and heterogeneously

coagulated alumina particle structures as a function of volume fraction. Gels

destabilized using the ∆I-method show significantly higher elastic properties

than those produced by the ∆pH-method. In particular, the ratio of the ∆I

and the ∆pH storage moduli is independent of volume fraction.

In terms of yield strain (Fig. 3.6, lower graph) the ∆I- and the ∆pH-

samples show distinct behaviors as a function of volume fraction. In the case

of ∆pH-destabilized gels, the yield strain decreases for increasing volume

fraction, whereas it remains constant for ∆I-destabilized gels.
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Figure 3.6: Plateau storage modulus G′
p (upper graph) and yield strain γY

(lower graph) as a function of volume fraction for alumina gels (particle

diameter = 0.4 µm) formed by the ∆I- and the ∆pH-method [7].
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3.3 Alkali-Swellable Polymer Particles

An alternative method to introduce a higher degree of heterogeneity in

a coagulated colloidal particle packing is by means of alkali-swellable poly-

mer (ASP) particles [9, 10]. The ASP particles with a diameter of roughly

80 nm are admixed to the initial, stabilized colloidal suspension of α-alumina

particles (average diameter d0 = 0.4 µm). During the ∆pH-destabilization

and the thereby induced pH-shift, the size of the ASP particles increases to

approximately a tenfold of their initial size. Thereby, they push the colloidal

particles in their vicinity and create larger pores and thus a more heteroge-

neous microstructure.

Experimental uniaxial compression tests on coagulated α-alumina struc-

tures with a volume fraction of 0.57 have revealed that the more hetero-

geneous structures containing the ASP particles present approximately ten

times higher compressive yield strengths and Young’s moduli than the mi-

crostructures without ASP particles. Gels only containing ASP particles

have a seven orders of magnitude lower stiffness in comparison to their rein-

forcement effect, which allowed concluding that the polymer particles itself

can not be accounted for this strengthening. Therefore, the change in mi-

crostructure induced by the swelling particles was held responsible for the

increase in the mechanical properties. The more so, as the increase in me-

chanical properties is very similar to the difference between the mechanical

properties of the ∆I- and ∆pH-microstructures, as discussed in Sec. 3.2.1.

The idea of introducing swellable filler particles is revisited in a com-

putational context in Chapter 6 where “void-particles” are admixed to the

structure-particles. In analogy to the ASP particles in the experimental

study, the radius of the void-particles is then increased repeatedly. During

this process, the structure-particles are rearranged and heterogeneities are

introduced.

3.4 Brownian Dynamics Simulations

The coagulation of electrostatically stabilized alumina particle suspensions

to stiff structures was simulated using Brownian dynamics (BD) simula-

tions [11]. The DLVO theory [5], as presented in Sec. 3.1, was used to

describe the particle-particle interaction. The DLVO parameters used dur-
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ing these simulations are summarized in Table 3.2 and the potential curves

for various values of the surface potential Ψ0 are shown in Fig. 3.7.
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Figure 3.7: DLVO interaction for different surface potentials: (a) pure

van der Waals attraction (∆pH-destabilization), (b) ∆E = 0 kBT and (c)

∆E = 5 .65 kBT (∆I-destabilization).

For Ψ0 = 0 mV, the electrostatic double layer repulsion is zero and the

inter-particle potential is only given by the attractive van der Waals potential

(Eq. (3.1)). For Ψ0 = 12 mV, a secondary minimum appears and ∆E denotes

the energy barrier between the local maximum and the secondary minimum.

For Ψ0 = 15 mV, a repulsive barrier of ∆E = 5.65 kBT exists and the

secondary minimum is found at r = 1.08 d0. The model further included

the frictional Stokes’ drag force and a random Brownian force caused by the

suspending liquid.

The BD-microstructures analyzed in various chapters of this thesis are

labeled according to the surface potential used during their generation:

Ψ0 = 0 − 15 mV, generally. In particular, the Ψ0 = 0 mV microstruc-
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Table 3.2: Potential parameters for the coagulating suspensions.

Parameter Symbol Value

Hamaker constant of Al2O3 in water AH 4.76 × 10−20 J

Particle diameter d0 0.5µm

Relative dielectric constant of water εr 81

Absolute temperature T 293 K

Valency of ions zV 1

Inverse Debye screening length κ 108 m−1

ture corresponds to the ∆pH-destabilization method and is also referred to

as “homogeneous” microstructure. The one with Ψ0 = 15 mV corresponds to

the ∆I-destabilization method and is termed as “heterogeneous” microstruc-

ture. These two microstructures will be used to calibrate the simulation

parameters in Chapter 8. All structures have the same volume fraction of

0.4 and contain 8 000 spherical particles with diameter d0 = 0.5 µm forming

one percolating cluster.

3.5 Discrete Element Method

The discrete element method (DEM) is a simulation technique originally

proposed by Cundall and Strack in 1979 [12]. It can be described as an

iterative, numerical method to calculate the movement of a large number of

distinct particles. The method is based upon the assumption that the matter

under investigation can be discretized into single solitary particles. Thereby,

the collective of particles may constitute a brittle material such as rock or

concrete [13]. Alternatively, the particles may represent individual, physical

particles as for example sand, grain or corn, for which hopper flow [14, 15]

or ball milling [16] are typical fields of application.

Figure 3.8 schematically depicts the DEM calculation cycle. The first

step of every DEM simulation is to provide each particle with an initial

position and velocity. The force on each particle is then calculated as a

function of its position and velocity. A central-difference scheme is used to

integrate Newton’s equations of motion in order to calculate the positions
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Figure 3.8: DEM calculation cycle.

and velocities of the particles after a time step ∆t. These two steps, the

calculation of the forces and the integration of the equations of motion, are

then applied iteratively until the end of simulation time.

The forces are determined by the physical laws relevant to the problem

under consideration. Typical forces considered in DEM are for example:

• Frictional forces between particles or between particles and the geo-

metric confinement of the problem, e.g., walls

• Gravitational force acting on the particles or gravity between particles

in the case of astronomic simulations

• Electrostatic repulsion or attraction between charged particles

• Bonding between particles originating from adhesion or cementation

• Mechanical forces between contacting particles: elastic repulsion

Due to the particulate nature of colloids, DEM seems to be the simulation

method of choice. However, in contrast to rather classical DEM particle sizes

ranging from sand grains to rocks or even planets, particles in the nanometer

range are considered in this thesis. The influence of this small characteristic

length scale is twofold. On the one hand, forces such as electrostatic repul-

sion or van der Waals attraction outweigh gravity [17]. On the other hand,

the initial positions of the particles are not easily accessible through exper-

iment. X-Ray tomography was used by Aste et al. [18] to experimentally
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determine the structure of bead-packs containing up to 143 000 monosized

acrylic spheres with a diameter of 1.59 mm. Even though a spatial resolu-

tion of 2% of the diameter was achieved, the determination of sphere centers

and contacts was not trivial and depended on the voxel size used. Thus, in

general, the samples have to be built up artificially using either simulation

or stochastic techniques.

The discrete element method has already been successfully applied to

problems of similar length scale. Hong [19] used DEM to study the particle

packing dynamics and for the optimization of the colloidal forming processes.

Long range interaction was described using the DLVO theory [5]. Adhesion

was taken into account using the Johnson-Kendall-Roberts theory [20].

The simulations throughout this thesis are performed using the Particle

Flow Code in three dimensions (PFC3D) from Itasca Consulting Group, Inc.,

Minneapolis, Minnesota, USA [21]. The typical forces used in this thesis and

details on their implementation are summarized in the following:

Linear Contact Law

A contact-stiffness model provides an elastic relation between contact force

and relative displacement. In our case of a linear contact law, the normal

and shear contact stiffnesses kn and ks relate the forces to the relative dis-

placements linearly both in normal and in shear direction. The forces Fn and

Fs are illustrated in Fig. 3.9 and are given by

Fn = kn Un and

∆Fs = ks ∆Us,
(3.4)

where Un and Us are the particle overlap in normal and shear direction,

respectively.

Local Damping

A damping force Fd,(i) is added to the equations of motions to simulate energy

dissipation. The damped equations of motion can then be written as:

F(i) + Fd,(i) = M(i)A(i), i = 1, . . . , 6 (3.5)

M(i)A(i) =

{
mẍ(i), i = 1, . . . , 3

Iω̇(i−3), i = 4, . . . , 6
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Figure 3.9: Schematic representation of the contact law.

where F(i), M(i) and A(i) are the generalized force, mass and acceleration

components, respectively.

The damping force is given by:

Fd,(i) = −αF(i)sign(V(i)), i = 1, . . . , 6 (3.6)

sign(y) =

⎧⎨
⎩

+1, if y > 1

−1, if y < 1

0, if y = 0

with α the parameter controlling the damping force and V(i) the generalized

velocity given by:

V(i) =

{
ẋ(i), i = 1, . . . , 3

ω(i−3), i = 4, . . . , 6
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Contact Bonds

In PFC, contact bonds can be used to bond particles together and to simulate

adhesion between particles over a vanishingly small area. This type of bond

does not allow for momentum transfer between bonded particles. Contact

bonds are parameterized using a normal and a shear bond strength. If either

the normal or the shear component of a tensile contact force exceeds the

respective strength, the bond breaks.

Friction

Frictional forces between particles are accounted for by defining an upper

limit of the shear contact force via

Fs,max = µ|Fn,(i)|, (3.7)

where µ is the friction coefficient.
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[13] F. Camborde, C. Mariotti, and F. V. Donzé, Computers and Geotechnics
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Abstract

The macroscopic mechanical properties of densely packed coagulated col-

loidal particle gels strongly depend on the local arrangement of the powder

particles on length scales of a few particle diameters. Heterogeneous mi-

crostructures exhibit up to one order of magnitude higher elastic properties

and yield strengths than their homogeneous counterparts. The microstruc-

tures of these gels are analyzed by the straight path method quantifying

quasi-linear arrangements of particles. They show similar characteristics than

force chains bearing the mechanical load in granular material. Applying this

concept to gels revealed that heterogeneous colloidal microstructures show a

significantly higher straight paths density and exhibit longer straight paths

than their homogeneous counterparts.
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4.1 Introduction

Mechanical properties of coagulated colloids are important in many technical

areas. Sediments [1], ceramic pastes and suspensions [2], pharmaceutical

formulations such as crèmes and emulsions [3] and some food [4] are examples,

for which it is desirable to control the mechanical properties.

Recently, an internal gelation method (DCC = direct coagulation cast-

ing) [5, 6] was developed to process electrostatically stabilized colloidal sus-

pensions to coagulated particle gels. Thereby it was found that this method

permits to control the gels’ microstructures for volume fractions ranging from

0.2 to 0.6. The method allows for an in situ, i.e., undisturbed destabilization

of the colloidal suspension by either changing the pH of the solution (∆pH-

method) resulting in a “homogeneous” microstructure or by increasing the

ionic strength (∆I-method) leading to a “heterogeneous” microstructure [7].

Figure 4.1: Microstructure of coagulated silica suspensions at a volume frac-

tion of 0.4 formed by the ∆pH- (left) and the ∆I-method (right) using the

DCC process (particle diameter 0.525 µm). Micrographs obtained by cryo-

genic scanning electron microscopy [7].

Figure 4.1 shows cryogenic scanning electron microscopy (cryo-SEM) pic-

tures of both microstructures. The particles in the ∆pH-coagulated gel

present a highly homogeneous microstructure whereas in the ∆I-system in-

35



4. LOAD-BEARING SUBSTRUCTURES

homogeneities on the length scale of a few particle diameters are observed.

This qualitative observation was quantified by the three-dimensional pair-

correlation function calculated from stereo cryo-SEM images [7] and by in

situ performed diffusing wave spectroscopy (DWS) experiments during desta-

bilization [8]. The structural differences correspond to differences in the het-

erogeneity: the first peak of the pair-correlation function at r/d0 = 1 (r being

the distance between the particles and d0 the particle diameter) is higher for

the ∆I-system indicating locally denser regions with higher average coordina-

tion number. Also, local maxima are present in the pair-correlation function

for the ∆I-system at r/d0 ≈ 1.4 and at r/d0 ≈ 1.6 corresponding to charac-

teristic peaks in hexagonally packed particle arrangements. During the ∆I-

destabilization, particle rearrangements lead to larger pores and thus to less

homogeneous microstructures [8], whereas during the ∆pH-destabilization,

the initially stabilized, liquid-like microstructure, is “frozen”, which results

in a more homogeneous microstructure.

Rheological and uniaxial compression experiments on coagulated colloidal

structures obtained by DCC [9, 10] showed that colloids with heterogeneous

microstructures have significantly higher elastic moduli and yield strengths

than their homogeneous counterparts. Measuring the dynamics of the col-

loids during destabilization by DWS confirmed these findings quantitatively

using a model for the storage modulus proposed by Krall and Weitz [8, 11].

Alkali-swellable polymer (ASP) particles were used in order to introduce

heterogeneities during the ∆pH-destabilization. Small amounts of 80 nm

ASP particles were admixed to the powders under acidic conditions. These

particles swell upon changing pH during the internal gelling reaction of the

DCC process and enfold to 0.7 µm size producing less homogeneous mi-

crostructures. Those samples with swollen polymer particles showed much

higher mechanical properties in comparison to samples without swellable

polymers and hence more homogenous microstructures [12]. In particular,

they present the same high mechanical properties as samples with heteroge-

neous microstructures produced by the ∆I-method [12].

Examples of the rheologically measured elastic properties of alumina par-

ticle suspensions (average particle diameter d0 = 0.4 µm) for different vol-

ume fractions destabilized by the ∆pH- and the ∆I-method, respectively, are

shown in Fig. 4.2. Approximately four times higher elastic plateau storage

moduli are measured for heterogeneous microstructures than for those with

homogenous microstructures [10].
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Figure 4.2: Elastic plateau storage modulus G′
p of alumina particle suspen-

sions (average particle diameter d0 = 0.4 µm) in dependence of the volume

fraction formed by the ∆pH- and the ∆I-method of the DCC process [10].

In summary, strong evidence is given that the differences in macroscopic

mechanical properties of coagulated particle suspensions are controlled by

the differences in microstructure. An open question is now how these mi-

crostructural differences on particle length scales can have such a dramatic

influence on the mechanical properties. Therefore, a concise quantitative

analysis of microstructures of colloidal particle systems is needed.

In preceding works, various characterization methods, such as the ra-

dial pair-correlation function [13], the bond angle distribution function [13],

the triangle distribution function [13] and the Minkowski functionals in con-

junction with the parallel-body technique [14], were applied to sets of mi-

crostructures generated by Brownian dynamics (BD) simulations [15]. These

simulations were used to study the coagulation dynamics and the evolving

microstructures in dense colloidal suspensions and the resulting microstruc-
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tures agree well with experiments [16].

While the pair-correlation function permits to quantify the amount of

structural rearrangement during the coagulation [13], the analysis using

the Minkowski functionals in conjunction with the parallel-body technique

supplies additional information on the structure’s morphology resolving mi-

crostructural differences on a length scale limited by the largest pore size [14].

The bond angle distribution function and the triangle distribution function

are useful means to examine the local building blocks of the particle net-

work [13]. Particular features, as, for example, peaks in the respective dis-

tribution function have successfully been correlated to the structure’s het-

erogeneity and porosity. The same conclusion is valid for the Minkowski

functionals [14].

All these four methods are good means to compare structures in terms

of their heterogeneity. However, these structural descriptions do not unam-

biguously help to understand why more heterogeneous colloidal structures

possess stronger mechanical properties, as they do not adequately capture

the microstructural characteristics that are responsible for the mechanical

properties of these particle systems.

It is well known from granular matter physics that particulate systems

under mechanical stress carry load via chains of contacting particles, termed

as force chains, as observed in experiments on granular materials [17] and

in simulations [18]. Granular materials, as, for example, sand piles, that

contain large amounts of particles arranged in chains of contacting particles

are expected to possess higher mechanical properties than those in which the

particles have to rearrange upon applied external load in order to form such

chains. Hence it is plausible that these chains of contacting particles control

the mechanical properties.

The aim of this chapter is to adequately analyze the microstructure of

dense colloids and to link microstructural differences to differences in macro-

scopic mechanical properties upon applied mechanical stress. Thereby, the

focus is on the identification of densely packed regions and chains of con-

tacting particles in these particle networks that may correlate differences in

mechanical properties with differences in microstructures. In this chapter,

the distribution of densely packed regions are analyzed using the common

neighbor distribution and the dihedral angle distribution function. Addi-

tionally, a new method called the straight path method, characterizing the

quasi-linear arrangement of particle chains, is introduced. The evaluation
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of these characterization methods is performed with regard to their ability

to distinguish quantitatively between homogeneous and heterogeneous mi-

crostructures obtained from BD-simulations [15] mimicking well those found

in experiments [16].

4.2 Materials and Methods

4.2.1 Structure Generation

The homogeneous and the heterogeneous microstructures are fully coagulated

colloidal suspensions obtained from BD-simulations [15]. The Derjaguin-

Landau-Verweg-Overbeek (DLVO) theory [19] was used to describe the

particle-particle interaction, where pair-wise particle potential interactions

are assumed given by the sum of the van der Waals attraction V vdw (Eq. (4.1))

and the electrostatic double layer repulsion V el (Eq. (4.2)). Thus, V dlvo =

V vdw + V el with

V vdw(r) = −AH

12

[
d2

0

r2 − d2
0

+
d2

0

r2
+ 2 ln

(
r2 − d2

0

r2

)]
(4.1)

and

V el(r) = πεrε0

[
4kBT

zV e
tanh

(
zV e

4kBT
Ψ0

)]2

d0 exp (−κ{r − d0}) , (4.2)

respectively. The DLVO parameters are summarized in Table 4.1 and the

potential curves for various values of the surface potential Ψ0 are shown in

Fig. 4.3.

For Ψ0 = 0 mV, the electrostatic double layer repulsion is zero and the

inter-particle potential is only given by the attractive van der Waals poten-

tial. For Ψ0 = 12 mV, a secondary minimum appears and ∆E denotes the

energy barrier between the local maximum and the secondary minimum. For

Ψ0 = 15 mV, a repulsive barrier of ∆E = 5.65 kBT exists and the secondary

minimum is found at r = 1.08 d0. The model further contains the frictional

Stokes’ drag force and a random Brownian force caused by the suspending

liquid.
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Table 4.1: Potential parameters for the coagulating suspensions.

Parameter Symbol Value

Hamaker constant of Al2O3 in water AH 4.76 × 10−20 J

Particle diameter d0 0.5 µm

Relative dielectric constant of water εr 81

Absolute temperature T 293 K

Valency of ions zV 1

Inverse Debye screening length κ 108 m−1
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0
= 0 mV

Figure 4.3: DLVO interaction for different surface potentials: (a) pure

van der Waals attraction (∆pH-destabilization), (b) ∆E = 0 kBT and (c)

∆E = 5 .65 kBT (∆I-destabilization).
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Microstructures generated using Ψ0 = 0 mV, which correspond to

the ∆pH-destabilization method and Ψ0 = 15 mV, corresponding to

the ∆I-destabilization method are analyzed. In the following, the ∆pH-

microstructures are labeled as homogeneous and the ∆I-microstructures as

heterogeneous. All structures have the same volume fraction of 0.4 and con-

tain 8 000 spherical particles forming one percolating cluster. The particles

have a diameter of 0.5 µm.

4.2.2 Structure Characterization Methods

Common Neighbor and Dihedral Angle Distribution Function

The common neighbor analysis [20] considers pairs of particles, referred to

as configurations, and determines the number of particles that are in contact

with both particles of the configuration. In two dimensions, configurations

can have at most two common neighbors. In three dimensions, configurations

can have up to five common neighbors. The number of configurations with n

common neighbors is denoted CNn with n = 1, . . . , 5. In this study, absolute

numbers of configurations are compared as the microstructures analyzed have

identical volume fraction, the same number of particles and equal particle

diameters.

The common neighbor distribution describes the short range arrangement

of particles. In particular, CN0 is the number of pairs of contacting particles

with no common neighbor. CN1 counts the number of configurations with

exactly one neighbor common to both particles, forming equilateral triangles.

For n = 2 the four particles of the configuration form a regular tetrahedron

if the two common neighbors are in contact, and a generalized tetrahedron,

having one longer edge, otherwise.

Configurations with two or more common neighbors (CN2, . . . , CN5) can

be further characterized by the dihedral angle distribution. This distribu-

tion analyses the arrangement of the neighboring particles around the two

particles of the configuration, which form regular triangles with each of their

common neighbors. For n ≥ 2 there are at least two common neighbors. In

this case, the dihedral angle ξ is defined as the angle between two planes

spanned by triangles belonging to the same configuration as is shown in

Fig. 4.4. ξ is measured between one triangle and the triangles formed with

each other common neighbor of the original couple of particles. Chemistry

uses this method to characterize molecular structures [21]. In the field of
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(a) (b)

r

Figure 4.4: Configuration (grey particles) with two common neighbors (white

particles) separated by a distance r and having a dihedral angle ξ. Perspective

view (a) and top view (b).

granular matter, the dihedral angle distribution has been used to study the

structural organization and correlations in very large packings of monodis-

persed spherical particles [22, 23].

For two common neighbors in contact with each other, the four particles

form a regular tetrahedron and the dihedral angle is 70.5◦. This angle con-

stitutes the lower limit of the dihedral angle distribution. The upper limit is

180◦ when the four particles are in a plane and form a square.

Formally, the dihedral angle ξ between two common neighbors of a

configuration having a separation distance r between each other is de-

fined by ξ = 2 arcsin
(

r√
3 d0

)
. The dihedral angle distribution is given by

p(ξ + δξ/2) = δNξ(ξ, ξ + δξ) where δNξ(ξ, ξ + δξ) is the number of general-

ized (open) tetrahedra with a dihedral angle between ξ and ξ + δξ [23].

Straight Path Method

A straight path is a quasi-linear chain of contacting particles. The shortest

chain consists of three particles. In order for three particles to form a straight

path they have to fulfill the following condition: The angle θ between the

vector connecting the first two particles (P1, P2) and the vector connecting
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the second two particles (P2, P3) must be smaller than a chosen threshold

angle θc. This is exemplified in Fig. 4.5.

P1

P2

P3
c

c

Figure 4.5: Chain of three particles forming a straight path.

Analogously, a straight path of length l > 3 is one of length l − 1 that

has another particle attached to one end and whose connection vector ful-

fills the condition to stay in a direction within a cone of angle θc from the

vector connecting the previous two particles. The distribution of straight

path lengths is obtained by determining the number of straight paths SPl

of length l = 3, . . . , lmax, with lmax the longest path under consideration.

Absolute numbers are calculated and compared in the distribution of SPl.

The angle θc determines the quasi-linearity and specifies the maxi-

mally allowed deflection from an absolute linear arrangement of the par-

ticles. The dependence of the straight path statistic on the angle θc is

presented as part of the results section and is used in order to choose a

suitable angle θc. The distribution of straight paths for the homogeneous

and heterogeneous microstructures is compared. The average path length
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SPmean = Σl≥3l SPl/Σl≥3SPl and the number of paths longer than a chosen

length l0 is determined. The latter is defined by SPl≥l0 = Σl≥l0SPl (l0 = 4

and 5) and permits to quantify differences in the number of straight paths

with longer lengths, neglecting paths shorter than l0 particles.

4.3 Results and Discussion

4.3.1 Common Neighbor Analysis

The number of particle configurations CNn is higher for the heterogeneous

than for the homogeneous microstructure for n = 0, . . . , 3 (Fig. 4.6). This

can easily be understood as the mean coordination number of a particle

in the heterogeneous microstructure is with 5.2 roughly 10% larger than in

the homogeneous microstructures with 4.7. When normalized by the mean

coordination number, the distributions collapse (cf. Appendix, Fig. A.3),

indicating that the relative distribution of common neighbor configurations is

identical for both microstructures. Thus, the common neighbor distribution

does not capture in a suitable way the structural differences between these

microstructures.

4.3.2 Dihedral Angle Distribution

The dihedral angle distributions of both microstructures show a characteristic

peak at 70.5◦ (Fig. 4.7) corresponding to configurations that form regular

tetrahedra with two common neighbors. The peak height is the same for

both microstructures. The heterogeneous microstructure has a peak at 77◦,
which is missing for the homogeneous one. This angle corresponds to a

separation distance between the common neighbors of 1.08 d0 which is the

distance between particles trapped in the secondary minimum (Fig. 4.3).

At ξ = 109.5◦ the homogeneous microstructure has a peak that corre-

sponds to a common neighbor separation of 1.41 d0 ≈
√

2 d0, which is absent

in the case of the heterogeneous microstructure. This separation distance

corresponds to two configurations forming a square and sharing two common

neighbors. An additional characteristic peak is found at 141◦ having roughly

the same height for both microstructures and corresponding to two juxta-

posed tetrahedra. The peak at 148◦ is solely present for the heterogeneous
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Figure 4.6: Common neighbor distribution for the homogeneous and hetero-

geneous microstructure: number of configurations CNn in dependence of the

number of common neighbors n.

microstructure and corresponds to one regular tetrahedron juxtaposed to one

with a distance of 1.08 d0 between the common neighbors.

In conclusion, even if there are sizable differences between homogeneous

and heterogeneous structures, the absolute number of regular tetrahedra is

virtually equal for both microstructures and the analysis does not reveal

any structural difference that could explain the better mechanical proper-

ties of the heterogeneous microstructures. Thus, the common neighbor and

the dihedral angle distributions are not suited to link the microstructural

differences to the different mechanical properties.
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Figure 4.7: Dihedral angle distribution for the homogeneous and heteroge-

neous microstructure. For clarity purposes, only every fourth data point is

indicated by a symbol.
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4.3.3 Straight Path Analysis

The straight path analysis depends on the threshold angle θc, hence, a suit-

able value θc has to be determined. For small angles θc, only a small number

of straight paths are expected because only a few particle chains satisfy the

criterion to be a straight path. For large angles θc, many straight paths are

found but the physical meaning of a straight path is lost as the path becomes

less “straight” and thus loses its load-bearing capacity. Also, for increasing

θc, the ratio of the number of paths with equal lengths between the heteroge-

neous and the homogeneous microstructure decreases. Figure 4.8 shows the

number of straight path longer or equal to five particles for the homogeneous

(SPHO
l≥5 ) and for the heterogeneous microstructure (SPHE

l≥5 ) as well as their

ratio (SPHE
l≥5 : SPHO

l≥5 ) in dependence of the cone angle θc ranging from 10◦

to 40◦. The lines serve as guide for the eyes.

Figure 4.8: Number of straight paths longer or equal to five (SPHE
l=5

and SPHO
l=5 , open symbols) for both microstructures and their ratio

(SPHE
l=5 : SPHO

l=5 , triangles) as a function of the threshold angle θc.
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For θc between 14◦ and 18◦, the ratio SPHE
l≥5 : SPHO

l≥5 shows a maximum.

However, below 22◦ the number of straight paths is quite small for both

microstructures (SPl≥5 < 100). Toward larger angles the absolute number of

straight paths is increasing while the ratio SPHE
l≥5 : SPHO

l≥l5 is decreasing. The

angle θc = 30◦ was chosen as this angle gives reasonable values for both the

ratio (SPHE
l≥5 : SPHO

l≥5 ≈ 3) and absolute number of paths (SPHE
l≥5 = 451 and

SPHO
l≥5 = 163).

Figure 4.9: Number of straight paths SPl in dependence of the straight path

length l for the homogeneous and heterogeneous microstructure (squares and

circles, respectively) and exponential fits (dashed and solid line, respectively).

For both microstructures, the distribution of straight paths shows an

exponential decrease with straight path length l (Fig. 4.9). Both microstruc-

tures have approximately the same number of straight paths of length three.

Toward longer path lengths the microstructures present a diverging behavior:

the heterogeneous microstructure has more paths of longer length than the

homogeneous microstructure. The distributions were fitted by an exponen-
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tial law using SPl ∝ exp(−λl), with λ the characteristic inverse path length.

A remarkably good fit of the data is obtained for both microstructures in-

dicated by the values close to one for the correlation coefficients R2. The

higher exponent λ found for the homogeneous microstructure demonstrates

the more rapid decrease of the number of straight paths toward longer path

lengths than in the case of the heterogeneous microstructure.

The values for the average path lengths (SPmean) and the numbers of

paths longer or equal to four (SPl≥4) and five (SPl≥5) are summarized in

Table 4.2. The average path length for the heterogeneous microstructure is

only 5% longer than for the homogeneous microstructure because SPl=3 dom-

inates the statistics and is almost identical for both structures. On the other

hand, in the heterogeneous microstructure longer chains SPl≥4 and SPl≥5 are

found 1.8 and 2.8 times more often, respectively, than in the homogeneous

one.

Table 4.2: Average path length SPmean and numbers of paths longer or equal

to four (SPl≥4) and five (SPl≥5) for both microstructures.

Measure Homogeneous Heterogeneous

SPmean 3.28 3.45

SPl≥4 779 1 385

SPl≥5 163 451

To conclude, the number of straight paths in the homogeneous and het-

erogeneous microstructures follows an exponential distribution and a higher

characteristic inverse path length λ is found for the homogeneous microstruc-

ture. The heterogeneous microstructure contains significantly more straight

paths of longer lengths than the homogeneous one: in absolute numbers,

twice as many paths with a length ≥ 4 and three times as many having a

length ≥ 5 are observed. These are very significant differences between the

two microstructures.

Our results suggest that the differences in the straight path distributions

are characteristic for the better mechanical properties of the heterogeneous

microstructures. Indeed, in granular materials load is transmitted via force

chains that are quasi-linear substructures of the particle network. This has
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been experimentally verified using photo-elasticity techniques [17] and com-

putationally modelled using the discrete element method [18]. Also, the

computational study of the force chain network in two-dimensional granular

assemblies of polydispersed particles subjected to indentation by a rigid flat

punch has shown that the force chain length follows an exponential distrib-

ution [24].

4.4 Conclusions

Different chemical pathways during the internal destabilization of colloidal

suspensions lead to coagulated particle structures with drastically different

mechanical properties. The microstructures of these destabilized colloids re-

veal differences in the heterogeneity of the particle arrangements on a length

scale in the order of a few particle diameters. Various microstructural char-

acterization methods, i.e., the common neighbor distribution, the dihedral

angle distribution and the straight path method, have been applied in or-

der to analyze homogeneous and heterogeneous microstructures generated

by Brownian dynamics simulations, which were shown to agree well with

the experimentally determined microstructures of such coagulated colloidal

particle systems.

Toward the goal of this thesis, to establish a correlation between the mi-

crostructural differences and the differences in macroscopic mechanical prop-

erties, it was found that the common neighbor and the dihedral angle distri-

butions do not discriminate enough the differences between the homogeneous

and heterogeneous microstructures and can therefore hardly account for the

large differences in mechanical properties. The newly introduced straight

path method reveals significantly more straight paths of longer lengths for

the heterogeneous than for the homogenous microstructure: twice as many

straight paths of length ≥ 4 particles and three times as many of length

≥ 5 particles are found in the heterogeneous microstructure. These differ-

ences in straight path number and length seem suitable to characterize and

to differentiate between these structures and these differences are considered

to be sufficiently large to account for the differences in mechanical proper-

ties. The straight paths may capture best the characteristic microstructural

features, which are relevant for the mechanical properties. The number of

straight paths was found to follow an exponential distribution just like the

distribution of the force chain lengths in mechanically loaded granular mate-
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rial [24]. Additionally, the quasi-linear structure of the straight paths seems

to correspond to the geometrical shape of force chains [17, 18] that are well

known to determine the load-bearing capacity of granular matter. These

findings are encouraging for an attempt to establish a correlation between

defined microstructural features and the differences in mechanical properties

of destabilized colloids.

Further quantitative structural analyses and computational modelling us-

ing the discrete element method are in progress to study the force chains in

coagulated colloidal suspensions and to correlate them with the straight paths

of their microstructures.
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Abstract

The microstructure of coagulated colloidal particles, for which the inter-

particle potential is described by the Derjaguin-Landau-Verweg-Overbeek

theory, is strongly influenced by the particles’ surface potential. Depending

on its value, the resulting microstructures are either more “homogeneous” or

more “heterogeneous”, at equal volume fractions. An adequate quantifica-

tion of a structure’s degree of heterogeneity (DOH), however, does not yet

exist. In this chapter, methods to quantify and thus classify the DOH of

microstructures are investigated and compared. Three methods are evalu-

ated using particle packings generated by Brownian dynamics simulations:

(1) the pore size distribution, (2) the density-fluctuation method and (3)

the Voronoi volume distribution. Each method provides a scalar measure,

either via a parameter in a fit function or an integral, which correlates with

the heterogeneity of the microstructure and which thus allows quantitatively

capturing the DOH of a granular material. An analysis of the differences in

the density fluctuations between two structures additionally allows for a de-

tailed determination of the length scale on which differences in heterogeneity

are most pronounced.
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5.1 Introduction

Colloidal particle packings are suitable model systems for the study of the

structural properties of granular materials below the random loose packing

limit. For such systems, the gravitational force is negligible in comparison to

the van der Waals force, electrostatic repulsion or Brownian motion [1, 2]. In

the present study, systems, for which the local arrangement of the particles

is the only variable, are particularly focussed, as opposed to variations in the

volume fraction or the particle size distribution, for example. Commonly,

these microstructures are referred to as “more homogeneous” or “more het-

erogeneous”, which either designates a structure presenting a rather uniform

distribution of the particle positions or one having locally denser regions and

therefore larger voids. These qualitative terms may be intuitive; however,

they do not allow for a sound scientific quantification of the structure’s de-

gree of heterogeneity (DOH), which does not yet exist. In this chapter, three

methods providing the means for such a quantification are presented, ana-

lyzed and compared. These methods permit to explicitly capture the DOH

of a particle packing in form of a quantitative scalar measure.

Experimentally, the reproducible generation of colloidal particle pack-

ings possessing a specific DOH is achieved by the use of an in situ enzyme-

catalyzed destabilization method (direct coagulation casting (DCC), [3, 4]).

For volume fractions between 0.2 and 0.6, DCC allows for the coagulation

of electrostatically stabilized colloidal suspensions to stiff particle structures

by either shifting the pH of the suspension to the particles’ isoelectric point

or by increasing the ionic strength of the suspension without disturbing the

particle system. Shifting the pH leads to a more homogeneous microstructure

through diffusion-limited aggregation, while increasing the ionic strength re-

sults in more heterogeneous microstructures via the reaction-rate-limited ag-

gregation. The differences in heterogeneity have been observed using various

techniques such as diffusing wave spectroscopy [5], static light transmission [5]

or cryogenic scanning electron microscopy [6].

Computationally, microstructures with different DOH were successfully

reproduced using Brownian dynamics (BD) simulations [6, 7, 8]. Slices of

three particle layer thickness through a homogeneous and a heterogeneous

BD-microstructure of an identical volume fraction nicely demonstrate the

differences between the microstructures (Fig. 5.1). The microstructure on

the left presents a rather uniform distribution of the particle positions over
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the whole slice, while the microstructure on the right presents locally more

densely packed particles and, consequently, larger voids. Both structures

have an identical overall volume fraction of 0.4.

Figure 5.1: Slices through a homogeneous (left) and a heterogeneous (right)

particle structure with the same volume fraction of 0.4 resulting from Brown-

ian dynamics simulations [7] (slice thickness: three particle diameters; par-

ticle diameter = 0.5 µm).

In preceding works, various characterization methods, such as the radial

pair-correlation function [7], the bond angle distribution function [7], the tri-

angle distribution function [7] and the Minkowski functionals in conjunction

with the parallel-body technique [9], were applied to sets of microstructures

generated by BD-simulations [8].

The pair-correlation function quantifies the amount of structural re-

arrangement during the coagulation. Its usefulness regarding a distinction

between structures with different DOH, however, is rather limited as the

differences between peaks corresponding to characteristic particle separation

distances are relatively small [7]. The main advantage of the pair-correlation

function is its experimental accessibility through scattering techniques such

as spin-echo small-angle neutron scattering [10].

The bond angle distribution function and the triangle distribution func-

tion give further information on the local building blocks of the particle

58



5. DEGREE OF HETEROGENEITY

network [7]. Particular features, as, for example, peaks in the respective

distribution function, allow distinguishing between more homogeneous and

more heterogeneous microstructures. However, as in the case of the pair-

correlation function, the differences between structures with different DOH

are small for both the bond angle and the triangle distribution function.

The analysis using the Minkowski functionals in conjunction with the

parallel-body technique supplies additional information on the structure’s

morphology resolving microstructural differences on a length scale limited

by the largest pore size [9]. This method is computationally intensive and

the extension to arbitrary particle shapes is difficult.

Gearing toward a possible correlation between microstructure and me-

chanical properties, homogeneous and heterogeneous microstructures have

recently been analyzed in terms of load-bearing substructures (cf. Chapter 4):

first, regions of closely packed particles and, second, quasi-linear chains of

contacting particles. The locally closed packed regions were analyzed using

the common neighbor distribution in conjunction with the dihedral angle

distribution. Both methods only showed minor differences between a homo-

geneous and a heterogeneous microstructure. In particular, practically the

same number of triangles and regular tetrahedra were found in both struc-

tures. Quasi-linear arrangements of contacting particles were quantified using

the straight path method, revealing significant microstructural differences be-

tween homogeneous and heterogeneous. Approximately twice as many paths

of length longer or equal to four particles and three times as many paths

of length longer or equal to five particles were found in the heterogeneous

microstructure.

Despite the multitude of microstructural characterization methods that

has been applied to colloidal microstructures possessing various DOH, a use-

ful quantification of the microstructures’ heterogeneity in the form of a scalar

measure is lacking. In the present study, statistical measures allowing for a

quantification of a structure’s heterogeneity are provided. The following three

methods aiming at this quantification are discussed.

First, the exclusion probability [11] estimates the pore size distribution

by randomly probing the pore space. In [12], this method was applied to very

dilute simulated colloidal systems and allowed for a clear distinction between

particle gel networks with varying textures. The same method termed as

spherical contact distribution function [13] was used to investigate the pore

size distribution of dense sphere packings as a function of the particle size
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distribution and the packing generation algorithm.

Second, the density-fluctuation method considers the fixed particle cen-

ters as a point process, and it statistically analyzes the fluctuations of the

particle center density as a function of length scale. Used comparatively, this

method further allows for a detailed analysis of the length scale, on which

two structures present the largest differences in terms of heterogeneity.

Finally, the Voronoi volume distribution [14] is used to quantify the dis-

tribution of the free volume of the particle packings. In [15], the packing

of cohesive particles resulting from simulations using the discrete element

method [16] with volume fractions between approximately 0.2 and 0.6 was

analyzed. The distribution of Voronoi volumes was shown to broaden with

decreasing volume fraction. In [17], the Voronoi volume distribution was de-

termined for a large set of experimental and numerical data covering a wide

range of volume fractions. The various distributions were shown to follow

a so-called k-gamma function, which was deduced by means of a statistical-

mechanics approach. The parameter k characterizing the shape of the curve

was found to depend very sensitively on the structural organization of the

particles.

To the author’s knowledge, none of these methods have yet been applied

to particle structures, for which the DOH is the only variable, in opposition

to a varying volume fraction or particle size distribution, for example.

5.2 Materials and Methods

In the following, the structure characterization methods employed in this

chapter are presented: the pore size distribution, the density-fluctuation

method and the distribution of Voronoi volumes. These methods are evalu-

ated in terms of their ability to quantify the DOH of microstructures gener-

ated by previous BD-simulations [7, 8]. In these simulations, the Derjaguin-

Landau-Verweg-Overbeek (DLVO) theory [18] was used to describe the inter-

particle potential V dlvo given by the sum of an attractive van der Waals term

V vdw (Eq. (5.1)) and an electrostatic repulsion term V el (Eq. (5.2)). Thus,

V dlvo = V vdw + V el with,

V vdw(r) = −AH

12

[
d2

0

r2 − d2
0

+
d2

0

r2
+ 2 ln

(
r2 − d2

0

r2

)]
(5.1)

and
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V el(r) = πεrε0

[
4kBT

zV e
tanh

(
zV e

4kBT
Ψ0

)]2

d0 exp (−κ{r − d0}) , (5.2)

respectively. The DLVO parameters are summarized in Table 5.1.

Table 5.1: DLVO potential parameters.

Parameter Symbol Value

Hamaker constant of Al2O3 in H2O AH 4.76 × 10−20 J

Particle diameter d0 0.5 µm

Relative dielectric constant of H2O εr 81

Surface potential Ψ0 0 – 15 mV

Absolute temperature T 293 K

Valency of ions zV 1

Inverse Debye screening length κ 108 m−1

The heterogeneity of the final microstructure was shown to be closely

related to the presence and depth of the secondary minimum in the inter-

particle potential, which, for fixed values of the Debye screening length, es-

sentially depends on the particles’ surface potential Ψ0 [7, 19].

The microstructures analyzed in this chapter are labeled according to the

surface potential Ψ0 used during their generation. In particular, the follow-

ing Ψ0-values are used: 0, 12, 13, 14 and 15 mV. Additionally, these final

microstructures are compared to the initial microstructure, representing a

stabilized suspension in which the inter-particle potential is purely repulsive.

The volume fraction is fixed at 0.4, the monosized particles have a diameter

d0 = 0.5 µm, all microstructures consist of 8 000 particles and are contained

in a simulation box with periodic boundary conditions. In particular, the

particle interpenetration is much smaller than the length scale of the het-

erogeneities analyzed in this study. Less than 0.1% of all contacts present

an interpenetration above 1.0% of the particle diameter d0 with a maximum

interpenetration of 1.3% d0. Please refer to [7] and [8] for a more detailed

description of the BD-simulations.

61



5. DEGREE OF HETEROGENEITY

5.2.1 Pore Size Distribution

The pore size distribution is estimated following the approach described by

Torquato et al. [11] using the exclusion probability EV (r). EV (r) is defined

as the probability of inserting a “test” particle of radius r at some arbitrary

position in the pore space of a system of N particles. This is schematically

represented in Fig. 5.2 using a set of particles of radius r0 (gray) with a test

particle of radius r inserted at position P .

r
0

W
1
(r')

dr'

r'

r

P

Figure 5.2: Particle structure (gray particles) with a test particle inserted at

position P.
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In order to estimate EV (r), a statistically large number of points is ran-

domly placed in the pore space of a given microstructure and the distance

to the closest particle surface is determined.

In [9], the relation between EV (r) and the Minkowski functional W1(r)

was mentioned. The Minkowski functional in conjunction with the parallel-

body technique considers the point process given by the fixed particle cen-

ters. Generally, in three dimensions there are four functionals Wi, where

i = 0, . . . , d with d as the spatial dimension, corresponding to the vol-

ume, surface, average mean curvatures and connectivity. In particular,

W1(r
′) = 1

3

∫
∂A(r′) dS calculates the surface of the union of spheres located at

the particle centers in dependence of their radius r′ = r0 + r. Schematically,

W1(r
′) is shown in Fig. 5.2. W1(r

′)dr′ is the volume between the distance r′

and r′+dr′. The probability of placing an uniformly drawn random test point

at a distance r ∈ [r′, r′ + dr′[ is proportional to the volume delimited by r′

and r′ +dr′ and, therefore, P (r′ ≤ r0 + r < r′ +dr′) = EV (r)dr′ ∝ W1(r
′)dr′,

which results in EV (r) ∝ W1(r
′). Thus, given a statistically large number

of test points EV (r) provides a means to estimate W1(r
′), which has the

advantage of being computationally less intensive. A similar Monte Carlo

integration is usually performed to calculate W0(r
′).

5.2.2 Density Fluctuations

The density-fluctuation method quantifies the local fluctuation of particle

centers by subdividing the structure into smaller parts and measuring the

average value and the standard deviation of the particle center density. Prac-

tically, this is done by dividing the structure into n3
c cells using a cubic grid,

where nc is the number of cells along one dimension with nc = 2, . . . , nmax
c ,

nmax
c being the maximum number of cells under consideration (along one

dimension). The density-fluctuation method consists in determining the av-

erage number of particle centers per cell Eppc and its standard deviation σppc

as a function of nc and then calculating the relative fluctuations σppc/Eppc.

Additionally, the density-fluctuation method is applied comparatively al-

lowing for a determination of the length scale on which two structures show

the largest differences. Therefore, the difference ∆(nc) given in Eq. (5.3) is

calculated between two structures i and j,
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∆(nc) =

[
σi

ppc

Ei
ppc

− σj
ppc

Ej
ppc

]
(nc). (5.3)

If both structures have the same number of particles and identical volume

fractions, which is the case for the microstructures investigated in this work,

then Ei
ppc = Ej

ppc = Eppc and Eq. (5.3) yields

∆(nc) =
σi

ppc − σj
ppc

Eppc

(nc). (5.4)

∆ is plotted against the cell’s edge length lc(nc) = LBox/nc normalized by the

particle diameter d0, where LBox is the edge length of the cubic simulation

box.

5.2.3 Voronoi Volume Distribution

Formally, for a set of monodispersed spherical particles, the Voronoi volume

Vi associated with a particle i is a polyhedron whose interior consists of

all points in space that are closer to the center of particle i than to any

other particle center [14]. The Voronoi tessellation thus divides the volume

containing a set of particles into a set of space-filling, non-overlapping and

convex polyhedra. In this work, the Qhull package [20] is used to compute the

volumes of the Voronoi polyhedra. The distribution of the Voronoi volumes

describes the deviation of a structure from a perfect crystalline packing, in

which case all particles occupy the same volume and the Voronoi volume

distribution thus is a delta function. The minimum volume of a Voronoi cell

Vmin is achieved for a regular close packing with Vmin = 1.325 Vsphere, where

Vsphere is the volume of a particle. The difference between a particle’s Voronoi

volume Vi and Vmin is termed as the Voronoi free volume V f
i = Vi − Vmin.

The distribution of the Voronoi free volume was found to follow gamma-

distributions: Kumar and Kumaran, for example, showed that the free vol-

ume distribution of hard-disk and hard-sphere systems are well described

using a two-parameter and a three-parameter gamma-distributions [21].

Aste and Di Matteo have deduced the two-parameter gamma-distribution

using a statistical-mechanics approach [17]. The so-called k-gamma distrib-

ution given by Eq. (5.5) was found to agree very well with a large number of

experiments and computer simulations over a wide range of packing fractions,
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f(V f , k) =
kk

Γ(k)

(V f )k−1

(V̄ f )k
exp(−k

V f

V̄ f
). (5.5)

The mean Voronoi free volume V̄ f is a scaling parameter given by V̄ −Vmin =

(1/Φ − 1.325) Vsphere, where Φ is the volume fraction. The free parameter k

characterizing the shape of the curve depends very sensitively on the struc-

tural organization of the particles and corresponds to the specific heat in

classical thermodynamics. Empirically, k can be computed using k = (V̄ f )2

σ2
V

,

where σ2
V is the variance of the free volume distribution. In particular,

Eq. (5.5) was shown to hold for systems at statistical equilibrium as well

as for systems out of equilibrium [17].

5.3 Results and Discussion

5.3.1 Pore Size Distribution

The pore size distribution of the various microstructures is depicted in

Fig. 5.3 in terms of the exclusion probability EV (rP ) as a function of the

pore radius rP normalized by the particle radius r0. A set of 106 random test

points [22] placed in the structures’ pore space was used to estimate EV (rP ).

All curves for the final microstructures (Ψ0 = 0 − 15 mV) decrease

monotonically toward increasing pore sizes, indicating a decreasing proba-

bility of finding larger pores. A particular behavior is found for the stable

suspension, where the exclusion probability increases with increasing pore

size up to a pore radius of 0.18 r0. This is due to the repulsive inter-particle

potential in the case of the stable suspension where, consequently, the par-

ticles are not in contact. The pore diameter, at which the maximum in the

exclusion probability is found, corresponds to the average surface-to-surface

distance between neighboring particles.

Remarkably, the various curves for the final microstructures in Fig. 5.3

intersect at approximately the same point defining a characteristic pore ra-

dius rc
p = 0.65 r0. The probability of finding a pore with a radius below rc

p

decreases for increasing values of Ψ0, while pores with a radius above rc
p are

found with a higher probability toward increasing Ψ0. Indeed, the probabil-

ity of finding pore radii larger than approximately 1.1 r0 is negligible in the

case of the most homogeneous microstructure with Ψ0 = 0 mV, while pore
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radii up to 2.4 r0 are found in the most heterogeneous microstructure with

Ψ0 = 15 mV.

Figure 5.3: Pore size distribution for the initial microstructure (stable sus-

pension) and final microstructures (Ψ0 = 0 – 15 mV). B-spline curves serve

as guide for the eyes.

Using the results obtained for the exclusion probability EV (rP ), the cumu-

lative probability P (rP > r) of finding pore radii larger than r was calculated

using P (rP > r) =
∑

r′>rP
EV (r′). The results are shown in Fig. 5.4.

P (rP > r) decreases monotonically for all microstructures. The fastest

decrease is found for the stable suspension. With increasing Ψ0, the decrease

of P (rP > r) is slower. Comparing the most and the least heterogeneous

microstructure, with Ψ0 = 15 mV and Ψ0 = 0 mV, respectively, there is a

1.7 times higher probability of finding pores larger than 0.5 r0. Toward larger

pore radii, the probability ratio increases: finding pores with a radius larger

than 0.75 r0 and 1.0 r0 is 5.1 and 60 times, respectively, more probable in the

heterogeneous than in the homogeneous microstructure. Figure 5.4 further
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Figure 5.4: Probability of finding pores with a radius rP larger than r vs. r

normalized by the particle radius r0 for the various microstructures (symbols)

and corresponding fits using a complementary error function (solid lines).

shows the fit of P (rP > r) using a complementary error function given by

P (rP > r) = 1 − erf

(
r/r0 − b

a
√

2

)
. (5.6)

The error function is defined as the cumulative Gaussian distribution

erf(x) = 2/
√

π

∫ x

0

exp
(−z2

)
dz. (5.7)

Parameter a is the standard deviation, i.e., the width of the corresponding

Gaussian distribution and b is the location of its maximum, i.e., the most

probable pore to particle radius ratio.

Table 5.2 summarizes the fit parameters a and b obtained for the various

microstructures analyzed in this chapter and the corresponding correlation

coefficients R2, which for all fits are very close to 1 and thus indicate a good
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fit. Parameter a is smallest for the initial microstructure and increases toward

increasing values of Ψ0. The increasing values of a reflect the slower decrease

of the curves in Fig. 5.4 and, hence, the broadening of the distributions

toward increasing DOH. The values found for b decrease with increasing Ψ0

representing a shift of the maximum in the Gaussian distribution shown in

Fig. 5.3.

Table 5.2: Fit parameters a and b, R2-values and integrals Ips and Idf for the

various microstructures.

Structure a b (10−2) R2 Ips Idf

Stable suspension 0.265 2.04 0.995 0.215 20.3

Ψ0 = 0 mV 0.375 0.901 0.999 0.291 22.0

Ψ0 = 12 mV 0.405 0.314 0.999 0.311 22.3

Ψ0 = 13 mV 0.413 0.123 1.0 0.315 22.4

Ψ0 = 14 mV 0.474 -1.42 1.0 0.352 23.1

Ψ0 = 15 mV 0.538 -3.76 0.997 0.388 23.7

In [11], the following expression for EV (r) was found for a statistically

homogeneous microstructure of impenetrable spheres:

EV (r) = (1 − Φ) exp(P3(r, Φ)), (5.8)

where Φ is the volume fraction and P3 is a third degree polynomial function

in r. This function can be interpreted as a corrected Gaussian distribution,

which is nicely approximated by Eq. (5.6) as well (R2 = 0.996), yielding a =

0.347 and b = 0.0204. The DOH of this theoretical structure thus lies between

the stable suspension and the most homogeneous final microstructure with

Ψ0 = 0 mV.

An alternative to the quantification of a structure’s heterogeneity by

means of the fit parameter a is the calculation of the integral over the cu-

mulative pore size distribution. This scalar measure has the advantage of

being statistically more robust. It is also more general in the sense that it is

applicable even when the fit with a complementary error function does not

yield good results. The integral over the cumulative pore size distribution is

labeled Ips and is given by
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Ips =

∫
r>0

P (rP > r)
dr

r0

=
δr

r0

∑
ri>0

P (rP > ri). (5.9)

The second equality accounts for the discrete case, where δr is the radial

resolution of the empirical pore size distribution. The Ips-values for the

various microstructures are summarized in Table 5.2. In the present case,

in which the data can nicely be fitted using Eq. (5.6), the fit parameter a is

proportional to Ips: a/Ips = 1.31 ± 0.05. Thus, a quantification of the DOH

by means of a or Ips is equivalent.

5.3.2 Density Fluctuations

The density fluctuations for the various microstructures are shown in Fig. 5.5.

Over the whole range of grid spacings, the fluctuations are smallest for the

stable suspension and increase for increasing Ψ0-values.

For nc ≥ 34, which corresponds to a grid spacing of 0.64 particle diameter,

the density fluctuations of the various microstructures are equal. Idf given

in Eq. (5.10) provides an integral measure of the heterogeneity similar to Ips

in the previous section, however, accounting for the discrete variable nc,

Idf =
∑

nc<34

σppc

Eppc

(nc). (5.10)

The Idf -values for the various microstructures summarized in Table 5.2 con-

tinuously increase toward increasing values of Ψ0 and, thus, measure the

DOH of the microstructures.

In the following, two sets of comparisons are performed. First, the various

final microstructures are compared to the stable suspension. This compari-

son quantifies the length scale on which structural rearrangements take place

during the coagulation. Second, the final microstructures with Ψ0 > 0 mV

are compared to the most homogeneous microstructure with Ψ0 = 0 mV.

This set of comparisons reveals the length scale on which variations in het-

erogeneity are most pronounced.

The comparison of the various final microstructures to the initial sta-

bilized microstructure is shown in Fig. 5.6 in terms of ∆(nc) as given by

Eq. (5.4), where superscripts i and j correspond to a final microstructure

and to the initial microstructure, respectively. ∆(nc) is shown as a function

of the grid spacing l normalized by the particle diameter d0 = 2 r0.
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Figure 5.5: Relative density fluctuations for the various final microstructures

and the stable suspension as a function of grid spacing.

All curves present an identical behavior, which essentially consists of three

successive peaks with decreasing height toward a larger grid spacing. The

location of the first, second and third peak is slightly above one, at two and

at three particle diameters, respectively. The height of the individual peaks

increases for increasing values Ψ0.

More precisely speaking, the first peak is found at 1.09 d0 for all final

microstructures in comparison to the stable suspension. This grid spacing

corresponds to a cell number of 8 000 and, therefore, to the case where the

average number of particles per cell is exactly one. This case is best repro-

duced for the stable suspension as for the final microstructures the standard

deviation is roughly 20 – 27 % larger. Physically, this peak is explained by

the transition of the inter-particle potential from repulsive to attractive. In-

deed, the repulsive potential in the case of the stable suspension causes all

particles to occupy approximately the same volume as will be confirmed in
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Sec. 5.3.3 by means of the Voronoi volume distribution. The switching of

the inter-particle potential from repulsive to attractive causes the particles

to form contacts, resulting in an average particle separation of one particle

diameter, which is smaller than the grid spacing of 1.09 d0. This increases the

probability of finding cells that are either empty or contain more than one

particle and, thus, the standard deviation of the average number of particles

per cell is increased.

The peaks at a grid spacing of approximately two and three particle

diameters are considerably less pronounced than the peak at 1.09 d0. In

particular, the differences between the various final microstructures are larger

than for the first peak. These differences will be elaborated in more detail in

the following.

Figure 5.6: Relative differences between the density fluctuations of the various

final microstructures and the stable suspension as a function of grid spacing.

B-spline curves serve as guide for the eyes.
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The comparison between the final microstructures with Ψ0 > 0 mV and

the most homogeneous microstructure with Ψ0 = 0 mV is shown in Fig. 5.7.

Here, superscripts i and j (Eq. (5.4)) correspond to one of the microstructures

with Ψ0 > 0 mV and to the microstructure with Ψ0 = 0 mV, respectively.

Over the whole range of grid spacings, the differences between the density

fluctuations increase toward higher values of Ψ0. This behavior correlates

very well with the increase in porosity for increasing Ψ0 as already observed

in the previous section. Additionally, Fig. 5.7 reveals that the largest differ-

ences in terms of particle density between the most and least heterogeneous

microstructures (Ψ0 = 15 mV and Ψ0 = 0 mV, respectively) are found on a

length scale between 1.3 and 2.2 particle diameters.

Figure 5.7: Relative differences between the density fluctuations of the various

microstructures with Ψ0 > 0 mV and the “most homogeneous” microstructure

(Ψ0 = 0 mV) as a function of grid spacing. B-spline curves serve as guide

for the eyes.
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5.3.3 Voronoi Volume Distribution

As stated in Sec. 5.2.3 the distribution of Voronoi volumes P (ν) describes

the deviation of a given structure from a perfectly crystalline packing, for

which P (ν) is a delta function and all particles occupy the same volume. For

random particle structures P (ν) broadens and, as will be shown in the fol-

lowing, the width of the distribution can be interpreted as the heterogeneity

of a structure.

Figure 5.8: Voronoi volume distribution P (ν) for the various microstructures

(symbols) and corresponding fits using the k-gamma distribution (lines).

P (ν) was calculated for the stable suspension and for the various final

microstructures as a function of ν = (V − Vmin)/(V̄ − Vmin), the free volume

normalized by the mean free volume (Fig. 5.8, symbols). The distribution

found for the stable suspension is significantly narrower in comparison to the

final microstructures. In the case of the final microstructures, P (ν) broadens

with increasing value of Ψ0 indicating that larger fluctuations in Voronoi
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volumes are found with increasing heterogeneity.

The various microstructures were fitted using the k-gamma distribution

given in Eq. (5.5). The resulting curves are shown in Fig. 5.8 (lines) and the

corresponding k- and R2-values are summarized in Table 5.3. k decreases

with increasing heterogeneity and can therefore be used as a measure for the

DOH of the microstructures. The R2-values close to one indicate good fits.

In particular, a very good fit quality was achieved for the stable and the

final microstructures up to Ψ0 = 14 mV. The R2-value for the Ψ0 = 15 mV

microstructure is lower. Indeed, Fig. 5.8 shows that for the Ψ0 = 15 mV

microstructure, the agreement between the measured distribution and the fit

curve for small Voronoi volumes is not as good as for the other curves. This

might be related to the fact that during the generation of the Ψ0 = 15 mV

microstructure the energy barrier between primary and secondary minimum

in the inter-particle potential was largest. This resulted in a few particle

contacts still trapped in the secondary minimum (roughly 7% of the physical

contacts). Particles trapped in the secondary minimum have an inter-particle

distance of 2.16 r0 instead of 2 r0 upon complete coagulation, which may be

a reason for the reduced fit quality toward smaller Voronoi volumes.

Table 5.3: k-gamma fit results.

Structure k R2

Stable suspension 62.3 0.990

Ψ0 = 0 mV 8.6 0.995

Ψ0 = 12 mV 6.5 0.996

Ψ0 = 13 mV 6.0 0.996

Ψ0 = 14 mV 4.0 0.994

Ψ0 = 15 mV 2.8 0.972
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5.4 Summary and Conclusions

In this chapter, three distinct microstructural characterization methods have

been analyzed. Using these methods, scalar measures were introduced, which

allow quantifying the DOH of particle packings.

• The exclusion probability gives an estimate of the pore size distribu-

tion by a random probing of the pore space. The more heterogeneous

microstructures present a considerably broader pore size distribution

with a significantly longer tail than the distribution for the more ho-

mogeneous microstructures. In particular, a continuous broadening is

found with increasing heterogeneity. The cumulative exclusion proba-

bilities were shown to follow error functions with parameter a reflecting

their width and thus measuring the structures’ DOH. Fit parameter a

increases with increasing heterogeneity.

• The density-fluctuation method statistically analyzes the particle cen-

ter density in dependence of the sampling length scale. The relative

density fluctuation as a function of the grid spacing presents a clear de-

pendence on the heterogeneity of the microstructure. Over the whole

range of grid spacings, the stable suspension exhibits the smallest den-

sity fluctuations. These fluctuations increase toward increasing values

of Ψ0 and thus increasing DOH, which is nicely reflected by increasing

values of the integral measure Idf .

An examination of the differences between the density fluctuations of

two structures was found to be particularly useful as it allows deter-

mining the length scale on which the structures present the largest

differences in heterogeneity. In the case of the most heterogeneous

microstructure the largest differences in comparison to the most homo-

geneous one are found on a length scale between 1.3 and 2.2 particle

diameters.

• The Voronoi volume distribution of the stable suspension is very narrow

in comparison to the final microstructures, for which the distribution

broadens with increasing heterogeneity. The various Voronoi volume

curves were shown to follow k-gamma distributions. Parameter k, re-

flecting the width of the distribution and thus the structure’s DOH,

decreases with increasing heterogeneity.
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The behavior of the three parameters a, k and Idf is summarized in

Fig. 5.9 showing Idf (left scale) and 1/k (right scale) as a function of a.

The solid lines suggest a pairwise affine dependence between Idf , 1/k and

a. Thus, as far as the quantitative characterization of the DOH of the mi-

crostructures considered in this chapter is concerned, all methods – the pore

size distribution, the density-fluctuation method and the Voronoi volume dis-

tribution – can be considered as equivalent in the sense that the knowledge

of one parameter permits to determine the others. However, parameter k

reflects changes in the DOH more sensitively than a or Idf . Indeed, the nor-

malization of k, a and Idf with respect to their maximum values reveals that

parameter k covers the interval [0.04, 1.0]. This interval is significantly larger

than the normalized ranges of a and Idf , which are [0.5, 1.0] and [0.86, 1.0],

respectively.

The interrelation between the three structural characterization methods

can be understood as follows. The probability of placing a random point

used for the determination of the pore size distribution into the free Voronoi

volume of a particle is proportional to the particle’s free Voronoi volume.

Thus, the broader the distribution of Voronoi volumes, the higher the prob-

ability of finding larger pores, which leads to a longer tail in the exclusion

probability as shown in Fig. 5.3. The relation between the Voronoi volume

distribution and the density fluctuation follows similar arguments. A broad-

ening in the Voronoi volume distribution essentially means that there is a

broader distribution in the nearest-neighbor distances and therefore larger

differences in the density fluctuations.

The methods have been applied to a set of monodispersed spherical parti-

cle packings representing stable and coagulated colloidal particle structures,

but the methods could of course be generalized. The pore size distribution

as determined by the Monte Carlo method employed in this chapter can be

applied as it is to any porous media. In this sense, it is the most general

method analyzed in this study. The fit using an error function, however,

may not necessarily yield good results. In this case, the integral measure Ips

proposed in Sec. 5.3.1 could be used or the width of the distribution could be

determined empirically. The Voronoi volume distribution generally only re-

quires that the elements constituting a structure are convex and, in this case,

the empirical distribution can be determined. To the author’s knowledge, a

fit using the k-gamma distribution has, however, only been performed in the

case of packings of monodispersed spherical particles. As for the density-
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Figure 5.9: Interdependence between the measures of the degree of hetero-

geneity for the various microstructures: Idf and 1/k as a function of a.

fluctuation method, the density of the particle centers is considered in this

work. The method may be extended to a determination of the exact portion

of the sphere volumes per cell, which, however, is computationally expen-

sive. An alternative could be a cell-wise Monte Carlo integration of the

partial sphere volumes, which would allow for a characterization of arbitrary

porous structures using the density-fluctuation method.

From an experimental point of view, the methods presented in this study

rely on the possibility to determine the particle positions, which in the case

of colloidal particles can be obtained using the confocal laser microscopy,

for example [23]. In particular, the pore size distributions measured using

mercury porosimetry [24] and estimated using the exclusion probability are

not equivalent since the latter overestimates the number of small pores due

to the random probing of the pore space.
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In this chapter, three scalar measures have been presented, which allow

quantifying and comparing the heterogeneity of packings of spherical parti-

cles in terms of a degree of heterogeneity. These measures were calculated

using distinct techniques and structural characterization methods. In view of

these differences, the very nice correlation between the three DOH-measures

is remarkable. Indeed, it suggests that the DOH is a microstructure’s inher-

ent property and that any of the methods proposed in this chapter can be

used to uniquely characterize and classify it. In terms of sensitivity, however,

considerable differences between the methods were found. Parameter k re-

flects differences in the DOH most sensitively, followed by parameter a and

finally by Idf . A further definition of an absolute DOH would require a suit-

able reference structure, which, for example, is either perfectly heterogeneous

or perfectly homogeneous under the condition of being random.
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Abstract

The newly developed void expansion method allows for an efficient genera-

tion of porous packings of spherical particles over a wide range of volume

fractions using the discrete element method. Particles are randomly placed

under addition of much smaller “void-particles”. Then, the void-particle ra-

dius is increased repeatedly, thereby rearranging the structure-particles until

formation of a dense particle packing. The structure-particles’ mean coor-

dination number was used to characterize the evolving microstructures. At

some void radius, a transition from an initially low to a higher mean coordi-

nation number is found, which was used to characterize the influence of the

various simulation parameters. For structure- and void-particle stiffnesses of

the same order of magnitude, the transition is found at constant total vol-

ume fraction slightly below the random close packing limit. For decreasing

void-particle stiffness the transition is shifted toward a smaller void-particle

radius and becomes smoother.
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6.1 Introduction

Mechanical tests on coagulated colloids have shown that the local arrange-

ment of the colloidal particles has a strong influence on the macroscopic

mechanical properties. Colloids with a more “heterogeneous” microstruc-

ture possess up to one order of magnitude higher elastic moduli and yield

strengths than their “homogeneous” counterparts [1].

Experimentally, colloidal microstructures with different degrees of hetero-

geneity are obtained using an internal gelation method (DCC = direct co-

agulation casting [2, 3]). The method allows for an in situ, i.e., undisturbed

transition of the inter-particle potential from repulsive to attractive. There

are two principal pathways leading to different microstructures: changing the

pH of the suspension (∆pH-method) or increasing the ionic strength in the

suspension (∆I-method). The first pathway shifts the pH to the particles’

isoelectric point and produces more homogeneous microstructures through

diffusion-limited aggregation. In the second pathway the ionic strength in

the suspension is increased at a constant pH, which compresses the Debye

length of the repulsive potential leading to more heterogeneous microstruc-

tures due to reaction-rate-limited aggregation of the particles [4].

Alternatively, heterogeneous microstructures can as well be obtained by

∆pH-destabilization in conjunction with small amounts of alkali-swellable

polymer (ASP) particles, 80 nm in diameter in the unswollen state [5]. The

ASP particles are admixed to the structure-particles of 0.4 µm in diameter

under acidic conditions and swell upon increasing pH during the internal

gelling reaction of the DCC process unfolding to 0.7 µm in diameter, and thus

pushing the structure-particles in their vicinity. Thereby, larger pores and

thus more heterogeneous microstructures are produced. Those samples with

ASP exhibit much higher mechanical properties than samples without ASP.

In particular, ASP-samples present comparably high mechanical properties

as samples with heterogeneous microstructures produced by the ∆I-method.

These experimental findings suggest that the colloid’s microstructure

strongly determines its macroscopic mechanical properties. The relation be-

tween structure and mechanical properties, however, is not yet understood.

One way to look at this question is by computational means using simulation

techniques such as the discrete element method (DEM). This method takes

into account the particulate nature of a colloid and allows for an investigation

of the force distribution inside the particle network during deformation as a
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function of the colloid’s microstructure. However, this method needs to be

supplied with initial particle configurations. In preceding works, Brownian

dynamics (BD) simulation was used to study the coagulation dynamics and

the evolving microstructures in colloidal suspensions [6, 7]. These simula-

tions were based on physical laws and widely accepted theories such as the

Stoke’s drag force, the Brownian motion and the Derjaguin-Landau-Verweg-

Overbeek theory [8], describing the inter-particle potential. The resulting

microstructures agree well with experiments [9] and can be used as initial

particle configurations for further DEM simulations to establish the link be-

tween microstructure and macroscopic mechanical properties. However, the

BD-method requires evaluating complex equations at each time step in order

to determine the various forces acting on the particles. Therefore, it is time-

consuming, especially in the case of a repulsive energy barrier and, moreover,

structures with volume fractions exceeding 0.4 have not yet been simulated.

For processing reasons, ceramic engineers are interested in preferably high

solid’s phase volume fractions and in particular in volume fractions exceeding

0.4.

Inspired by the generation of heterogeneous micro-structures using ASP

the void expansion method (VEM) was developed, which allows for a fast

and efficient computational generation of porous microstructures over a broad

range of volume fractions and especially those exceeding 0.4.

In this chapter, VEM is presented and the influence of various simulation

parameters such as the system size, the number of particles within the system

or the elastic properties of the particles on the development of the mean

coordination number is analyzed for a wide range of volume fractions between

0.2 and 0.55.

6.2 Materials and Methods

6.2.1 Discrete Element Method

The void expansion method is implemented using DEM [10] and, in partic-

ular, the particle flow code in three dimensions (PFC3D) from Itasca Con-

sulting Group, Inc., Minneapolis, Minnesota, USA [11] is used. DEM is an

iterative method in which discrete spherical particles are used to build up

more complex structures. At each point in time the forces on each particle

are calculated. The time step is chosen small enough to assume a constant
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force during the time step, which allows for the linearization of the equations

of motion enabling an efficient calculation of the particles’ next positions and

velocities.

The forces on the particles included in the DEM model arise from a

linear elastic contact law between the particles and damping. In particular,

no other forces such as long range forces between particles or gravity are

considered. PFC3D uses a soft-contact approach, wherein rigid particles are

allowed to overlap at contact points. The contact law relates the forces acting

on two contacting particles, in this case, linearly to the relative displacement

between these particles. The magnitude of the normal contact force Fn is

given by

Fn = knUn, (6.1)

where kn denotes the normal stiffness and Un the overlap. The shear stiffness

ks relates an incremental displacement in shear direction ∆Us to the shear

contact force ∆Fs via

∆Fs = ks∆Us. (6.2)

The linear elastic contact law is thus parameterized by its normal and its

shear particle stiffness.

Energy dissipation is introduced via a local damping term similar to that

described by Cundall [12]. The damping force, characterized by its damping

coefficient α, is added to the equations of motion and is proportional to the

force acting on the particle. Thereby, only accelerating motion is damped

and the direction of the damping force is opposed to the particle’s velocity

[11].

Thus, the forces in the present model are characterized by three micro-

scopic parameters: the particle’s normal stiffness, its shear stiffness and the

damping coefficient. In this work, the inter-particle friction coefficient was

set to zero in order to allow the maximum particle rearrangement during the

void expansion.

6.2.2 Void Expansion Method

The void expansion method relies on two distinct kinds of particles:

“structure-particles” that constitute the final microstructure and “void-

particles” that are only used during the generation of the structure. For
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clarity purposes, the first ones will be referred to as structure-particles or sim-

ply particles and the latter ones will explicitly be termed as void-particles

throughout this chapter. The physically relevant macroscopic parameters

characterizing the final microstructures are NS, the number of structure-

particles, rS, their radius and ΦS, the volume fraction of the structure-

particles. Using these parameters, the edge length Lbox of the cubic sim-

ulation box with periodic boundary conditions is calculated using

Lbox = rs

(
4NSπ

3ΦS

)1/3

. (6.3)

The NS particles are randomly placed in the simulation box with an initial

particle radius of rS/(m + 1), thus (m + 1) times smaller than the final rS,

with m being the number of subsequent radius blow-up steps. In the sim-

ulations presented in this chapter, m = 10 is used. At each blow-up step,

the initial particle radius is added to the current particle radius, followed

by an equilibration of the structure, until, after the mth step, the final par-

ticle radius rS is reached. This cyclic growing of the particles is needed in

order to achieve volume fractions higher than approximately 0.35 without a

considerable particle overlap, which represents high local stresses.

In addition to the structure-particles, NV void-particles with an initial

radius rV � rS are randomly placed in the simulation box. In this work,

rV = 0.005 rS is used. After the structure-particles have reached their final

size, the radius of the void-particles is increased cyclically. At each cycle,

their initial radius is added to their current radius, thereby simulating the

swelling of the ASP particles. After each incremental increase in the void-

particle radius, relaxation steps are performed in order to equilibrate the

microstructure. This iterative procedure is repeated until the structure- and

the void-particles are densely packed and any further increase in the void-

particle size leads to a compaction of the particles, which is reflected by an

increase in the strain energy inside the microstructure. Before each increase

in the void particle radius, the positions of the structure-particles are stored,

which allows for a subsequent analysis of the microstructure as a function

of pore size, i.e., the void-particle’s radius. The principal steps of the void

expansion method are illustrated by means of a two-dimensional example in

Appendix A.3. A flowchart is shown in Fig. A.4.

In this chapter, the mean coordination number z of the structure-particles

alone is used to characterize the evolving microstructures during the ex-
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pansion of the void-particles. In particular, the coordination number of a

structure-particle is given by the number of neighboring structure-particles

with a separation distance smaller than dε = (1 + ε) 2 rS, with ε = 0.01.

The density of bulk alumina was taken for the density of the structure-

particles ρS. The void-particle density ρV was set to a ten times smaller value

ρV = ρS/10 in order to reduce the inertia of the void-particles. Table 6.1

compiles the simulation parameters used in this work.

Table 6.1: VEM simulation parameters.

Parameter Symbol Value

Number of particles NS 4 000, 8 000

Particle radius rS 0.25 µm

Normal particle stiffness kn,S 102, 103 N/m

Shear particle stiffness ks,S 10−3, 10−2 N/m

Number of void-particles NV 400 – 16 000

Normal void-particle stiffness kn,V 10−5 – 103 N/m

Shear void-particle stiffness ks,V 10−9 – 10−1 N/m

Damping coefficient α 0.7

Friction coefficient µ 0.0

Volume fraction ΦS 0.2 – 0.55

Structure-particle density ρS 3 690 kg/m3

Void-particle density ρV 369 kg/m3

6.3 Results and Discussion

The mean coordination number z is used to characterize the evolving mi-

crostructures during the expansion of the void-particles. The evolution of z

as a function of the void- to structure-particle radius ratio q = rV /rS is shown

in Fig. 6.1 using 8 000 structure-particles, 2 000 void-particles and a volume

fraction of 0.4. Also, the conventions of the nomenclatures used throughout

this chapter are shown in this figure. The curve presents the three distinct

regimes typical to all curves analyzed throughout this study: The initial

stage (I) is characterized by a small slope and a low mean coordination num-
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Figure 6.1: Mean coordination number z as a function of the void- to

structure-particle radius ratio q using 8 000 structure-particles, 2 000 void-

particles and a volume fraction of 0.4.

ber. The slope within the second stage (II) increases drastically and the

curve shows an inflection point. In the third stage (III), the particles are

densely packed and any further increase in the coordination number is due

to the compaction of the particles reflected by a significant increase in the

structure’s intrinsic strain energy. The transition stage can be interpreted

as a phase change between stage I, in which the particles can move freely

and stage III, in which the particles’ movements are arrested. The inflection

point in the transition region (II) is used to characterize the various curves

that have been simulated. It is defined by three parameters: the void- to

structure-particle radius ratio qi = rV,i/rS, with rV,i being the void-particle

radius at the inflection point, the mean coordination number zi and the max-

imum slope, denoted by ∆z/∆q|i. Further characteristic parameters for the

various curves are the void- to structure-particle number ratio n = NV /NS
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and the targeted volume fraction ΦS, which is the volume fraction of the

structure-particles alone.

In the following, sensitivity analyses show the influence of various VEM

simulation parameters on z, especially the void- and structure-particle num-

bers (Sec. 6.3.1) and the targeted volume fraction (Sec. 6.3.2). These simula-

tions use a void-particle normal and shear stiffness of 102 N/m and 10−2 N/m,

respectively and a structure-particle normal and shear stiffness of 103 N/m

and 10−2 N/m, respectively. In Sec. 6.3.3 the scaling behavior of z above

the inflection point as a function of the total volume fraction is analyzed.

The influence of the void-particle stiffness on the evolving microstructures is

investigated thereafter in Sec. 6.3.4 for two distinct structure-particle normal

stiffnesses: 103 N/m and 102 N/m. The structure-particles’ normal to shear

stiffness ratio was fixed at 105.

6.3.1 Influence of the Void- and Structure-Particle

Numbers

Microstructures with a volume fraction ΦS = 0.4 have been generated using

various numbers of structure- and void-particles, NS and NV , respectively.

NV essentially regulates the void size. Indeed, the higher NV is chosen, the

fewer blow-up steps are necessary in order to densely pack the structure-

particles. The influence of NV on the VEM was probed with NV ranging

between 400 and 16 000 for NS = 8 000. The size dependency of the system

was tested with additional simulations for NS = 4 000 using 2 000 and 4 000

void-particles.

The simulations show that the evolving microstructures depend on the

void- to structure-particle number ratio n, but they are independent on the

individual absolute numbers of NV and NS. Increasing n shifts the transition

region (II) toward a smaller void- to structure-particle radius ratio q. Fig-

ure 6.2 shows qi normalized by n−1/3 as a function of n yielding a constant

value given by

qin
1/3 = 0.82 ± 0.01. (6.4)

The total volume fraction at the inflection point ΦT,i (void and structure-

particles) is calculated via

ΦT,i = ΦS

(
1 + q3

i n
)
. (6.5)
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Thus, a constant value of qin
1/3 entails a constant ΦT,i. Indeed, the mean

total volume fraction at the inflection point is 62.3 ± 0.9 % close to 64%, the

characteristic volume fraction of random close packings (RCP) [13].

Figure 6.2: Void- to structure-particle radius ratio (qi normalized by n−1/3 )

at the inflection point (circles, left scale) and the corresponding differen-

tial increase in coordination number (∆z/∆q|i normalized by n−1/3 , trian-

gles, right scale) as a function of the void- to structure-particle number ratio

n = NV /NS. Open and filled symbols denote simulations with NS = 4 000

and 8 000 , respectively.

Figure 6.2 further shows the differential increase in coordination number

at the inflection point ∆z/∆q|i normalized by n−1/3 as a function of n yielding

a constant value given by

∆z/∆q|in1/3 = 9.16 ± 0.68. (6.6)

The best power law fit of ∆z/∆q|i as a function of n yields an exponent of

0.3 slightly below 1/3 used for normalization in Fig. 6.2. The fit is very good
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as indicated by the correlation coefficient R2 = 0.98.

In particular, the use of two distinct numbers of structure-particles (NS =

4 000 and 8 000) for two void- to structure-particle number ratios (n = 0.5 and

1.0) shows that the evolution of the mean coordination number is independent

on the system size. Virtually identical values for both qin
1/3 and ∆z/∆q|in1/3

as a function of n were obtained as shown in Fig. 6.2.

Combining Eq. (6.4) and Eq. (6.6) gives

∆z|i = 11.2 q∆q|i, (6.7)

which, after integration, results in

zi = 5.6 q2
i + K, (6.8)

with K a constant. Thus, zi is expected to scale as q2
i , which means that zi

essentially scales with the surface of the void particles. zi as a function of

qi and its fit (dashed line) are shown in Fig. 6.3. The trend is reproduced,

however, the quality of the fit is rather low (R2 = 0.76). In particular, the

two data points with qi close to unity present a noticeable deviation of the

general trend of increasing zi for increasing qi. This case is remarkable as

it corresponds to an approximately monodispersed binary mixture of the

structure- and void-particles. A more detailed investigation, especially in

the region of qi ≈ 1, would require much more simulation runs spanning a

wider range of particle number ratios n, which goes beyond this chapter’s

scope.

6.3.2 Influence of the Volume Fraction

For processing reasons of ceramic bodies via colloidal routes engineers are

usually interested in volume fractions as high as possible. A minimum of 0.4 is

required to perform uniaxial compression tests on structures fabricated using

the DCC process [14]. Furthermore, the volume fraction is easily accessible

experimentally and is therefore widely used as a comparative value for various

experiments. Thus, the influence of of the volume fraction of the structure-

particles ΦS is investigated by means of z as a function of q for ΦS ranging

from 0.2 to 0.55 and for n = 0.5 (NS = 4 000 and NV = 2 000). The total

volume fraction at the inflection point ΦT,i (void- and structure-particles) is

calculated using Eq. (6.5). Again, ΦT,i yields a constant value of 61.5±0.5 %,
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Figure 6.3: Mean coordination number zi as a function of the void- to

structure-particle radius ratio qi, both at the inflection point, for various void-

to structure-particle number ratios n.

slightly below the RCP limit. Thus, ΦT,i constitutes an upper boundary for

ΦS. Indeed, for ΦS approaching ΦT,i and n 	= 0, qi approaches zero and any

expansion of the void-particles is prohibited.

Figure 6.4 shows that zi increases with increasing volume fraction ΦS. As

shown above, ΦT,i is constant for ΦS ranging from 0.2 to 0.55, which indicates

that at the inflection point, the structure-particles are equally dense packed

for all ΦS. Hence, zi may be expected to be a constant value, which seems

to contradict Fig. 6.4. Plausibility considerations based on geometry give a

possible explanation for this ΦS-dependence of zi. The sum of ΦS and ΦV,i

equals ΦT,i, and is constant. Hence, rising ΦS results in a lower ΦV,i and vice

versa. Because NV is constant, ΦV,i only changes by the variation of rV,i. An

increasing ΦV,i entails an increase in rV,i, and vice versa. Structure-particles

in contact with void-particles have a lower coordination number than those,
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which are only surrounded by other structure-particles since only contacts

between structure-particles are considered by definition of z. The number of

structure-particles in contact with void-particles scales essentially with the

total surface of the void-particles. The smaller the total void surface, the less

contacts between structure- and void-particles exist and the more structure-

particles are only surrounded by other structure-particles. Hence, increasing

ΦS results in increasing zi.

Similar considerations were used by Kruyt and Rothenburg [15] who

found a linear dependence between a particle’s coordination number and

its radius in the case of two-dimensional assemblies of polydisperse particles.

Further studies are necessary to confirm a linear dependence between zi and

ΦS as suggested by the line in Fig. 6.4.

Figure 6.4: Mean coordination number at the inflection point zi as a function

of the volume fraction of the structure-particles ΦS .

93



6. VOID EXPANSION METHOD

6.3.3 Scaling Behavior of the Coordination Number

In order to analyze the scaling behavior of z above zi (region III) as a function

of the total volume fraction ΦT , the various curves analyzed in Sec. 6.3.1 and

Sec. 6.3.2 were fitted using a power law given by

(z − zi) ∝ (ΦT − ΦT,i)
β, (6.9)

with the exponent β as fit parameter. A selection of these curves is presented

in Fig. 6.5 for the simulations in dependence of the void- to structure-particle

number ratio n (circles) and of the volume fraction of the structure-particles

ΦS (triangles). The corresponding power law fits are shown as lines.
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Figure 6.5: Scaling behavior of the coordination number z above the inflection

point in dependence of the total volume fraction ΦT for various curves (open

symbols) and corresponding power law fits (lines).

For the simulations with varying n, an exponent βn = 0.39 ± 0.04 was

obtained. The simulations in dependence of ΦS yield βφS
= 0.35± 0.03. For
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all fits a very high correlation coefficient R2 > 0.999 was achieved indicating

excellent fits. In particular, the simulations suggest that the exponents β

is independent of n and ΦS. The average over all simulations results in an

exponent β = 0.37 ± 0.04. This exponent is below the value 0.5 found in

literature [16, 17], where, however, dense instead of porous structures were

considered.

6.3.4 Influence of the Void-Particle Stiffness

The void-particle stiffness essentially regulates the extent of the overlap of

a void-particle with structure-particles or other void-particles. Indeed, for

a constant compressive force, a lower void-particle stiffness allows for larger

overlaps between a void-particle and its neighbors. Thus, the void-particle

stiffness is an important parameter for the microstructure and its evolu-

tion. For this investigation, the void-particle normal to shear stiffness ratio

kn,V /ks,V is kept constant at 104, n was fixed at 0.5 and ΦS = 0.4. Fig-

ure 6.6 presents the analysis of z as a function of q for various values of

kn,V ranging from 10−5 N/m to 103 N/m and for kn,S = 103 N/m. Addi-

tionally, this analysis was performed for kn,S = 102 N/m and kn,V ranging

from 10−5 N/m to 102 N/m. In the following, the results are presented as

a function of the dimensionless void- to structure-particle normal stiffness

ratio Kn = kn,V /kn,S.

Two principal behaviors are observed for increasing void-particle stiffness

and thus for increasing Kn: first, the inflection point is continuously shifted

toward larger void-particle sizes and second, the transition between region I

and III becomes “sharper”. These two observations will be elaborated in the

following.

The shift of the inflection point toward larger void-particle sizes for in-

creasing Kn is summarized in Fig. 6.7, showing the continuous increase in qi

for rising Kn. In particular, virtually identical curves are obtained for the

two distinct values of kn,S. For small normal stiffness ratios up to Kn = 10−4

the values for qi as a function of Kn follow a logarithmic law given by

qi = 0.02 ln Kn + 1.16. (6.10)

The fit is very good as indicated by a correlation coefficient R2 = 0.993. For

Kn > 10−4, qi levels off at approximately qi = 1.022, which corresponds to a

total volume fraction of 0.61, close to the RCP volume fraction value.
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Figure 6.6: Mean coordination number z as a function of the void- to

structure-particle radius ratio q for a void- to structure-particle number ratio

n = 0.5 and for various void-particle stiffnesses. The arrows indicate the

direction of increasing void-particle stiffness.

The characteristic void- to structure-particle normal stiffness ratio, at

which the transition from the logarithmic law to a constant value occurs, is

given by the intersection point of the respective fits. This value is termed as

Kc
n and is found at 5.4 × 10−4.

A sharper, i.e., more “step”-like, transition between region I and III is

observed in Fig. 6.6 for an increasing kn,V . Mathematically, the “sharpness”

of the transition expresses in an increasing slope of the curves at their in-

flection point, i.e., a higher value of ∆z/∆q|i, as summarized in Fig. 6.8 as

a function of Kn. As in the case of qi(Kn) identical curves are obtained for

the two values of kn,S. The values of ∆z/∆q|i can be very well fitted against

the void- to structure-particle normal stiffness ratio Kn up to 10−4 using a

power law (Eq. (6.11)).
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Figure 6.7: Void- to structure-particle radius ratio qi at the inflection point

as a function of the void- to structure-particle normal stiffness ratio Kn.

∆z/∆q|i = 410.3 K0.2
n (6.11)

The correlation coefficient is R2 = 0.997. For Kn-values higher than 10−4

the ∆z/∆q|i-values level off. The small exponent of 0.2 might also suggest a

logarithmic dependence between ∆z/∆q|i and Kn, however, the logarithmic

fit is of considerably lower quality (R2 = 0.91) compared to the power law

fit. The characteristic kink is found at Kc
n = 3.5 × 10−4 N/m, which is in

good agreement with the value found for qi(Kn).

Equations (6.10) and (6.11) describe the Kn-dependence of qi and

∆z/∆q|i, respectively, for Kn ≤ 10−4. These equations allow to express

∆z/∆q|i as a function of qi yielding a relation of the form ∆z/∆q|i ∼ exp(qi).

Indeed, an exponential fit gives a very high correlation coefficient (R2 =

0.992). The integration of ∆z/∆q|i(qi) allows to predict the function zi(qi),

which also results in an exponential function. The fit of the simulated data
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Figure 6.8: Slope of the z(q)-curves at the inflection point ∆z/∆q|i as a

function of the void- to structure-particle normal stiffness ratio Kn.

using this function is good as well, achieving a correlation coefficient of

R2 = 0.93.

6.4 Summary and Conclusions

In this chapter, the void expansion method was presented, which allows for

an efficient and fast computational generation of porous microstructures us-

ing the discrete element method. The development of VEM was inspired by

the experimental generation of heterogeneous colloidal microstructures using

alkali-swellable polymer particles. The void expansion method is a stochas-

tic method, in opposition to BD-simulations, in which the physical processes

during the coagulation of the colloidal suspension were simulated. This nu-

merical description of physical processes however requires much computing

time. Thus, from a computational point of view, VEM is less intensive than
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BD-simulations as VEM only includes a linear elastic contact law and damp-

ing.

The void expansion method permits to investigate the evolving mi-

crostructure as a function of the void-particle size. In order to characterize

the microstructures, the mean coordination number was used. For all simula-

tion parameters used throughout this study, the mean coordination number

as a function of the void- to structure-particle radius ratio exhibits the same

characteristic “step”-shape: a small slope with low mean coordination num-

ber in an initial stage, a transition stage with a sharp increase in the slope

and, in a final stage, a small slope with high mean coordination number.

The transition can be seen as a phase change between an initial stage, in

which the particles can move freely and a final stage, in which the particle

movements are arrested. In this final stage, the particles are jammed and any

further swelling of the void-particles corresponds to an increase in the strain

energy in the structure. The inflection point in the transition stage charac-

terizes the obtained simulation curves and enables a comparison between the

various curves.

The sensitivity study of the mean coordination number by variation of

the void-particle number, the structure-particle number, the targeted volume

fraction and the stiffness of the void-particles led to the following results:

• The variation of the void- and structure-particle numbers and of the

volume fraction of the structure-particles reveals an inflection point at

a constant total volume fraction of approximately 62%, slightly below

the RCP limit.

• The total volume fraction of 62% constitutes an upper boundary for

ΦS and therefore for VEM.

• The mean coordination number as a function of the void- to structure-

particle radius ratio depends on the void- to structure-particle number

ratio alone and was found independent of the system size.

• Structures with volume fractions ranging from 0.2 to 0.55 were success-

fully generated using VEM. In particular, volume fractions above 0.4

were reached, which is crucial for a further simulation of the uniaxial

compression of colloidal structures using DEM.
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• Above the inflection point, the mean coordination number as a func-

tion of the total volume fraction follows a power law with exponent

β = 0.37 ± 0.04.

• An increasing void- to structure-particle stiffness ratio Kn reveals a

twofold influence on the evolution of the mean coordination number

as a function of the void- to structure-particle radius ratio: first, the

inflection point is shifted to higher void- to structure-particle radius

ratios and second, the slope at the inflection point is increased.

• For small Kn, the particle radius ratio qi and the maximum slope

∆z/∆q|i at the inflection point are nicely fitted versus Kn using a

power and a logarithmic law, respectively. For Kn approaching 1 the

curves level off. The transition from a power and logarithmic law, re-

spectively, to a constant value is found at a void- to structure-particle

normal stiffness ratio Kc
n of approximately 4.5 × 10−4. In particular,

the curves qi(Kn) and ∆z/∆q|i(Kn) do not depend on the structure-

particle stiffness.

The computational time needed to generate a VEM-structure is deter-

mined by the number of void radius blow-up steps that are necessary to

densely pack the structure-particles. The number of void-particle blow-up

steps essentially depends on n and ΦS and is increasing for decreasing n or

ΦS. Thus, smaller values of n or ΦS result in larger computational times. The

simulations have further shown that for decreasing void-particle stiffness, less

void blow-up steps are needed in order to reach the inflection point. How-

ever, for kn,V < 0.001 kn,S lower packing density at the inflection point are

obtained for decreasing void-particle stiffness. In PFC3D, the time step es-

sentially depends on the particle’s mass and its stiffness as
√

mP /k, where

mP is the smallest particle mass and k the largest particle stiffness in the sys-

tem. Hence, for given particle densities, the time step is determined by the

structure-particle normal stiffness kn,S as long as kn,V ≤ kn,S. For kn,V > kn,S,

the time step decreases resulting in longer simulation times.

To summarize, the void expansion method allows for an efficient compu-

tational generation of porous microstructures over a wide range of volume

fractions and the various relations analyzed in this chapter predict the in-

fluence of the VEM simulation parameters on the microstructures. Further

research comprises the influence of inter-particle friction, which in this study
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was set to zero in order to facilitate at most any particle rearrangements

during the expansion of the void-particles.

We use VEM for an efficient generation of porous colloidal microstructures

over a wide range of volume fractions for subsequent simulation of the me-

chanical properties using DEM. Toward this goal, the VEM-microstructures

have to withstand the comparison with experimentally determined mi-

crostructures using, for example, confocal laser microscopy [18] or with

structures obtained by other simulation techniques describing the physical

processes during the coagulation such as BD-simulations [6, 7]. In this re-

spect, an agreement in the mean coordination number is a necessary but

not a sufficient condition. Additionally, further structural characterization

methods, such as the straight path distribution introduced in Chapter 4 or

the degree of heterogeneity (Chapter 5) must be considered in order to quan-

titatively compare the microstructures obtained by VEM to those obtained

experimentally or using other computational techniques.
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Abstract

The recently developed void expansion method (VEM) allows for an efficient

generation of porous packings of spherical particles over a wide range of vol-

ume fractions. The method is based on a random placement of the structure-

particles under addition of much smaller “void-particles” whose radii are re-

peatedly increased during the void expansion. Thereby, they rearrange the

structure-particles until formation of a dense particle packing and introduce

local heterogeneities in the structure. In this paper, microstructures pro-

duced by VEM are analyzed with respect to their degree of heterogeneity

(DOH). In particular, the influence of the void- to structure-particle number

ratio, which constitutes a principal VEM-parameter, on the DOH is stud-

ied. The DOH is quantified using the pore size distribution, the Voronoi

volume distribution and the density-fluctuation method in conjunction with

fit functions or integral measures. This analysis has revealed that the void-

to structure-particle number ratio controls the DOH and allows continuously

adjusting it over a broad range. In particular, the DOH-range covered by the

VEM-generated microstructures is approximately 25% broader and starts at

a slightly higher value than that of microstructures generated using Brownian

dynamics simulations, which represent the structure of coagulated colloidal

suspensions.
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7.1 Introduction

Experiments on coagulated colloidal suspensions have shown that the local

arrangement of the powder particles has a strong influence on the mechani-

cal properties. More heterogeneous microstructures exhibit up to ten times

higher elastic properties and yield strengths than their more homogeneous

counterparts at equal volume fraction [1, 2, 3]. The relation between the

microstructure and the mechanical properties, however, is still an open ques-

tion.

A precondition for any systematic study of the relation between mi-

crostructure and mechanical properties for granular materials is the pos-

sibility to generate microstructures with a controlled degree of heterogeneity

(DOH). For colloidal particle structures, this reproducible control over the

heterogeneity is experimentally achieved using an enzyme catalyzed gelation

method (DCC = direct coagulation casting [4, 5]). This method allows for

an undisturbed coagulation of electrostatically stabilized colloidal suspen-

sions to stiff microstructures by an in situ transition of the inter-particle

potential from repulsive to attractive. This can be done along two princi-

pal pathways: shifting the pH of the suspension to the particles’ isoelectric

point (∆pH-method) or increasing the ionic strength in the suspension (∆I-

method) at constant pH, which compresses the Debye length of the repul-

sive inter-particle potential. The first method leads to more homogeneous

microstructures through diffusion-limited aggregation. The second method

produces more heterogeneous microstructures via reaction-rate-limited ag-

gregation [2].

A variation of the ∆pH-method producing microstructures with higher

degree of heterogeneity consists in the use of small amounts of alkali-swellable

polymer (ASP) particles, 80 nm in diameter in the unswollen state [6]. Ad-

mixed to the structure-particles of 0.4 µm in diameter under acidic condi-

tions, the ASP particles swell upon increasing pH during the internal gelling

reaction and unfold to 0.7 µm in diameter. Thereby, the ASP particles push

the structure-particles in their vicinity, create larger pores and thus more

heterogeneous microstructures. Inspired by the generation of heterogeneous

microstructures using ASP particles the void expansion method (VEM) was

developed. The void expansion method, presented in Chapter 6, was shown

to allow for a fast and efficient computational generation of porous particle

structures over a broad range of volume fractions.
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In Chapter 5, methods to quantify the DOH of a packing of spherical,

monodisperse particles by means of scalar measures have been introduced.

These scalar measures were obtained using the pore size distribution, the

Voronoi volume distribution and the density-fluctuation method in combi-

nation with parameters in fit functions or integral measures. The methods

were applied to microstructures generated by Brownian dynamics (BD) sim-

ulations [7, 8]. In these simulations, the Derjaguin-Landau-Verweg-Overbeek

(DLVO) theory [9] was used to describe the inter-particle potential given by

the sum of the van der Waals attraction and the electrostatic repulsion. It

was shown that the DOH of the coagulated microstructures depends on the

presence and depth of a secondary minimum in the inter-particle potential,

which is essentially controlled by the particles’ surface potential. In contrast

to these BD-simulations that simulate the coagulation using widely accepted

physical laws and theories, VEM is a purely stochastic method. Its advan-

tage over BD is the computational efficiency and the possibility to create

particle packings of volume fractions exceeding 0.4, which was found to be

the upper limit of BD. This fact is of particular interest for a further study of

the mechanical properties of colloidal structures that are frequently used in

ceramic processing. In order to perform uniaxial compression experiments,

for example, a volume fraction above 0.4 is mandatory.

In this chapter, particle packings generated using the void expansion

method are analyzed in terms of their heterogeneity. In particular, the influ-

ence of the number of void-particles on the microstructure’s DOH is inves-

tigated for VEM-structures having a volume fraction of 0.4 and containing

8 000 structure-particles. Additionally, the degrees of heterogeneity of the

various VEM- and BD-microstructures are compared.

7.2 Materials and Methods

7.2.1 Void Expansion Method

The void expansion method is implemented using the particle flow code in

three dimensions (PFC3D) from Itasca Consulting Group, Inc., Minneapo-

lis, Minnesota, USA [10]. PFC3D is based on the discrete element method

(DEM) [11], in which discrete spherical particles are used to build up more

complex structures. DEM is an iterative method where at each point in time

the forces on each particle are calculated. The time step ∆t is chosen small
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enough to assume a constant force during ∆t. This allows linearizing the

equations of motion enabling the efficient calculation of the particles’ next

positions and velocities. The forces on the particles included in our model

arise from a linear elastic contact law between the particles and damping.

The contact law is characterized by the particles’ normal and shear stiffness

kn and ks, respectively and the damping force is adjusted via the damping

coefficient α [12].

The void expansion method relies on two kinds of particles: “structure-

particles” and “void-particles”. The structure-particles constitute the final

microstructure, whereas the void-particles are only used during its genera-

tion. In a first step, the structure-particles are randomly placed in a cubic

simulation box with periodic boundary conditions. The edge length of the

simulations box Lbox is calculated using the number of structure-particles

NS, their radius rS and their volume fraction ΦS via

Lbox = rs

(
4NSπ

3ΦS

)1/3

. (7.1)

In a second step, NV void-particles having a radius rV � rS are randomly

added to the structure-particles. The radius of the void-particles is then

cyclically increased by adding their initial radius rV to their current radius

in alternation with a relaxation of the structure. This simulates the swelling

of the ASP particles in the experiment and causes the structure-particles to

rearrange and to get in contact with each other. The iteration is done until

the structure- and void-particles are densely packed and any further increase

of the void-particle radius leads to a compaction of the structure-particles,

which is reflected by an increasing internal strain energy. The principal steps

of the void expansion method are illustrated by means of a two-dimensional

example and a flowchart in Appendix A.3.

The simulation parameters are summarized in Table 7.1. In order to

reduce the inertia of the void-particles, their density ρV was set ten times

smaller than the density of the structure-particles ρS, for which the density

of bulk alumina was chosen. The inter-particle friction coefficient µ was set

to zero in order not to impede any particle rearrangements.

In Chapter 6, the coordination number of the structure-particles z was

used to characterize the evolving microstructures during the void expansion.

z as a function of the void- to structure-particle radius ratio q = rV /rS

was shown to follow a characteristic step-shape. In this chapter, VEM-
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Table 7.1: Simulation parameters.

Parameter Symbol Value

Number of particles NS 8 000

Particle radius rS 0.25 µm

Normal structure-particle stiffness kn,S 103 N/m

Shear structure-particle stiffness ks,S 10−2 N/m

Number of void-particles NV 1 000 – 16 000

Normal void-particle stiffness kn,V 102 N/m

Shear void-particle stiffness ks,V 10−2 N/m

Damping coefficient α 0.7

Friction coefficient µ 0.0

Volume fraction ΦS 0.4

Structure-particle density ρS 3 690 kg/m3

Void-particle density ρV 369 kg/m3

microstructures having an average coordination number z = 4.68 ± 0.03 are

chosen for further analysis with regard to their heterogeneity. This value cor-

responds approximately to the mean coordination number of the microstruc-

tures resulting from earlier BD-simulations, thus allowing for a direct com-

parison of their degrees of heterogeneity. The analyses are performed on the

structure-particles alone, after deletion of the void-particles.

7.2.2 Quantification of the Degree of Heterogeneity

The three distinct structural characterization methods introduced in Chap-

ter 5 are used to analyze and assess the heterogeneity of the VEM-

microstructures: the pore size distribution, the density-fluctuation method

and the distribution of Voronoi volumes. Each method, in conjunction with

fit functions or integral measures, provides a scalar measure that captures

and quantifies the DOH of a microstructure.

Pore Size Distribution

The pore size distribution is calculated using the exclusion probability

EV (r) [13]. It is defined as the probability of inserting a “test” particle
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of radius r at some arbitrary position in the pore space of a microstruc-

ture and is calculated using a Monte Carlo estimation. The probability

P (rP > r) of finding a pore with radius rP larger than r is obtained using

P (rP > r) =
∑

r′>rP
EV (r′). For coagulated colloidal suspensions resulting

from BD-simulations it was shown that P (rP > r) follows a complementary

error function given by

P (rP > r) = 1 − erf

(
r/r0 − b

a
√

2

)
, (7.2)

with a and b the standard deviation and the mean value, respectively. Para-

meter a was shown to nicely capture the structure’s degree of heterogeneity,

where increasing values of a reflect an increasing DOH.

Density-Fluctuation Method

The density-fluctuation method statistically analyzes the spatial distribution

of the particle centers as a function of grid spacing. Therefor, the cubic sim-

ulation box is subdivided into n3
c cells where nc = 2, . . . , nmax

c (nmax
c = 33,

cf. Chapter 5). The standard deviation σppc normalized by the average par-

ticle number Eppc as a function of grid spacing was shown to depend on the

DOH of the microstructure and the integral Idf over these curves (Eq. (7.3))

provides a measure of the DOH.

Idf =
∑

nc≤nmax
c

σppc

Eppc

(nc) (7.3)

The length scale, on which differences in particle density are most pro-

nounced, are revealed by the differences ∆ in relative density fluctuations

between two microstructures i and j given in Eq. (7.4).

∆(nc) =
σi

ppc − σj
ppc

Eppc

(nc) (7.4)

Voronoi Volume Distribution

The Voronoi volume Vi of a particle i is the volume given by the union

of all points in pore space closer to the surface of particle i than to any

other particle [14]. The Voronoi volume distribution P (ν) is determined

using the Qhull package [15] as a function of ν, the Voronoi free volume
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V f
i = Vi − Vmin normalized by the mean Voronoi free volume V̄ f . Vmin is

the minimum Voronoi volume achieved for close packed particles. Using a

statistical-mechanics approach [16], P (ν) was shown to follow a k-gamma

function given by

f(V f , k) =
kk

Γ(k)

(V f )k−1

(V̄ f )k
exp(−k

V f

V̄ f
). (7.5)

In Chapter 5, the k-gamma distribution was used to fit the Voronoi vol-

ume distribution of BD-microstructures. A very good agreement between

data and fit was obtained and it was shown that parameter k reflects very

sensitively the DOH of the various microstructures.

7.3 Results and Discussion

A qualitative impression of the influence of the void-particle number NV on

the resulting microstructures is given in Fig. 7.1, presenting slices with a

thickness of three particle layers and equal volume fractions of 0.4. In the

upper row, slices through VEM-microstructures generated using NV = 16 000

(left) and NV = 1 000 (right), respectively, are shown. In the left slice, the

particles are rather uniformly distributed, whereas the particles in the slice

on the right are locally more densely packed and thus larger voids can be

observed. Very similar properties are observed for the BD-microstructures

inserted in the lower row. On the left, the most homogeneous (Ψ0 = 0 mV)

and, on the right, the most heterogeneous BD-microstructure (Ψ0 = 15 mV)

are shown. Figure 7.1 thus suggests that the use of larger void-particle num-

bers leads to more homogeneous microstructures and that VEM allows ob-

taining very similar microstructures as BD in terms of heterogeneity. These

observations are quantified and discussed in detail in the following.
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Figure 7.1: Slices through VEM-microstructures (upper row) with a more

homogeneous microstructure (NV = 16 000 , left) and a more heteroge-

neous microstructure (NV = 1 000 , right). The lower row shows the most

homogeneous (Ψ0 = 0 mV, left) and most heterogeneous microstructure

(Ψ0 = 15 mV, right) resulting from BD-simulations [7]. Slice thickness:

three particle diameters, particle diameter = 0.5 µm, volume fraction = 0.4

(for all structures).
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Table 7.2: Fit parameters a, b and k, integral Idf and corresponding R2-values

for the various microstructures.

NV a b (10−2) R2
a,b Idf k R2

k

1 000 0.605 -7.44 0.997 24.2 2.46 0.977

2 000 0.530 -4.63 0.999 23.6 2.99 0.995

4 000 0.472 -2.56 0.999 23.1 3.61 0.998

8 000 0.431 -1.21 0.999 22.7 4.67 0.999

11 000 0.416 -0.652 0.999 22.6 5.02 0.999

13 000 0.411 -0.458 0.998 22.6 5.50 0.999

16 000 0.401 -0.0227 0.999 22.5 5.74 0.998

7.3.1 Pore Size Distribution

The probability P (rP > r) of finding pores with a radius rP larger than

r is shown in Fig. 7.2 for various VEM-microstructures with void-particle

numbers ranging from 1 000 to 16 000 (symbols). The data is shown as a

function of r normalized by the particle radius rS. For a given pore radius

rP > 0, P (rP > r) decreases for increasing void numbers NV . The prob-

ability of finding pores with a radius larger than 0.5 rS is 1.6 times higher

in the microstructure with NV = 1 000 than in the one with NV = 16 000.

Finding pores larger than 0.75 rS and 1.0 rS is 4.3 and 18.7 times more

probable for NV = 1 000 than for NV = 16 000, respectively. The solid lines

in Fig. 7.2 represent the fit curves using the complementary error function

given in Eq. (7.2). Fit parameters a and b and the corresponding R2
a,b-values

are summarized in Table 7.2. The R2
a,b-values close to one indicate excellent

fits. The largest value a is found for the microstructure generated using 1 000

void-particles. For increasing values of NV , parameter a decreases, which re-

flects a decreasing probability of finding larger pores and thus a decreasing

DOH.
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Figure 7.2: Probability P (rP > r) of finding pores with a radius rP larger

than r vs. r normalized by the particle radius rS for the various VEM-

microstructures (symbols). Solid lines denote the corresponding fits using

a complementary error function.

7.3.2 Density-Fluctuation Method

The density fluctuations of the various VEM-microstructures are presented in

Fig. 7.3 as a function of the grid spacing normalized by the particle diameter

dS = 2 rS. The density fluctuations decrease with increasing void-particle

number. This effect is quantified using Idf as given in Eq. (7.3). The values

are summarized in Table 7.2. Idf increases with decreasing NV and thereby

reflects an increasingly heterogeneous repartition of the particles.

The length scale of these heterogeneities are determined using Eq. (7.4)

where index j and i corresponds to the most homogeneous microstruc-

ture with NV = 16 000 and to the more heterogeneous microstructures

with NV < 16 000, respectively. The results of this analysis are presented
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Figure 7.3: Density fluctuations as a function of grid spacing for the various

VEM-microstructures.

in Fig. 7.4. Generally speaking, the differences in density fluctuations in-

crease toward smaller void-particle numbers. In particular, a distinctive peak

with its maximum on a length scale between 1.3 and 2.2 particle diameters

develops gradually and is most pronounced for the most heterogeneous mi-

crostructure with NV = 1 000. This heterogeneity length scale corresponds

exactly to the one found for BD-microstructures in Chapter 5.

116



7. HETEROGENEITY OF VEM-STRUCTURES

Figure 7.4: Relative difference between the density fluctuations of the various

microstructures with NV < 16 000 and the most homogeneous microstructure

(NV = 16 000) as a function of grid spacing. B-spline curves serve as guide

for the eyes.

7.3.3 Voronoi Volume Distribution

The Voronoi volume distribution P (ν) of the various VEM-microstructures

is shown in Fig. 7.5 for void-particle numbers ranging between 1 000 and

16 000 (symbols). For increasing NV , the peak height increases and, conse-

quently, the width of the curves decreases. This behavior indicates that more

homogeneous microstructures are found toward increasing NV , which is con-

firmed by a fit of the various curves using the k-gamma distribution given in

Eq. (7.5). The fits are shown as lines in Fig. 7.5. The corresponding values

for the parameter k, summarized in Table 7.2, increase for increasing NV

reflecting the shift toward more homogeneous microstructures. Very good fit

results are achieved as indicated by the R2
k-values.
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Figure 7.5: Voronoi volume distribution P (ν) (symbols) as a function of ν

and corresponding k-gamma fits (lines) for various VEM-microstructures.

7.3.4 Degree of Heterogeneity

In Fig. 7.6, the degrees of heterogeneity determined using the various meth-

ods are summarized. On the left scale, Idf is shown as a function of parameter

a. The corresponding values are shown as circles. The right scale presents

1/k in dependence of a, shown as triangles. Full symbols denote the values

obtained for the VEM-microstructures for the various void-particles numbers

analyzed in this study.

The linear arrangement of the two curves suggests a pairwise affine rela-

tion between the various degrees of heterogeneity. Furthermore, the values

found for the VEM-microstructures are very close to those obtained for the

BD-microstructures, which are inserted as open symbols. These two points

substantiate the equivalence of the three methods as already observed in

Chapter 5.
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Figure 7.6: Idf (circles, left scale) and 1/k (triangles, right scale) as a func-

tion of parameter a for the various VEM-microstructures (full symbols) and

for the BD-microstructures (open symbols, cf. Fig. 5.9).

The DOH-range covered by the VEM-microstructures, in terms of para-

meter a, extends from 0.40 to 0.60. This overlaps to a large extent with the

range of the BD-microstructures from 0.37 to 0.54. Thus, the range covered

by VEM is roughly 25% broader starting at a slightly higher DOH than the

range of the BD-microstructures.

The sensitivity of the DOH on NV is demonstrated in Fig. 7.7 presenting

1/k relative to its maximum value (1/k)max, obtained for NV = 1 000, as

a function of NV . After a strong initial decrease of 1/k for small values of

NV , 1/k levels off toward higher values of NV . Indeed, an increase in NV

from 16 000 to 20 000 decreases the DOH by only 2% which suggests that the

DOH of the most homogeneous BD-microstructure, represented by the lower

dashed line in Fig. 7.7, cannot be reached using VEM. This may be related

to the VEM-algorithm itself in combination with the chosen targeted mean
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Figure 7.7: DOH-measure 1/k relative to (1/k)max as a function of the void-

particle number NV (symbols). The dashed lines denote the corresponding

values of the most and least heterogeneous BD-microstructures (cf. Chap-

ter 5).

coordination number z = 4.7. As shown in Chapter 6, z as a function of

the void- to structure-particle radius ratio q follows a characteristic step-like

shape with zi the coordination number at the curve’s inflection point. zi was

found to decrease for increasing void- to structure-particle number ratios n.

Above the inflection point, z scales as a power law with exponent 0.37, inde-

pendently of n. Therefore it becomes increasingly difficult to reach a targeted

z > zi toward larger values of n, at least without accepting considerable par-

ticle overlaps and, consequently, high internal stresses. The mean particle

overlap, as determined by the maximum in the pair-correlation function, was

found to be 1.4% of the particle diameter dS in the case of NV = 13 000

and z = 4.7. For NV = 16 000 the mean overlap is 1.5% dS, however with

a slightly lower z of 4.63. The maximum particle overlap is below 2% dS
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for all microstructure with NV ≤ 8 000 and increases to roughly 4% dS for

NV = 16 000. For NV = 20 000 a mean and maximum overlap of 2% dS

and 5% dS, respectively was already found for z = 4.57, which led to the

conclusion that NV = 16 000 and thus a void- to structure-particle number

ratio n = 2.0 constitutes the upper limit of VEM, for a volume fraction of

ΦS = 0.4.

The lower limit of NV , at around 1 000, is mainly imposed by the de-

creasing fit quality obtained in the case of the pore size and Voronoi volume

distribution, as expressed in terms of the R2-values (Table 7.2). The mini-

mum void- to structure-particle number ratio in the case of ΦS = 0.4 is thus

nmin = 0.125.

7.4 Summary and Conclusions

In this chapter, the degree of heterogeneity of microstructures generated

using the void expansion method has been analyzed and quantified using

three distinct techniques based on the pore size distribution, the density-

fluctuation method and the Voronoi volume distribution. This chapter par-

ticularly focused on VEM-microstructures with a volume fraction of 0.4 and

containing 8 000 structure-particles.

The various pore size distributions were fitted using a complementary er-

ror function achieving very good fit results. Parameter a, corresponding to

the width of the underlying Gaussian distribution, increases for decreasing

NV , thereby reflecting the transition toward a higher DOH. This result is

confirmed by the density-fluctuation method and the Voronoi volume distri-

bution. Idf , given by the integral over the various density-fluctuation curves,

increases for decreasing NV . Parameter k, characterizing the shape of the

Voronoi volume distributions, decreases for decreasing NV . These findings

demonstrate that the void-particle number permits to continuously adjust

the DOH of VEM-generated microstructures: increasing the void-particle

number leads to a decrease of the structure’s DOH. The analysis of the dif-

ferences between the density fluctuations of two structures allows determining

the length scale on which they present the largest differences in heterogeneity.

Between the most and least heterogeneous microstructure, these differences

are most pronounced on a length scale between 1.3 and 2.2 particle diameters.

The degree of heterogeneity of the various VEM-microstructures has been

compared to that of BD-microstructures analyzed in Chapter 5 represent-
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ing coagulated colloidal particle structures. Their degree of heterogeneity

was shown to be closely related to the presence and depth of a secondary

minimum in the DLVO potential, which is determined by the particles’ sur-

face charge. The DOH-range covered by VEM in terms of parameter a,

characterizing the width of the pore size distribution, is approximately 25%

broader and shifted to slightly higher values than the DOH-range of the

BD-microstructures. The most homogeneous BD-microstructure, for which

a surface potential Ψ0 = 0 mV was used, could not be reproduced by VEM in

terms of heterogeneity. A further decrease of the DOH through an increase

in NV is mostly impeded by the choice of the targeted coordination number

(roughly 4.7). For void-particle numbers exceeding 16 000, this value can-

not be attained without considerable particle overlap and therefore internal

stress in the microstructure. On the other hand, VEM allows generating

more heterogeneous microstructures than BD, where the increasing depth

of the secondary minimum toward higher surface potentials inhibits a com-

plete coagulation. The most heterogeneous particle packing generated in this

study was obtained using 1 000 void-particles. This lower boundary is given

by the decreasing fit quality of the Voronoi volume and pore size distribu-

tion. The minimum and maximum void- to structure-particle number ratios

n for microstructures with a volume fraction of 0.4 are thus 0.125 and 2.0,

respectively.

The concept of the degree of heterogeneity has proven to be particularly

useful for a characterization and comparison of the microstructural arrange-

ments of the various particle packings. It allows a quantification and classi-

fication of the heterogeneity using scalar measures, which goes significantly

beyond a comparison of distribution curves, such as the pair-correlation func-

tion. Thereby, it provides the possibility to mathematically quantify the

intuitive terms “more or less heterogeneous” that qualitatively describe the

particle arrangements as observed by means of slices through the microstruc-

tures (cf. Fig. 7.1). Furthermore, the DOH allows quantifying the influence of

simulation parameters on the final microstructures (NV or Ψ0, for example)

and comparing microstructures generated using distinct algorithms (VEM

and DEM).

This study has shown that the void expansion method allows a compu-

tational generation of packings of spherical particles presenting a controlled

degree of heterogeneity. This was demonstrated for a volume fraction of 0.4,

which constituted the upper limit for the generation of microstructures using
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BD. As shown in Chapter 6, VEM allows attaining volume fraction up to

0.55. This is particularly interesting regarding the computational reproduc-

tion of uniaxial compression experiments of real colloids as a function of the

DOH, since these experiments were performed on samples having a volume

fraction above 0.4. The lower limit of volume fractions used in Chapter 6

was 0.2. The extent to which the DOH of the VEM-microstructures can be

adjusted for the whole range of volume fractions, other than 0.4, is subject

of ongoing research.
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Abstract

The macroscopic mechanical properties of colloidal particle gels strongly de-

pend on the local arrangement of the powder particles. Experiments have

shown that more heterogeneous microstructures exhibit up to one order of

magnitude higher elastic properties than their more homogeneous counter-

parts at equal volume fraction. In this chapter, packings of spherical particles

are used as model structures to computationally investigate the rheological,

elastic properties of coagulated particle gels as a function of their degree

of heterogeneity and their straight path distribution, characterizing quasi-

linear chains of contacting particles. The simulations are performed using

the discrete element method. The forces included in the model comprise

a linear elastic contact law, particle bonding and damping. The simula-

tion parameters were calibrated using a homogeneous and a heterogeneous

microstructure originating from earlier Brownian dynamics simulations. A

quantitative agreement with the experimental plateau storage moduli was

achieved. A systematic study of the elastic properties as a function of the

straight path distribution and the degree of heterogeneity was performed

using two sets of microstructures obtained from Brownian dynamics simu-

lation and from the recently developed void expansion method. A linear

dependence between elastic properties and a characteristic parameter of the

straight path distribution is suggested by the microstructures originating

from Brownian dynamics simulations. In terms of degree of heterogeneity,

both sets of microstructures cover a broad, partially overlapping range. The

simulations have shown that the elastic properties as a function of the degree

of heterogeneity are independent of the structure generation algorithm and

that a power law with an exponent 0.2 relates the elastic plateau storage

modulus and the degree of heterogeneity. The presence of a critical degree

of heterogeneity suggests a phase transition between a phase with finite and

one with zero elastic properties.
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8.1 Introduction

Random sphere packings are ubiquitous model systems for the study of the

structural and mechanical properties of granular matter or colloids. Geome-

chanics [1], granular flow [2] and mixing and segregation of granular materi-

als [3] are but a few examples. The mechanical properties of granular systems

depend on various parameters such as the volume fraction [4], the particle

size distribution [5], material properties as, for example, the particles’ friction

coefficients [6] or adhesive forces [7]. Furthermore, as predicted in [8] and

discussed in more detail in the following, the mechanical properties strongly

depend on the microstructure, i.e., the local arrangement of the particles.

The influence of the microstructure on the mechanical properties is often

observed implicitly in experimental and computational mechanical tests on

structures differing in preparation history. Macroscopic stress profiles, for ex-

ample, where found to strongly depend on the sample preparation procedure

and thus its microstructure [9]. However, systematic investigations of the

mechanical properties as a function of the microstructure are scarce, for two

reasons: first, a systematic study requires the possibility of an unambiguous

characterization of the microstructural arrangement of the particles in terms

of the structure’s degree of heterogeneity (DOH). Such a quantification of the

DOH by means of scalar measures has been introduced in Chapter 5. Three

distinct structure characterization methods in conjunction with parameters

in fit functions or integrals were shown to allow for a clear quantification and

thus classification of the DOH of particle structures. Second, and equally

important, a systematic study of the microstructure-dependent mechanical

properties relies on the possibility of a reproducible generation of microstruc-

tures with distinct local arrangements of the particles at constant volume

fraction.

Experimentally, the reproducible control of the DOH of colloidal mi-

crostructures with volume fractions between 0.2 and 0.6 is achieved using

an in situ enzyme-catalyzed destabilization method (direct coagulation cast-

ing (DCC), [10, 11]). Direct coagulation casting allows for the coagulation

of electrostatically stabilized colloidal suspensions to stiff particle structures

by either shifting the pH of the suspension to the particles’ isoelectric point

or by increasing the ionic strength of the suspension without disturbing the

particle system. Shifting the pH leads to “more homogeneous” microstruc-

ture through diffusion-limited aggregation while increasing the ionic strength
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results in “more heterogeneous” microstructures via reaction-rate-limited ag-

gregation. These differences in heterogeneity have been observed using vari-

ous experimental techniques such as diffusing wave spectroscopy [12], static

light transmission [12] or cryogenic scanning electron microscopy [13].

Rheological and uniaxial compression experiments on coagulated colloidal

particle structures obtained by DCC [14, 15] have revealed that those with

a more heterogeneous microstructure have significantly higher elastic mod-

uli than their more homogeneous counterparts. The rheological properties,

which are the subject of the computational part of this study, were inves-

tigated experimentally using a Bohlin rheometer (Model CS-50, Bohlin In-

struments, Sweden) equipped with a measuring tool of plate/plate geome-

try (rough surface, 25 mm plate diameter). Oscillatory measurements were

performed at a fixed frequency of 1 Hz with increasing strain amplitude.

Figure 8.1 summarizes the measured elastic plateau storage moduli G′
p of

alumina particle suspensions (average particle diameter d0 = 0.4 µm) desta-

bilized by the ∆pH- and the ∆I-method, respectively, for various volume

fractions. For this system, approximately four times higher elastic proper-

ties are measured for heterogeneous than for homogenous microstructures at

corresponding volume fractions [15, 16].

A variation of the ∆pH-method allowing for a controlled introduction of

heterogeneities is the use of alkali-swellable polymer (ASP) particles. Small

amounts of these particles, 80 nm in diameter, are admixed to the suspended

powder particles under acidic conditions. The ASP particles swell upon

changing pH during the internal gelling reaction of the DCC process and

enfold to 0.7 µm in diameter, thereby rearranging the powder particles and

thus producing more heterogeneous microstructures. These more heteroge-

neous samples exhibit much higher mechanical properties in comparison to

samples without ASP particles. In particular, they present comparably high

mechanical properties as samples with heterogeneous microstructures pro-

duced by the ∆I-method [17, 18].

In summary, strong evidence is given that the differences in macroscopic

mechanical properties of coagulated particle suspensions are controlled by

the differences in heterogeneity. A yet unanswered question is how these

microstructural differences on the length scale of a few particle diameters

can have such a dramatic influence on the mechanical properties.

In Chapter 4, methods that characterize load-bearing substructures were

discussed. The newly introduced straight path method quantifies the distrib-
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Figure 8.1: Experimental elastic plateau storage modulus G′
p of alumina par-

ticle suspensions (average particle diameter d0 = 0.4 µm) formed by the

∆pH- and the ∆I-method of the DCC process in dependence of the volume

fraction [15].

ution of quasi-linear chains of particles in contact. Its application to the most

and the least heterogeneous microstructure originating from Brownian dy-

namics (BD) simulations has revealed that the heterogeneous microstructure

possesses a significantly higher number of straight paths of longer length than

the homogeneous microstructure. The quasi-linear structure of the straight

paths resembles the geometrical shape of force chains [19, 20] that are known

to provide the load-bearing capacity of granular matter. Furthermore, the

number of straight paths was found to follow an exponential distribution as

a function of path length. An exponential distribution was also found for

the force chain length in mechanically loaded granular material [21]. In view

of these similarities, it was assumed in Chapter 4 that a correlation exists

between the number of straight paths in a microstructure and its mechanical
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properties.

The aim of this study is to perform a systematic computational analysis

of the elastic rheological properties of particle packings at constant volume

fraction of Φ = 0.4 and to correlate these properties with the structures’ DOH

and their straight path characteristics. For these simulations, the discrete el-

ement method (DEM) in conjunction with two sets of initial microstructures

is used. The first set is obtained from BD-simulations and the second set

originates from the void expansion method (VEM) presented in Chapter 6.

The simulation of the elastic properties using DEM requires a calibration of

the simulation parameters, which is performed with respect to the experi-

mental values presented in Fig. 8.1, using the most and least heterogeneous

BD-microstructure.

8.2 Materials and Methods

In a first part of this section, the discrete element method, which is the sim-

ulation method used throughout this study, is introduced. In a second part,

the methods, by which the two sets of initial microstructures are obtained,

i.e., BD and VEM, are briefly presented. Then, the methods and fit func-

tions that are used in order to quantify the structures’ DOH and straight

path distribution are explained. Finally, the simulation setup is presented.

8.2.1 Discrete Element Method

The discrete element method [20] is an iterative simulation method, in which

complex structures are built up from primary spherical particles. At each

point in time, the total force on each particle is calculated. The time step is

chosen small enough to assume a constant force during the time step, which

allows linearizing the equations of motion, thereby enabling the efficient cal-

culation of the particles’ next positions and velocities. In particular, the

simulations presented in this chapter are performed using the particle flow

code in three dimensions PFC3D [22], which is an implementation of DEM.

Our model comprises a linear elastic contact law between particles, parti-

cle bonding and damping. The linear elastic contact law relates the contact

forces acting on two particles in contact linearly to the relative displacement

between the particles. In PFC3D a soft-contact approach is used, wherein
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the rigid particles are allowed to overlap at contact points. The magnitude

of the normal contact force Fn is given by

Fn = knUn, (8.1)

where kn denotes the normal stiffness and Un is the overlap. The shear

stiffness ks relates incremental displacements in shear direction ∆Us to the

shear contact force ∆Fs via

∆Fs = ks∆Us. (8.2)

The linear elastic contact law is thus parameterized by the normal and shear

stiffnesses.

A bond between particles can be envisioned as a pair of elastic springs

with constant normal and shear stiffness acting at the contact point. These

two springs have specified normal and shear strengths, FB
n and FB

s , respec-

tively. A bond breaks if either the normal or the shear bond strength is

exceeded in normal and shear direction, respectively.

Energy dissipation is simulated via a local damping term added to the

equations of motion [23]. This damping force, characterized by the damping

coefficient α, is proportional to the force acting on the particle and is opposed

to the particle’s velocity. Thereby, only accelerating motion is damped [22].

Table 8.1: Simulation parameters.

Parameter Symbol Value

Number of particles N 8 000

Particle radius r0 0.25 µm

Normal particle stiffness kn 50 – 150 N/m

Shear particle stiffness ks 5 – 15 N/m

Normal bond strength FB
n 10−4 N

Shear bond strength FB
s 10−6 N

Damping coefficient α 0.9

Friction coefficient µ 0.0

Volume fraction Φ 0.4

Particle density ρ 3 690 kg/m3
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In conclusion, the simulation model is characterized by five microscopic

parameters: the stiffness of the particles and the bond strength both for

normal and shear direction, and the damping coefficient. These parameters,

in the following referred to as microparameters, are compiled in Table 8.1.

In particular, the normal to shear particle stiffness ratio kn/ks = 10 is kept

constant in this study.

8.2.2 Initial Microstructures

Two sets of microstructures are used as initial particle configurations for

the simulation of the elastic properties using DEM. A first set is obtained

from previous Brownian dynamics (BD) simulations [24, 25] where the co-

agulation of electrostatically stabilized colloidal suspensions to stiff particle

structures was simulated. The presence and depth of a secondary minimum

in the inter-particle potential, described by the Derjaguin-Landau-Verweg-

Overbeek (DLVO) theory [26], was shown to account for the variations in

the DOH of the resulting particle structures and is adjusted via the surface

potential Ψ0. For Ψ0 = 0 mV, the electrostatic double layer repulsion is zero

and the inter-particle potential is only given by the attractive van der Waals

potential. For Ψ0 ≥ 12 mV, a secondary minimum appears and an energy

barrier between the local maximum and the secondary minimum emerges.

For Ψ0 = 15 mV, a repulsive barrier of 5.65 kBT is present. The model fur-

ther contains the frictional Stokes’ drag force and a random Brownian force

caused by the suspending liquid. In this chapter, BD-microstructures gen-

erated with Ψ0 = 0, 12, 13, 14 and 15 mV are used, exhibiting an increasing

DOH with increasing Ψ0 (cf. Chapter 5).

The second set of initial microstructures is obtained using the void ex-

pansion method (VEM) presented in Chapter 6 and illustrated using a two-

dimensional example in Appendix A.3. In contrast to BD, which simulates

the physical processes during coagulation according to established laws and

methods, VEM is a purely stochastic method inspired by the experimen-

tal generation of heterogeneous microstructures using ASP particles. The

void-particles, having a small initial diameter, are randomly placed into the

simulation box containing the structure-particles. The core part of VEM

is the repeated increase in the void-particles’ diameter. During this pro-

cedure, the structure-particles are rearranged and finally pushed into con-

tact. It was shown in Chapter 7, that VEM not only allows generating
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heterogeneous microstructures but microstructures presenting a broad range

of DOH, which is controlled by the void- to structure-particle number ra-

tio. In particular, VEM-microstructures cover an approximately 25% larger

range of DOH, slightly shifted to higher values than the BD-microstructures.

In this study, the number of void-particles NV ranges between 1 000 and

16 000. The void-particles’ normal and shear stiffness are kn,V = 102 N/m

and ks,V = 10−2 N/m, respectively.

All structures are submitted to the same relaxation procedure before un-

dergoing the simulated mechanical testing. Bonds between neighboring par-

ticles are installed and several calculation steps (cf. Sec. 3.5) are performed.

After each step, the translational and rotational velocities are set to zero,

which allows for an efficient reduction of particle overlaps and thus of the

internal strain energy in the structures without significant changes in the

particle positions. In particular, the bonds between the particles prevent

these particles from separating and consequently the coordination number

distribution is conserved.

The structures investigated in this study have equal volume fraction of

Φ = 0.4, consist of N = 8 000 monodispersed spherical particles having

a radius r0 = 0.25 µm and are contained in a cubic simulation box with

periodic boundaries and edge length Lbox given by

Lbox = r0

(
4Nπ

3Φ

)1/3

. (8.3)

8.2.3 Degree of Heterogeneity

In Chapter 5, three distinct methods allowing for a quantification of the

degree of heterogeneity using scalar measures were introduced. Throughout

this chapter, the DOH is characterized by means of the cumulative pore

size distribution P (rP > r) estimated using the exclusion probability [27].

Equation (8.4) was shown to nicely fit P (rP > r) of both the VEM- and the

BD-microstructures (Chapters 5 and 7).

P (rP > r) = 1 − erf

(
r/r0 − b

a
√

2

)
. (8.4)

The DOH is quantified by the width of the error function measured by

parameter a. Parameter b represents the location of the maximum of the
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underlying Gaussian distribution, i.e., the most probable pore to particle

radius ratio.

8.2.4 Straight Path Method

The straight path method, introduced in Chapter 4, characterizes quasi-linear

chains of contacting particles. The shortest chain consists of three particles,

which, in order to constitute a straight path, must fulfill the following con-

dition: the angle θ between the vector connecting the first two particles and

the vector connecting the second two particles must be smaller than a chosen

threshold angle θc (cf. Fig. 4.5). Accordingly, a straight path of length l > 3

is one of length l− 1 having another particle attached to one end and whose

connection vector fulfills the condition to stay in a direction within a cone

of angle θc from the vector connecting the previous two particles. The crit-

ical angle θc, characterizing the quasi-linearity of the particle chains, is set

to the same value as determined in Chapter 4: θc = 30◦. The straight path

method itself consists in the determination of the distribution of straight path

lengths by counting the number of straight paths SPl of length l for l = 3 to

lmax, with lmax the longest path under consideration. Absolute numbers are

calculated and compared in the distribution of SPl.

In Chapter 4, the number of straight paths SPl was found to decrease

exponentially as a function of the path length l,

SPl ∝ exp(−λl). (8.5)

In this chapter, the characteristic inverse straight path length λ is used as

a measure to characterize the straight path distribution of the various mi-

crostructures.

8.2.5 Simulation Setup

The simulation setup is schematically shown in Fig. 8.2. The respective

microstructure (white particles) is placed between periodic boundaries in x

and y direction. In z-direction, the boundary conditions are imposed via

three additional particle layers (gray). The lower layers, representing the

lower plate in the shear experiment, are immobile whereas the upper layers

shear the sample periodically along the x-axis with a fixed frequency of 1 Hz
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(ω = 2 π). The shear amplitude is increased after each oscillation. In partic-

ular, ten oscillations with a linearly increasing deflection of the upper plate

up to a maximum deflection of 0.1% Lbox are performed. Spherical regions,

so-called measurement spheres, are defined in different heights monitoring

the mean stress tensor in their respective region. The absolute value of the

complex modulus G is obtained by dividing the peak shear stress value with

the actual strain of each oscillation. G′ and G′′ are then calculated by multi-

plication with the cosine and the sine of the phase angle between excitation

and response, respectively.

Figure 8.2: Rheological simulation setup.
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8.3 Results and Discussion

8.3.1 Characterization of the Microstructures

The various microstructures have been analyzed in terms of their degree of

heterogeneity and of their straight path distribution. The DOH is expressed

by means of parameter a, which reflects the width of the cumulative pore size

distribution, and which is obtain using the fit function given by Eq. (8.4).

The fit results, i.e., parameter a and the corresponding correlation coefficients

R2
a are summarized in Table 8.2. This table further shows the results of the

fit of the straight path distributions (characteristic inverse path length λ and

R2
λ) obtained using Eq. (8.5). The R2-values close or equal to one indicate

excellent fits.

Table 8.2: Straight path distribution parameter λ, DOH-measure a and cor-

responding R2 -values for the various VEM- and BD-microstructures.

Structure a R2
a λ R2

λ

VEM

NV = 1 000 0.6048 0.997 1.20 1.0

NV = 2 000 0.5303 0.999 1.14 1.0

NV = 4 000 0.4720 0.999 1.09 1.0

NV = 8 000 0.4309 0.999 1.10 1.0

NV = 13 000 0.4105 0.998 1.21 1.0

NV = 16 000 0.4007 0.999 1.19 1.0

BD

Ψ0 = 0 mV 0.3752 0.9987 1.55 a 1.0

Ψ0 = 12 mV 0.4053 0.9994 1.35 1.0

Ψ0 = 13 mV 0.4127 0.9996 1.31 1.0

Ψ0 = 14 mV 0.4736 0.9996 1.16 1.0

Ψ0 = 15 mV 0.5377 0.9972 1.18 a 1.0

aThese two λ-values differ slightly from those reported in Fig. 4.9. In Chapter 4, the
microstructures are analyzed before relaxation. In this chapter, they are analyzed after
relaxation.
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Figure 8.3: Interdependence of parameters a and λ for the VEM- and BD-

microstructures.

Parameter a and, therefore, the structure’s DOH, increases for increasing

Ψ0 and decreasing NV . Parameter λ increases for decreasing Ψ0 but, as a

function of NV , no general trend can be observed. This is shown in Fig. 8.3,

presenting the interdependence between parameters λ and a for the two sets

of microstructures. In terms of DOH, both types of microstructures cover a

broad, overlapping range, as already observed in Chapter 7. In terms of λ, on

the other hand, the two sets of microstructures reveal distinct behaviors: the

range covered by the BD-microstructures is significantly broader than that of

the VEM-microstructures. For the most homogeneous BD-microstructure, λ

is approximately 30% higher than for the most heterogeneous one. In the case

of VEM, the λ-values of the most and the least heterogeneous microstructures

are roughly equal. Thus, first of all, the behaviors of λ as a function of

the DOH strongly depends on the generation algorithm. Furthermore, the

range over which λ varies for the BD-microstructures (∆λBD = 0.39) is
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approximately 3.4 times broader, achieving much higher values, than the

range for the VEM-microstructures (∆λV EM = 0.12). In particular, the data

presented in Fig. 8.3 does not allow determining any correlation between the

parameters λ and a, which indicates that the straight path distribution and

the DOH of a packing of particles are, at least to some extent, independent

properties.

8.3.2 Microparameter Calibration

The particle stiffness has been calibrated using the most homogeneous

and the most heterogeneous BD-microstructures with Ψ0 = 0 mV and

Ψ0 = 15 mV, respectively. Its influence on the mechanical properties of

these two structures is shown in Fig. 8.4 (left graph). The experimental

values are shown on the right.

The simulated values for G′
p quantitatively agree with the experimental

values within the experimental error for normal stiffness values ranging be-

tween 50 and 150 N/m. For both microstructures, a linear dependency is

found between G′
p and kn, which is expressed in a constant ratio between

the G′
p-values for the heterogeneous and homogeneous microstructure as a

function of kn: G′HE
p /G′HO

p = 3.3774 ± 0.0004. This is in good agreement

with the average experimental G′
p-ratio of 3.6 at Φ = 0.4. For all further

simulations the particle normal stiffness has been fixed to 100 N/m.

The inter-particle bond strength was strictly speaking not part of the

calibration process. In order to focus on the initial elastic properties, its value

was chosen high enough to prevent any bond breakage for the deformations

considered in this study. The chosen normal bond strength FB
n = 10−4 N

in conjunction with the particle normal stiffness kn = 100 N/m allows for a

maximum particle separation distance of 10−6 m, which corresponds to two

particle diameters. Given the maximum shear displacement of 0.001 Lbox,

where Lbox is of the order of roughly 20 particle diameters, this value is never

exceeded. Typical stress and strain curves are shown in Fig. 8.5, presenting

the shear stress σ12 (open squares, left scale) and the applied shear deflection

γ12 (full circles, right scale) as a function of the shear oscillation cycle. σ12

increases linearly with γ12 and no phase shift between excitation and response

is observed, which confirms that these simulations present a purely elastic

behavior.

Using a particle normal stiffness of 100 N/m, the plateau storage moduli
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Figure 8.4: Simulated plateau storage moduli G′
p of the most and least hetero-

geneous BD-microstructure as a function of the particle normal stiffness kn.

Right: Experimental G′
p-values for alumina particle structures (cf. Fig. 8.1).

Φ = 0.4 for all microstructures.
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Figure 8.5: Stress σ12 (open squares, left scale) and strain γ12 (full circles,

right scale) as a function of shear oscillation cycle.

of the various VEM- and BD-microstructure were simulated. The resulting

G′
p-values are summarized in Table 8.3. In the following, these elastic prop-

erties are analyzed as a function of parameter a, measuring the degree of

heterogeneity, and the characteristic inverse path length λ.

8.3.3 Elastic Properties as a Function of the DOH

The simulated elastic moduli G′
p for the various microstructures are shown

in Fig. 8.6 as a function of the structures’ DOH expressed by parameter

a. Triangles and circles correspond to BD- and VEM-microstructures, re-

spectively. Two conclusions can be drawn from Fig. 8.6: first, the elastic

properties present a clear dependence on the microstructure’s heterogeneity

in so far that G′
p increases for increasing DOH-parameter a. Second, the

behavior is independent of the structure generation algorithm. Indeed, the
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Figure 8.6: Simulated plateau storage moduli G′
p of the various microstruc-

tures (Φ = 0.4, r0 = 0.25 µm) as a function of the DOH in terms of para-

meter a and power law fit (solid line).

elastic moduli of the VEM- and the BD-microstructures agree within the

error bars for microstructures with comparable DOH.

The solid line in Fig. 8.6 represents a power law fit given by

G′
p ∝ (a − a0)

β, a ≥ a0, (8.6)

with a0 = 0.373 ± 0.001 (shown as dashed line in Fig. 8.6) and β = 0.207 ±
0.033. The use of this fit function is inspired by percolation theory where

a power law scaling is found for the elastic properties as a function of the

volume fraction [28, 29]. In view of this analogy, this fit function suggests

a phase transition with a0 the critical DOH. Below this value, the elastic

properties are zero; above this value, they increase for increasing a. A DOH-

value a below a0 was found for the stabilized colloidal microstructures with

repulsive inter-particle potentials (Chapter 5). In the model used in this

143



8. ELASTIC PROPERTIES

Table 8.3: Simulated plateau storage moduli of the various VEM- and BD-

microstructures.

Structure G′
p in MPa

VEM

NV = 1 000 1.73 ± 0.383

NV = 2 000 1.83 ± 0.136

NV = 4 000 1.62 ± 0.190

NV = 8 000 1.32 ± 0.237

NV = 13 000 1.32 ± 0.267

NV = 16 000 1.17 ± 0.231

BD

Ψ0 = 0 mV 0.480 ± 0.049

Ψ0 = 12 mV 1.19 ± 0.141

Ψ0 = 13 mV 1.05 ± 0.124

Ψ0 = 14 mV 1.46 ± 0.120

Ψ0 = 15 mV 1.62 ± 0.213

work, this microstructure would indeed present negligible elastic properties

since there would be no bonds between the particles.

8.3.4 Elastic Properties as a Function of λ

The dependence between the simulated elastic moduli G′
p and the character-

istic inverse path length λ for the various VEM- and BD-microstructures is

shown in Fig. 8.7.

Overall, Fig. 8.7 suggests decreasing elastic properties as a function of

increasing λ, i.e., as a function of a decreasing number of straight paths

of longer length. This trend is, in particular, well reproduced by the BD-

microstructures, as indicated by the line representing a linear fit of G′
p as

a function of λ for the BD-microstructures. In comparison to the BD-

microstructures, the range of λ-values covered by the VEM-microstructures

is very narrow and thus does neither allow confirming nor rejecting the linear

dependency.
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Figure 8.7: Simulated plateau storage moduli G′
p as a function of the charac-

teristic inverse path length λ. The line represents a linear fit of the G′
p-values

of the BD-microstructures (Φ = 0.4, r0 = 0.25 µm).

8.4 Summary and Conclusions

In this chapter, the relation between the microstructure and the elastic prop-

erties of packings of spherical particles was investigated computationally us-

ing the discrete element method. Two distinct sets of initial microstructures

were subjected to strain-controlled oscillatory shear simulations. The first

set originated from BD-simulations where the physical processes during co-

agulation were simulated. The second set was obtained using VEM, which,

in contrast to BD, is a purely stochastic method. The simulations have been

performed using a model with five microparameters: the particle stiffness and

the bond strength in normal and shear direction, respectively and damping.

The inter-particle normal and shear bond strengths were set to a high value

in order to prevent any bond breaking for the deformations applied during
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the shear simulations. This allowed focussing on the initial, purely elastic

behavior found in experiment [30]. The particle stiffness was calibrated using

the BD-microstructures presenting the highest and lowest DOH. A quantita-

tive agreement with experiment was achieved for particle normal stiffnesses

ranging between 50 and 150 N/m. The absolute values of the experimental

elastic moduli and their ratio are nicely reproduced by the simulations, as

shown in Fig. 8.4. Despite this excellent agreement, it has to be kept in

mind that the model used in this study constitutes an important simplifica-

tion with respect to the theoretical models such as the DLVO theory [26],

giving the inter-particle potential as the sum of the van der Waals attraction

and the electrostatic repulsion or the Johnson-Kendall-Roberts theory [31],

describing the adhesive force between particles.

Using the calibrated model, the elastic properties of all VEM- and BD-

microstructures were simulated. The investigation of these elastic properties

as a function of the two microstructural properties considered in this chapter

led to the following results:

• The elastic properties nicely correlate with the structures’ DOH and, in

particular, they are independent of the structure generation algorithm.

Indeed, for structures with a comparable DOH, similar G′
p-values were

found. The simulation results suggest a power law relation between the

plateau storage modulus and the DOH as expressed by parameter a.

An exponent β = 0.2 and a critical DOH of a0 = 0.37 were determined.

The power law behavior and the presence of a critical DOH indicate

a phase transition between a phase with finite and a phase with zero

elastic properties, i.e., an elastic phase and a phase with zero elasticity.

This result is in nice analogy to [28] and [29] where the elastic properties

were shown to exhibit a power law scaling as a function of the volume

fraction. The present study thus indicates a potential extension to

percolation theory, where usually the volume fraction constitutes the

continuous variable presenting a critical value. In this study, the DOH,

possessing the same critical properties as the volume fraction has been

identified as an additional variable.

• A correlation between the straight path distribution and the elastic

properties could not unambiguously be established. While the sim-

ulated elastic properties of the BD-microstructures suggest a linear

dependence between the characteristic inverse straight path length λ
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and the plateau storage modulus, the range, over which the λ-values

vary for the VEM-microstructures, is too narrow in order to confirm

this behavior. In particular, this narrow range of the VEM-λ-values

is not due to the narrow range of mean coordination numbers of these

structures (z = 4.68 ± 0.03) in comparison to the BD-microstructures

(z = 4.83 ± 0.22). An analysis of the influence of the coordination

number on the straight path distribution using the NV = 4 000 mi-

crostructure with z ranging between 4.52 and 5.02, has shown that the

λ-values range between 1.09 and 1.19. Thus, the influence of the co-

ordination number on λ is smaller than the one of the void particle

number NV , which allowed to obtain λ-values between 1.09 and 1.22

(cf. Table 8.2).

The simulations performed in this chapter have thus revealed a very

good correlation between the elastic properties and the DOH of the various

microstructure, whereas the correlation between the mechanical properties

and the characteristic inverse straight path length is considerably less pro-

nounced. First, this shows that the DOH, beyond being an ideal mean to

quantify and characterize the heterogeneity of particle packings, allows for a

theoretical description of their elastic properties in terms of a “microstruc-

tural percolation theory”. Second, the results presented in this chapter im-

ply that the characteristic inverse straight path length does not fully capture

the load-bearing capabilities of a particle packing. It is, however, not clear

whether the concept of the straight path is insufficient in order to explain

variations in the mechanical properties or if λ, while nicely describing the

straight path distributions, is not a suitable measure of the straight path dis-

tribution in view of a correlation with the mechanical properties. A further

study of the influence of the λ-values on the mechanical properties necessi-

tates a structure generation method, which allows generating microstructures

that exhibit a broad range of λ-values and, in particular, a low number of

straight paths of longer length.

Experimentally, the strong influence of the microstructure on the me-

chanical properties is observed for volume fractions between 0.25% and ap-

proximately 0.6% [15, 16]. The void expansion method allows for an efficient

generation of particle structures over a similarly broad range of volume frac-

tions, providing the additional control of the DOH by means of the void- to

structure-particle number ratio used during generation (cf. Chapter 7). In
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this chapter, DEM was shown to permit a quantitative reproduction and in-

vestigation of the elastic properties as a function of the microstructure. The

concept of the degree of heterogeneity was shown to be particularly useful

in order to classify the microstructures since it allows for an unprecedented

mathematical formulation of the correlation between the microstructure of

particle packings and their elastic properties using a power law. In terms

of an extension of classical percolation theory, the present study provides

the basis of a further, systematic investigation of the elastic properties as a

function of both the DOH and the volume fraction.
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9
Conclusions

Throughout this thesis, packings of monodisperse spherical particles have

been used as model systems in order to computationally analyze the struc-

tural and mechanical properties of coagulated colloidal particle gels and to

gain insight into the relation between their microstructures and their mechan-

ical properties. Toward this goal, three working packages were completed.

First, this study relied crucially on the identification or the development of

appropriate means to characterize the microstructure of a particle packing.

Here, methods to quantify load-bearing substructures and to mathemati-

cally describe a structure’s degree of heterogeneity were introduced. Second,

a method allowing efficient generation of particle packings presenting vari-

ous microstructural arrangements at a given volume fraction was established.

And finally, the relation between microstructure and mechanical properties

was investigated computationally using the discrete element method.

Three techniques have been proposed in order to measure the hetero-

geneity of a random sphere packing and to uniquely quantify and classify the

structure’s degree of heterogeneity using scalar measures. These measures al-

low for an unprecedented quantitative comparison of distinct microstructural

particle arrangements at a given volume fraction, without relying on the in-

terpretation or comparison of distribution curves such as the pair-correlation

function.

The void expansion method developed in this thesis allows efficient sto-

chastic generation of particle structures covering a broad range of volume

fractions. Additionally, the degree of heterogeneity of the resulting parti-

cle packings can be adjusted quasi-continuously via the void- to structure-

particle number ratio.
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Quasi-linear chains of contacting particles were quantified using the newly

introduced straight path method. Its application to the most and least he-

terogeneous microstructure provided by Brownian dynamics simulations has

revealed that the mechanically stronger, heterogeneous microstructure con-

tains significantly more straight paths of longer length than the homogeneous

microstructure. Beyond the geometrical similarity between straight paths

and force chains, their lengths follow an exponential distribution. These

findings suggest that the straight paths have a significant influence on the

structures’ mechanical properties.

The elastic rheological properties of the various microstructures provided

by the void expansion method and by Brownian dynamics simulations at a

volume fraction of 0.4 were determined computationally using the discrete

element method. The microparameters of the simulation were calibrated

using the most and least heterogeneous Brownian dynamics-microstructure.

Good quantitative agreement between the simulated values and the experi-

mental plateau storage moduli of homogeneous and heterogeneous coagulated

alumina suspensions was achieved. Using the calibrated model, the elastic

properties of the various structures were simulated. These properties were

analyzed as a function of the structures’ straight path distributions and de-

grees of heterogeneity.

• The plateau storage modulus of the Brownian dynamics-

microstructures decreases linearly with increasing characteristic

inverse straight path length λ. This corroborates the hypothesis,

that the straight paths form load-bearing substructures and that

their distribution determines the mechanical properties of the entire

structure. This linear behavior could not be verified using the

microstructures generated by the void expansion method, since their

λ-value-range is very narrow in comparison to the interval covered by

the microstructures obtained using Brownian dynamics.

• The elastic moduli of the various microstructures were shown to in-

crease with increasing degree of heterogeneity, which agrees with the

experimental findings. Furthermore, the relation between elastic mod-

ulus and degree of heterogeneity presents a power law scaling above a

critical value. This behavior, in analogy to classical percolation the-

ory, is interpreted as “microstructural percolation” since it indicates a

phase separation between a phase with finite elasticity for degrees of

152



9. CONCLUSIONS

heterogeneity above the critical value and a phase with zero elasticity

below this value.

In this thesis, the concept of the degree of heterogeneity was introduced,

constituting an important advance in comparison to previous structure char-

acterization methods, since it allows quantifying and classifying the mi-

crostructural arrangement of particle packings using scalar measures. Ad-

ditionally, the degree of heterogeneity has proven very useful with respect to

a correlation between microstructure and mechanical properties. It allows an

unprecedented mathematical description of the elastic properties of particle

packings in terms of a “microstructural percolation theory”. Further, the

void expansion method was developed in the framework of this thesis and

provides an efficient method to numerically generate microstructures over a

wide range of volume fractions and degrees of heterogeneity. This method, in

combination with the calibrated simulation model used in this study, provide

the tools for an exhaustive investigation of the elasticity of particle packings

as a function of microstructure and volume fraction. The correlation between

the straight path distribution and the elastic properties could only partially

be verified and further simulations are necessary in order to quantify a struc-

ture’s elastic properties by means of load-bearing substructures.
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Outlook

In the author’s opinion, it is worth further investigating the elastic proper-

ties as a function of the degree of heterogeneity for other volume fractions

than 0.4. It would be very interesting to analyze the scaling behavior of the

elastic properties as a function of the degree of heterogeneity and the vol-

ume fraction in order to extend the “microstructural percolation theory”. Of

particular interest is the comparison of the behavior of the simulated elas-

tic properties with those found in experiment (cf. Fig. 8.1) or predicted by

analytical models [1, 2].

The correlation between degree of heterogeneity and elastic properties is,

mainly from a theoretical point of view, very interesting. However, it does

not directly lead to a better understanding of the mechanisms, by which

the elastic properties increase for increasing heterogeneity. Such an under-

standing must, in some way, involve load-bearing substructures as discussed

in Chapter 4. In this regard, the straight paths are very promising, given

their geometric and distributional similarity to force chains. Further simula-

tions using microstructures presenting a variety of straight path distributions

are required in order to further corroborate the hypothesis that the straight

paths are responsible for a structure’s load-bearing capabilities.

In the author’s opinion, the two preceding paragraphs should be the main

focus of further studies. The investigation of the elastic properties as a func-

tion of both the degree of heterogeneity and the volume fraction is mainly of

theoretical importance. The second point is crucial in order to gain a thor-

ough understanding of the origin of the microstructure-dependent mechanical

properties.

Further studies could then address the question of the microstructure-

dependent yield strengths, for example, which could not be reproduced using
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the simulation model presented in this thesis. Most probably, the linear

bonding law constitutes too great a simplification with respect to the van der

Waals attraction, which is present in real systems according to the Derjaguin-

Landau-Verweg-Overbeek theory. Thus, more complex bonding models may

be required.

Alternatively, the microstructure-dependent mechanical properties could

be investigated by means of simulated uniaxial compression instead of shear

deformation. In comparison to the highly dynamic rheological measurements,

involving various time scales, these simulations could be performed in the

quasi-static regime and constitute a less complex simulation setup in com-

parison to rheology. The initial microstructures, with various degrees of het-

erogeneity and volume fractions above 0.4 necessary for these simulations,

can be provided by the void expansion method.

Finally, microstructure-dependent mechanical properties are not exclu-

sively found in dense, coagulated colloidal suspensions. The mechanical

properties of porous, cellular structures, for example, strongly depend on the

microstructural characteristics, such as the volume fraction, the pore size dis-

tribution or the strut thickness [3]. Particle stabilized ceramic foams [4], in

particular, present ideal model system for a simulation using the discrete ele-

ment method and a calibration of the simulation parameter can be performed

with respect to both analytical models [5] and experiments. Besides being

scientifically interesting and challenging, a well-calibrated simulation model

that allows predicting the mechanical properties as a function of the various

parameters could also be of industrial relevance, since it would supersede

expensive and time-consuming experiments.
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A
Appendix

A.1 Structure Characterization

All structure characterizations presented throughout this thesis were per-

formed using the software is.structure.analysis [1]. This software was devel-

oped in this thesis and allows characterizing and analyzing three-dimensional

packings of monodisperse spherical particles in combination with the ease of

a graphical user interface, shown in Fig. A.1. It was developed using the

.NET framework and is available as free software under the GNU General

Public Licence, Version 3 [2].

Structure Characterization Methods and Parameters

In the following, an overview and short description of the structure charac-

terization and analysis methods that are available in the current version of

is.structure.analysis and their input parameters is given.

• General input parameters

The general input parameters that are not specific to a single charac-

terization method comprise the particle diameter, the contact tolerance

and whether or not the structure has periodic boundaries. The contact

tolerance is the maximum center-to-center particle separation in units

of particle diameters, up to which two particles are considered in con-

tact. The particle contact information is required in several structure

characterization methods. Thus, if at least one of these methods is

selected, all contacts between particles are determined beforehand and

stored in the list contactList. A checked “periodic” checkbox opens
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a dialog box upon saving of the settings, which allows either specifying

or calculating the dimensions of the periodic boundary box.

• Straight path distribution

Characterization of quasi-linear arrangements of contacting particles

(cf. Chapter 4). Input parameters for this method are the threshold

angle θc in degree and, for numerical reasons, the maximum straight

path length lmax under consideration.

• Common neighbor distribution

Characterization of locally densely packed particle substructures (cf.

Chapter 4). This method uses the contactList in order to determine

the list of common neighbors commNeighborConfigs, i.e., a list con-

taining all configurations and their common neighbors. Result of this

analysis is the number of configurations with 0, . . . , 5 common neigh-

bors.

• Dihedral angle distribution

Characterization of the angular distribution of the densely packed

particle structures analyzed using the common neighbor distribu-

tion. This method uses the common neighbor configuration list

commNeighborConfigs. Additionally the angular resolutions must be

specified.

• Pore size distribution

Estimation of the pore size distribution using the exclusion probabil-

ity [3] (cf. Chapter 5). The Mersenne Twister [4] is used as random

number generator for the Monte Carlo approximation. The number

of randomly placed test points is required as input parameter for the

Monte Carlo process.

• Density-fluctuation method

Determination of the standard deviation of the particle center density

as a function of grid spacing (cf. Chapter 5). The input parameters are

the minimum and maximum number of cells per dimension (nmin
c and

nmax
c ).

• Voronoi volume and area distribution

Calculation of the distribution of Voronoi volumes and areas [5]
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(cf. Chapter 5). The Qhull package is used to compute the volumes

of the Voronoi polyhedra and their surfaces [6]. The algorithm uses an

adaptation of the vsphere program by Dr. Gary W. Delaney [7].

• Coordination number distribution

This method determines the histogram of the coordination number by

counting the number of particles with i neighbors as a function of i. Ad-

ditionally, the mean coordination number z and its standard deviation

σz are calculated. This method uses the contactList.

• Pair-correlation function

The pair-correlation function g(�r) gives the probability of two particles

in the system being separated by the vector �r. In isotropic systems, the

radial pair-correlation function g(r) is usually used, giving the proba-

bility that two particles are separated by a distance r = |�r|. g(r) is

defined by

g(r) =
δNr(r, r + δr)

4π
3

ρ((r + δr)3 − r3)
, (A.1)

where δNr(r, r+δr) is the number of particle centers within a spherical

shell between r and r + δr from the center of a reference particle and

ρ is the number density of particles per volume.

This method’s input parameters are the cutoff distance in particle di-

ameters and the resolution per particle diameter.

• Bond angle distribution

This method provides short range structural information about the

angular arrangement of nearest neighbors by analyzing the distribution

of the bond angles between particles as defined in Fig. A.2 and given

in Eq. (A.2).

θB = 2 arcsin

(
1

2

r

d0

)
(A.2)

The distribution of bond angles is then given by

p(θB + δθB/2) =
δNθB

(θB, θB + δθB)
3
2π

δθBN t
θB

, (A.3)
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B

d
0

r

Figure A.2: Definition of the bond angle θB.

where δNθB
(θB, θB +δθB) is the number of particle triplets with a bond

angle between θB and θB + δθB and N t
θB

is the total number of particle

triplets. The bond angle distribution is normalized with respect to a

uniform distribution of bond angles: p(θB) = 1 for π/3 ≤ θB ≤ π. This

method uses the contactList and requires the angular resolution to

be specified.

• Cluster analysis

This method determines the cluster size distribution and checks

whether or not a percolating cluster exists. This method uses the

contactList.

• Particle tracking

The particle tracking method allows resolving the temporal evolution

of the particle positions and thus reconstituting the particle trajecto-

ries by analyzing their coordinates at consecutive time steps using an

algorithm proposed in [8]. This method is typically used to study the

dynamic behavior of experimental systems, where the particle positions

are obtained by fluorescent confocal scanning laser microscopy [9], for

example. The parameters of this method comprise the maximum dif-

fusion width in particle diameters, the maximum stack skip and the

overflow.
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Input Formats

is.structure.analysis accepts three input formats with the following file ex-

tensions. These input formats can be inter-converted using

“tools” → “file conversion..”.

• *.x, *.y and *.z: individual files containing the x-, y- and z- coordinates

of the particle positions. Obviously, the filename itself must be identical

for corresponding coordinate files. Opening either one of the *.x, *.y

or *.z files causes the remaining two files to be opened automatically.

• *.xyz: a single, tab-delimited text file containing the x-, y- and z-

coordinates of the particle positions as columns.

• *.txyz: represents so-called “stacked” data. A column containing the

stack number precedes the three columns containing the x-, y- and z-

coordinates. The stack number is an integer and the values in each row

are tab-delimited.

Analysis Output

Two principal output options are available and are accessed via

“settings” → “export settings..”:

• “single data file output”

Individual output for each analysis method is written for each input file

and for each stack, in the case of stacked data. The output is directed

to the subfolder “./datafilename.analysis.n”, where “datafilename” is

the name of the input file and “n” is the number of the current analysis,

thereby ensuring that no data is overwritten. Additional options are

available for the straight path analysis: First, for each path length l it

is possible to store the particle identification numbers of the particles

forming the paths. Second, a coordinate file (*.xyz) may be written

containing the coordinates of all particles that are in a straight path of

any length l ≥ 3.

• “condensed output for multiple files”

If this option is selected, one file per analysis method, a so-called

batch file, is written to a user-defined directory. This file contains the
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analysis results of all the selected input files as tab-delimited data

organized in rows, which facilitates a further processing of the data.

Note that since for the pore size distribution and for the Voronoi

volume/area distribution the range of the results is a priori not known,

no batch output can be written directly. For these two methods, the

results must be merged in a separate step after the analysis. This can

be done using

“tools” → “merge voronoi distr...” and

“tools” → “merge pore size distr...”

In case of stacked data, the option “export stack number” adds the

stack number to the respective row. Additionally, particle-relevant

data may be written using the option “export particle data to Particle-

Data.txt”. The data is organized by the particle ID and includes, for

example, the position, the number of neighbors, the longest straight

path it is in, etc.

Additionally, a preview function is available for the pair-correlation func-

tion and the contact statistics. By clicking the button “preview” on the main

window this function draws the respective distribution curve for a selected

data file and displays it in a separate window.

Default Values

When input files are loaded, default values are applied. These default values

are stored as a text file “defaultValues.def” and can be edited via

“settings” → “default values..”

This dialog further allows to select whether or not the analysis should be

performed in “cell based” mode. If the respective checkbox is checked, the

particles are subdivided into cells. The number of cells per dimension is

defined by the “cell nr. per dim.” text box. This option allows for a consid-

erable speed-up of the analysis. In the case of the pair-correlation function,

for example, only distances between particles contained in the same or in

neighboring cells need to be considered instead of the distances between all

particles.
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A.2 Normalized Common Neighbor Distribution

Figure A.3 shows the number of particle configurations CNn of the homoge-

neous and heterogeneous BD-microstructures with a volume fraction of 0.4

analyzed in Chapter 4. Here, the distributions are normalized by the respec-

tive structure’s average coordination number (5.2 for the heterogenous and

4.7 for the homogeneous microstructure) in order to point out the similar-

ity of the two distributions. The collapse of the distributions indicates that

the common neighbor distribution does not capture in a suitable way the

structural differences between these microstructures.

Figure A.3: Common neighbor distribution for the homogeneous and hetero-

geneous BD-microstructures normalized by the respective structure’s average

coordination number.
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A.3 Void Expansion Method – Illustration and

Flowchart

This section illustrates the principal steps of the void expansion method as

presented in Chapter 6 using a two-dimensional adaptation of the method.

The structure contains NS = 500 polydisperse structure-particles with a

Gaussian radius distribution (mean radius rS = 0.25 µm, standard devia-

tion = 30% rS) presenting a surface fraction ΦS = 0.71. NV = 70 poly-

disperse void-particles are used (Gaussian radius distribution, initial radius

rV = rS/3, standard deviation = 30% rV ). The edge length of the simula-

tion box is calculated using L2D
box = rs

√
NSπ/ΦS, which is the 2D-adaptation

of Eq. (6.3). The flowchart of the void expansion method is presented in

Fig. A.4.

Step 1

Generation of the simulation box and insertion

of the structure-particles (light gray) having

their diameter reduced by a factor m + 1. In

this case, m = 2. Additionally, the NV void-

particles (dark gray) with small initial radius

rV are randomly placed in the simulation box.

Step 2

After m successive blow-up steps of the

structure-particles, in which their initial ra-

dius is added to their current radius, their final

radius rS is reached.
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Step 3

Cyclic increase of the void-particle radius. In

each step, their initial radius rV is added to

their current radius. Thereby, they simulate

the swelling of the alkali-swellable polymer

particles used in experiment (cf. Sec. 3.3) and

rearrange the structure-particles.

Step 4

The particles are densely packed and any fur-

ther swelling of the void-particles leads to a

compaction of the particles, which is reflected

by an increasing internal strain energy.

Step 5

The final microstructure is obtained after

installation of bonds between neighboring

structure-particles (black lines), deletion of

the void-particles and a relaxation of the

structure in order to reduce internal stresses.
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Figure A.4: Flowchart of the void expansion method.
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List of Acronyms

ASP Alkali Swellable Polymer

BD Brownian Dynamics

DCC Direct Coagulation Casting

DEM Discrete Element Method

DLVO Derjaguin-Landau-Verweg-Overbeek (theory)

DWS Diffusing Wave Spectroscopy

PFC Particle Flow Code

RCP Random Close Packing

RLP Random Loose Packing

SEM Scanning Electron Microscopy

VEM Void Expansion Method
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Nomenclature

Latin Symbols

AH Hamaker constant

CNn Number of configurations with n common neighbors

d0 Particle diameter

dS Structure-particle diameter

e Elementary charge

∆E Energy barrier

Eppc Average number of particles per cell

EV Exclusion probability

Fd Damping force

Fn Normal contact force

Fs Shear contact force

G Complex modulus

G′ Storage modulus

G′
p Plateau storage modulus

G′′ Loss modulus

I, I0 Ionic strength

Idf Integral over density fluctuation curves

Ips Integral over pore size distribution curves

k k-gamma fit parameter

kB Boltzmann constant

kn Normal stiffness

ks Shear stiffness

kn,S Structure-particle normal stiffness

ks,S Structure-particle shear stiffness

kn,V Void-particle normal stiffness
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ks,V Void-particle shear stiffness

l Straight path length

lmax Length of longest straight path

Lbox Edge length of simulation box

n Void- to structure-particle number ratio

N Number of particles

NS Number of structure-particles

NV Number of void-particles

q Void- to structure-particle radius ratio

qi Void- to structure-particle radius ratio at inflection point

r0 Particle radius

rS Structure-particle radius

rV Void-particle radius

SPl Number of straight paths of length l

SPmean Mean straight path length

T Temperature

V Voronoi volume

V̄ Mean Voronoi volume

V̄ f Mean Voronoi free volume

Vi Voronoi volume of particle i

V f
i Voronoi free volume of particle i

Vmin Minimum Voronoi volume

Vsphere Sphere volume

V dlvo DLVO potential

V el Electrostatic potential

V vdw Van der Waals potential

z Mean coordination number

zi Mean coordination number at inflection point

zV Valency of ions
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NOMENCLATURE

Greek Symbols

α Damping coefficient

β Power law exponent

γY Yield strain

εr Relative dielectric constant

θ Straight path cone angle

θc Critical straight path cone angle

κ Inverse Debye screening length

λ Characteristic inverse straight path length

µ Friction coefficient

ξ Dihedral angle

ρ Particle density

ρS Structure-particle density

ρV Void-particle density

σppc Standard deviation of the number of particles per cell

σ2
V Variance of the free Voronoi volume distribution

σY Compressive yield strength

Φ Volume fraction

ΦS Structure-particle volume fraction

ΦT Total volume fraction

ΦT,i Total volume fraction at inflection point

ΦV Void-particle volume fraction

ΦV,i Void-particle volume fraction at inflection point

Ψ, Ψ0 Surface Potential
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