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Abstract

The notion of the ‘power of two choices’ essentially dates back to a seminal 1994 paper by
Azar, Broder, Karlin, and Upfal. Roughly speaking, their result states that if one allocates a
large number of jobs to a large number of servers by assigning each job to the currently less
busy of two randomly chosen servers, one observes a dramatic improvement in load balancing
over a completely random assignment. This breakthrough result marked the beginning of the
development of the power of two choices as a powerful new paradigm in computer science, with
applications to load balancing, hashing, distributed computing, network routing, and other areas.

In this thesis we are concerned with the power of choices in random graph processes. The sys-
tematic study of random graphs was initiated by Erdős and Rényi in the 60’s, and has developed
into a very active research field since then. Many questions in this area involve the following
random graph process: starting with the empty graph on n vertices, at every step a new edge
is drawn uniformly at random from all non-edges and inserted into the current graph. Often
one asks about the ‘typical’ number of edges that appear until the evolving graph satisfies some
monotone property. This (asymptotically) typical number of edges is formalized in the notion
of the threshold function N0(n) for a given property. In the last decades, threshold results have
been proved for many natural graph properties.

Several ways of introducing the power of choices into the Erdős-Rényi random graph process
were proposed and studied. The most prominent process of this type is the Achlioptas process,
where at each step a fixed number r ≥ 2 of random edges is offered, and one has to select exactly
one of these for inclusion in the evolving graph. Bohman and Frieze showed in 2001 that in the
Achlioptas process with r = 2 choices, one can significantly delay the phase transition of the
evolving graph, i.e. the point where its component structure changes abruptly. Since then, the
study of power-of-choice random graph processes has evolved into an active area of research in
which one observes a rich interplay of combinatorial and probabilistic ideas.

In this thesis we study the appearance of small subgraphs in power-of-choice random graph
processes. That is, we investigate for how long one can avoid copies of some given fixed graph
by exploiting the power of choices offered in a given process.

Our first main result gives the general threshold function N0(F, r, n) for the problem of avoiding
copies of some fixed graph F in the Achlioptas process with r choices for as long as possible.
In other words, we determine the exact order of magnitude of the number of steps for which
a copy of F can be avoided with high probability. This problem was studied previously by
Krivelevich, Loh and Sudakov, who derived such threshold functions for some special graphs F ,
in particular for cliques and cycles. The general threshold function N0(F, r, n) presented in this
thesis disproves a conjecture made in their work.

Our second main result concerns the same problem in an offline setting, i.e. under the assumption
that the entire random instance is revealed before any selection decisions have to be made. This
is of interest because the offline setting provides an upper bound on what can be achieved by
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online strategies; in some sense, it is a natural benchmark to which the performance of online
strategies should be compared. We present a general threshold function for this offline version
of the problem, valid for any graph F and any fixed number r of choices. Interestingly, the order
of magnitude of this offline threshold does not depend on the number of choices r, in contrast to
the thresholds for the online setting. In fact, the thresholds of the online setting approach the
thresholds of the offline setting as the number of choices r increases.

Our first two main results provide a complete picture of the subgraph avoidance problem in the
Achlioptas process, for both the online and the offline setting.

An alternative way of introducing the power of choices in the Erdős-Rényi graph process is
motivated by Ramsey theory. In the Ramsey process we are given random edges one by one and
have to color each of them immediately with one of r available colors. The goal here is to delay
the formation of monochromatic substructures for as long as possible. The Ramsey process was
introduced by Friedgut, Kohayakawa, Rödl, Ruciński, and Tetali, who proved an exact threshold
result for the problem of avoiding monochromatic triangles in the Ramsey process with two
colors. Our third main result extends this to a large class of graphs including cliques and cycles
of arbitrary size. That is, we derive an explicit threshold function N0(F, n) for the typical number
of steps for which a monochromatic copy of F can be avoided in the Ramsey process with two
colors.

In our last main result, we consider a vertex -coloring analogue of the Ramsey process. As this
vertex-coloring version is somewhat easier to deal with than its edge counterpart, we are able
to derive more general results for it. Specifically, we prove an explicit threshold formula for the
subgraph avoidance problem in the vertex-coloring Ramsey process with an arbitrary number r
of colors, for a similarly large class of graphs F as in the edge case. The resulting qualitative
picture resembles the one observed in the Achlioptas process: the online thresholds depend on
the number of colors r and approach the offline threshold of the problem, which does not depend
on r in order of magnitude.

All of our lower bound arguments can be turned into explicit polynomial-time algorithms that
solve the corresponding problems with high probability in the regime below the threshold. This is
in contrast to the fact that the underlying edge-selection or coloring problems are NP-complete.



Zusammenfassung

Der Begriff der ‘Macht von zwei Auswahlmöglichkeiten’ geht im Wesentlichen auf einen 1994
publizierten Artikel von Azar, Broder, Karlin und Upfal zurück. Vereinfacht ausgedrückt besagt
ihr Resultat, dass man in einem Szenario, in dem viele Rechenaufträge sequenziell auf viele
Rechner verteilt werden sollen, eine deutlich bessere Auslastung der Rechner erreichen kann
(im Vergleich zu einer komplett zufälligen Lastverteilung), wenn für jeden Auftrag zwei zufällige
Rechner zur Auswahl gestellt werden und der Auftrag dann demjenigen Rechner zugewiesen wird,
der zu diesem Zeitpunkt weniger ausgelastet ist. Seit diesem bahnbrechenden Resultat hat sich
die Macht von zwei Auswahlmöglichkeiten zu einem wichtigen neuen Paradigma der Informatik
entwickelt, welches Anwendung in Lastverteilung, Hashing, verteiltem Rechnen, Netzwerkrouting
und anderen Gebieten gefunden hat.

In dieser Arbeit befassen wir uns mit der Macht von Auswahlmöglichkeiten in zufälligen Graph-
prozessen. Das systematische Studium von zufälligen Graphen wurde von Erdős und Rényi in den
Sechzigerjahren initiiert, und hat sich seither zu einem äusserst aktiven Forschungsfeld entwi-
ckelt. Viele Fragen in diesem Gebiet betreffen den folgenden zufälligen Graphprozess: Beginnend
mit dem leeren Graphen auf n Knoten wird in jedem Schritt eine zufällige Kante aus allen noch
nicht vorhandenen Kanten gezogen und in den aktuellen Graphen eingefügt. Häufig interessiert
man sich für die ‘typische’ Anzahl Kanten, die gezogen werden, bis der sich entwickelnde Graph
eine gewisse monotone Eigenschaft erfüllt. Diese (asymptotisch) typische Anzahl Kanten wird
formalisiert durch den Begriff der Schwellenwertfunktion N0(n) für eine gegebene Eigenschaft. In
den letzten Jahrzehnten wurden die Schwellenwerte von vielen natürlichen Grapheigenschaften
bestimmt.

In der Literatur findet man verschiedene Vorschläge, wie die Macht von Auswahlmöglichkeiten
in den Erdős-Rényi-Graphprozess eingeführt werden kann. Der prominenteste Prozess dieser Art
ist der Achlioptas-Prozess, bei welchem in jedem Schritt eine feste Anzahl r ≥ 2 von zufälligen
Kanten zur Auswahl steht, von welchen genau eine ausgewählt und in den aktuellen Graphen
eingefügt werden muss. Bohman und Frieze haben 2001 gezeigt, dass im Achlioptas-Prozess mit
r = 2 Auswahlmöglichkeiten der Phasenübergang, d.h. der Zeitpunkt zu dem sich die Kom-
ponentenstruktur des sich entwickelnden Graphen abrupt verändert, deutlich verzögert werden
kann. Seither hat sich die Untersuchung von zufälligen Graphprozessen mit Auswahlmöglich-
keiten zu einem äusserst aktiven Forschungsfeld entwickelt, in welchem man ein reichhaltiges
Zusammenspiel von kombinatorischen und probabilistischen Ideen beobachtet.

In dieser Arbeit studieren wir das Erscheinen von kleinen Subgraphen in zufälligen Graphprozes-
sen mit Auswahlmöglichkeiten. Mit anderen Worten, wir untersuchen, für wie lange man Kopien
eines gegebenen festen Graphen vermeiden kann, indem man die in einem bestimmten Prozess
gegebenen Auswahlmöglichkeiten geschickt nutzt.

Als erstes Hauptresultat bestimmen wir die allgemeine Schwellenwertfunktion N0(F, r, n) für
das Problem, Kopien eines festen Graphen F im Achlioptas-Prozess mit r Auswahlmöglichkei-
ten so lange wie möglich zu vermeiden. Wir bestimmen also die genaue Grössenordnung der
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Anzahl Schritte, für welche eine Kopie von F mit hoher Wahrscheinlichkeit vermieden werden
kann. Dieses Problem wurde bereits von Krivelevich, Loh und Sudakov studiert, die eine solche
Schwellenwertfunktion für einige spezielle Graphen F , insbesondere für vollständige Graphen
und Kreise, bestimmt haben. Die in dieser Arbeit vorgestellte allgemeine Schwellenwertfunktion
N0(F, r, n) widerlegt eine von den genannten Autoren aufgestellte Vermutung.

Unser zweites Hauptresultat betrifft das gleiche Problem in einem Offline-Setting, d.h. unter
der Annahme, dass die gesamte zufällige Probleminstanz zur Verfügung steht, bevor über die
Auswahl von Kanten entschieden werden muss. Dieses Offline-Problem liefert eine obere Schranke
dafür, was im ursprünglichen Online-Setting erreicht werden kann; seine Eigenschaften dienen
also gewissermassen als Referenzwert, mit dem die Qualität von Online-Strategien verglichen
werden sollte. Wir beweisen eine allgemeine Schwellenwertfunktion für diese Offline-Version des
Problems, welche für jeden Graphen F und jede feste Anzahl Auswahlmöglichkeiten r gültig
ist. Interessanterweise hängt, im Unterschied zu den Schwellenwerten für den Online-Fall, die
Grössenordnung dieses Offline-Schwellenwerts nicht von der Anzahl Auswahlmöglichkeiten ab.
Mit steigender Anzahl Auswahlmöglichkeiten nähern sich die Schwellenwerte für den Online-Fall
dem Offline-Schwellenwert an.

Unsere ersten beiden Hauptresultate liefern ein vollständiges Bild des Problems der Subgraph-
vermeidung im Achlioptas-Prozess, sowohl für den Online- wie auch für den Offline-Fall.

Eine alternative Art, die Macht von Auswahlmöglichkeiten in den Erdős-Rényi-Graphprozess
einzuführen, ist durch Ramsey-theoretische Fragestellungen motiviert. Im Ramsey-Prozess wer-
den zufällige Kanten der Reihe nach einzeln gezeigt, wobei jeder dieser Kanten sofort eine von
r verfügbaren Farben zugewiesen werden muss. Das Ziel dabei ist, das Entstehen von einfarbi-
gen Substrukturen so lange wie möglich zu vermeiden. Der Ramsey-Prozess wurde von Friedgut,
Kohayakawa, Rödl, Ruciński und Tetali eingeführt, welche die Schwellenwertfunktion für das
Vermeiden von einfarbigen Dreiecken im Ramsey-Prozess mit zwei Farben bestimmt haben. Un-
ser drittes Hauptresultat erweitert dies auf eine grosse Klasse von Graphen, welche insbesondere
vollständige Graphen und Kreise beliebiger Grösse umfasst. Wir leiten also eine explizite Schwel-
lenwertfunktion N0(F, n) für die typische Anzahl von Schritten her, für die eine einfarbige Kopie
von F im Ramsey-Prozess mit zwei Farben vermieden werden kann.

In unserem letzten Hauptresultat betrachten wir eine Variante des Ramsey-Prozesses, bei welcher
Knoten statt Kanten gefärbt werden. Da diese Knoten-Version etwas einfacher zu behandeln ist
als der ursprüngliche Ramsey-Prozess, können wir allgemeinere Resultate beweisen. Wir beweisen
eine explizite Schwellenwertfunktion für das Vermeiden von einfarbigen Subgraphen im Knoten-
Ramsey-Prozess mit beliebig vielen Farben und eine ähnlich grosse Klasse von Graphen F wie im
Kantenfall. Es ergibt sich ein qualitativ ähnliches Bild wie beim Achlioptas-Prozess: Die Online-
Schwellenwerte hängen von der Anzahl Farben r ab und nähern sich dem Offline-Schwellenwert
des Problems an, dessen Grössenordnung unabhängig von r ist.

Unsere Argumente für untere Schranken können als explizite polynomielle Algorithmen formuliert
werden, welche im Regime unterhalb des Schwellenwerts die betreffenden Probleme mit hoher
Wahrscheinlichkeit lösen. Letzteres kontrastiert mit der Tatsache, dass die zugrunde liegenden
Kantenauswahl- oder Färbungsprobleme NP-vollständig sind.
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CHAPTER 1

Introduction

The notion of the ‘power of two choices’ essentially dates back to a seminal 1994 paper by Azar,
Broder, Karlin, and Upfal [ABKU94]. Roughly speaking, their result states that if one allocates
a large number of jobs to a large number of servers by assigning each job to the currently less
busy of two randomly chosen servers, one observes a dramatic improvement in load balancing
over a completely random assignment. This breakthrough result marked the beginning of the
development of the power of two choices as a powerful new paradigm in computer science, with
applications to load balancing, hashing, distributed computing, network routing, and other areas
(see [MRS01] for a comprehensive survey).

The first explicit study of the power of two choices paradigm in discrete mathematics is due to
Bohman and Frieze [BF01], who showed that by introducing and exploiting the power of two
choices in the standard Erdős-Rényi random graph process [ER60], one can significantly delay
its phase transition, i.e. the point where the component structure of the evolving graph changes
abruptly. Since then, the study of power-of-choice random graph processes has evolved into an
active area of research in which one observes a rich interplay of combinatorial and probabilistic
ideas.

In this thesis we study the appearance of small subgraphs in power-of-choice random graph
processes. That is, we investigate for how long one can avoid copies of some given fixed graph
by exploiting the power of choices offered in a given process.

1.1. Average-case analysis and random graphs

From a computer science perspective, one of the main motivations for studying random graphs (or
random graph processes) comes from average-case analysis. Usually the quality of an algorithm is
measured by its worst-case complexity, i.e. its running time on the worst possible instance. From a
practical point of view this may be too pessimistic, as often these worst-case instances have a very
special structure that is unlikely to be observed in practice. In the average-case complexity view,
the quality of an algorithm is measured as its expected running time, where some distribution
over inputs is assumed. This average-case complexity of an algorithm is often much lower than its
worst-case complexity. A striking example of this is that even though deciding whether a given
graph is k-colorable (for some fixed k ≥ 3) is NP-complete, there is a very simple deterministic
algorithm that decides in constant expected time whether a graph drawn uniformly at random
from the class of all labeled graphs on n vertices is k-colorable [Wil84]. We will outline later in
this introduction how our results fit into this average-case analysis view.

The systematic study of random graphs was initiated by Erdős and Rényi in the 60’s [ER60],
and has developed into a very active research field since then. Many questions in this area involve
the following random graph process: starting with the empty graph on n vertices, at every step
a new edge is drawn uniformly at random from all non-edges and inserted into the current
graph. Often one asks about the ‘typical’ number of edges that appear until the evolving graph
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Chapter 1. Introduction 2

satisfies some monotone property (e.g. is connected, contains a triangle, or is Hamiltonian). This
(asymptotically) typical number of edges is formalized in the notion of the threshold function
N0(n) for a given property. In the last decades, threshold results have been proved for many
natural graph properties [JŁR00, Bol01].

Of particular relevance for our work is a result by Bollobás ([Bol81], Theorem 2.1 below) that
states a general threshold function for the property of containing a copy of some fixed graph. For
example, the treshold for the appearance of a triangle in the random graph process is N0(n) = n,
and the threshold for the appearance of a complete subgraph on four vertices is N0(n) = n4/3.
The results presented in this thesis quantify how these thresholds change if some element of
choice is introduced into the standard random graph process.

1.2. The power of choices in random graph processes

During the last decade, several ways of introducing the power of choices into the Erdős-Rényi
random graph process were proposed and studied. It is well-known that this process undergoes
an abrupt phase transition when about n/2 random edges have been added to the graph. At
this point, the component structure of the evolving graph changes abruptly, and a single linear-
sized (so-called ‘giant’) component begins to emerge [ER60]. Dimitris Achlioptas asked whether
this phase transition could be delayed significantly if one were given a sequence of random edge
pairs and allowed to select the ‘better’ edge from each pair according to a suitable criterion.
Bohman and Frieze [BF01] showed that this is indeed the case: they proposed a simple edge
selection strategy that a.a.s. does not create a giant component until at least 0.535n edge pairs
have passed. Here and in the following, a.a.s. means ‘asymptotically almost surely’, i.e. ‘with
probability tending to one as n tends to infinity’.

This result spurred considerable interest in this so-called Achlioptas process, and many re-
searchers have investigated the extent to which the power of choices permits to delay or accelerate
the occurrence of some given graph property. We will give a comprehensive survey of related
results in Chapter 2.

1.3. Results

1.3.1. Results for Achlioptas settings. The first two results of this thesis are concerned with
the problem of avoiding copies of some fixed graph F in the Achlioptas process. We consider
the natural generalization of the Achlioptas process where at each step a fixed number r ≥ 2 of
random edges is offered, and we have to select exactly one of these for inclusion in the evolving
graph.

Our first main result gives the general threshold function N0(F, r, n) for the problem of avoiding
copies of F in the Achlioptas process with parameter r for as long as possible. In other words,
we determine the exact order of magnitude of the number of steps for which a copy of F can be
avoided a.a.s. in the Achlioptas process with parameter r. For example, in the original Achlioptas
process where r = 2, the threshold for avoiding triangles is N0(n) = n6/5, and the threshold for
avoiding a complete subgraph on four vertices is N0(n) = n28/19. This problem was studied
previously by Krivelevich, Loh and Sudakov [KLS09], who derived such threshold functions
for some special graphs F , in particular for cliques and cycles. The general threshold function
N0(F, r, n) presented in this thesis disproves a conjecture made in their work.
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Our second main result concerns the same problem in an offline setting, i.e. under the assumption
that the entire random instance is revealed before any selection decisions have to be made. This
is of interest because the offline setting provides an upper bound on what can be achieved by
online strategies; in some sense, it is a natural benchmark to which the performance of online
strategies should be compared. Answering a question raised in [KLS09], we present a general
threshold function for this offline version of the problem, valid for any graph F and any fixed
number r of choices. For the triangle example this offline threshold is n3/2, and for the complete
graph on four vertices it is n8/5. Interestingly, the order of magnitude of these thresholds does not
depend on the parameter r, in contrast to the thresholds for the online setting (i.e. for the original
Achlioptas process). In fact, the thresholds of the online setting approach the thresholds of the
offline setting as r increases: e.g., in the Achlioptas process with r = 1000 choices the threshold
for the triangle example is n3000/2001 = n1.499..., which is quite close to the corresponding offline
threshold n3/2 = n1.5.

Thus our first two main results provide a complete picture of the subgraph avoidance problem
in the Achlioptas process (with a fixed number r of choices), for both the online and the offline
setting. The results for the online setting are joint work with Torsten Mütze and Henning
Thomas [MST10+], and the results for the offline setting are joint work with Michael Krivelevich
and Angelika Steger [KSS10].

1.3.2. Results for Ramsey settings. An alternative way of introducing the power of choices
in the Erdős-Rényi graph process is motivated by Ramsey theory. In the Ramsey process, we are
given random edges one by one and have to color each of them immediately with one of r available
colors. The goal here is to delay or accelerate the formation of monochromatic substructures for
as long as possible. The Ramsey process was introduced in [FKR+03]; the main motivation for
this work came from the study of Ramsey properties of random graphs (see Chapter 2).

In [FKR+03] a threshold ofN0(n) = n4/3 was proved for the problem of avoiding monochromatic
triangles in the Ramsey process with r = 2 colors. Our third main result extends this result
to a large class of graphs including cliques and cycles of arbitrary size. That is, we derive an
explicit threshold function N0(F, n) for the typical number of steps for which a monochromatic
copy of F can be avoided in the Ramsey process with two colors. For our example where F is
the complete graph on four vertices, this threshold is N0(n) = n14/9.

The offline version of this problem is settled by a celebrated result by Rödl and Ruciński ([RR93,
RR95], Theorem 2.2 below). As it turns out, the offline thresholds of the Ramsey setting coincide
(in order of magnitude) with the offline thresholds for the Achlioptas problem discussed above.

In our last main result, we consider a vertex -coloring analogue of the Ramsey process. As this
vertex-coloring version is somewhat easier to deal with than its edge counterpart, we are able
to derive more general results for it. Specifically, we prove an explicit threshold formula for the
subgraph avoidance problem in the vertex-coloring Ramsey process with an arbitrary number
r of colors, for a class of graphs F that is similarly large as in the edge case. The resulting
qualitative picture resembles the one observed in the Achlioptas process: the online thresholds
depend on the number of colors r and approach the offline threshold of the problem, which does
not depend on r in order of magnitude.

The results for the original (edge-coloring) Ramsey process are joint work with Martin Marcin-
iszyn and Angelika Steger [MSS09a, MSS09b], and the results for its vertex-coloring analogue
are joint work with Martin Marciniszyn [MS10+].
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1.3.3. Algorithmic considerations. While our main results are stated without reference
to specific algorithms, all of our lower bound arguments can be turned easily into explicit
polynomial-time algorithms that solve the corresponding problems a.a.s. in the regime below
the threshold. This is in contrast to the fact that the underlying edge-selection or coloring prob-
lems areNP-complete: the Achlioptas problem can be shown to beNP-hard by a reduction from
3-SAT, and the coloring problems are generalizations of the chromatic index and the chromatic
number problem.

Let us illustrate this average-case complexity view by restating our result for the Ramsey process
in different terminology. Our result implies that for any N = o(N0), there is a simple polynomial-
time algorithm that a.a.s. succeeds in coloringN random edges without creating a monochromatic
copy of the forbidden graph F . On the other hand, if N = ω(N0), any online algorithm will a.a.s.
fail to do so, even if no bounds on the algorithm’s complexity are imposed. Thus polynomial-
time algorithms achieve essentially best possible guarantees for this online coloring problem on
random instances. Similar remarks apply to the offline version of the problem, and in fact to all
other threshold results presented in this thesis.

1.4. Organization of this thesis

Chapter 2 contains some background material on the topics of this thesis: we present a few
key results from extremal combinatorics and random graph theory, and give a comprehensive
survey on power-of-choice random graph processes. After stating some general preliminaries in
Chapter 3, we prove the main results of this thesis in Chapters 4 through 7. Each of these
chapters has its own introduction which describes the problems studied and the results achieved
in more detail.



CHAPTER 2

Background and related work

Broadly speaking, the topic of this thesis lies at the intersection of extremal graph theory [Bol04]
and the theory of random graphs [JŁR00, Bol01]. In Section 2.1 we aim to give a general
impression of the flavour of questions that are studied in these fields. In Section 2.2 we then
focus on the specific topic of this work and give a comprehensive survey on random graph
processes involving choices.

2.1. Extremal combinatorics in random graphs

2.1.1. Extremal graph theory. Many problems in extremal graph theory follow the pattern:
given a graph G, under what conditions can we achieve some specific goal by appropriately
coloring the edges (or vertices) of G, or by selecting an appropriate subgraph H ⊆ G? In the
following, we present two well-known results from the field to exemplify the type of questions we
are interested in.

One of the fundamental results in extremal graph theory is Ramsey’s Theorem [Ram30]. In
its simplest form, it states that for every integer k, there exists a (smallest) number R = R(k)

such that every two-coloring of the edges of a complete graph on at least R vertices contains a
monochromatic clique (i.e., complete subgraph) on k vertices. While Ramsey’s Theorem states
that the Ramsey numbers R(k) are finite, their asymptotic behavior is still wide open and one
of the most notorious open questions in the field. It is relatively straightforward to show that

√
2
k ≤ R(k) ≤ 4k

[ES35, Erd47], but despite the efforts of many researchers [Spe75, GR87, Tho88, Con09],
it is still unknown whether there exists ε > 0 such that R(k) ≥ (

√
2 + ε)k or R(k) ≤ (4− ε)k for

k large enough.

More generally in Ramsey theory, one asks under what conditions a graph G can be colored with
some number r ≥ 2 of colors without creating a monochromatic copy of some other graph F .
Much research has also been devoted to asymmetric Ramsey properties, where to goal is to avoid
copies of different graph in different colors. From many results we mention only a celebrated
result by Kim establishing that the asymmetric Ramsey number R(3, k) (the smallest integer for
which every red-blue-coloring of the complete graph on R vertices contains either a red triangle
or a blue clique of size k) is of order Θ

(
k2

log k

)
[Kim95]. The lower bound part of this statement

was proved much earlier by Ajtai, Komlós, and Szemerédi [AKS80], and an alternative upper
bound proof was found more recently by Bohman [Boh09].

A second cornerstone of extremal graph theory is the celebrated Turán’s Theorem [Tur41], which
is a generalization of an earlier result by Mantel [Man06]. It states exactly how many edges
a graph on n vertices may at most have without containing a clique of size `. This result was
generalized to arbitrary graphs F by Erdős and Stone [ES46] and Erdős and Simonovits [ES66],

5
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who proved that the maximum number of edges in an F -free graph on n vertices is
(

1− 1

χ(F )− 1
+ o(1)

)(
n

2

)
.

Here χ(F ) denotes the chromatic number of F , i.e., the minimal number of colors that are needed
to color all vertices of F in such a way that adjacent vertices receive different colors.

2.1.2. Random graphs. The systematic study of random graphs was initiated by Erdős and
Rényi in a series of papers throughout the 60’s [ER59, ER60, ER61b, ER61a, ER63, ER64,
ER66, ER68] (see also [KR97]), and has developed into a very active research field since then.

Loosely speaking, in random graph theory one investigates the structure of ‘typical’ graphs on
n vertices with a given number m of edges. More precisely, one is interested in the asymptotic
probability that a random graph Gn,m chosen uniformly at random from all graphs on n vertices
with m = m(n) edges satisfies a given property (e.g. is connected, contains a triangle, or is
Hamiltonian). As it turns out, for virtually any ‘reasonable’ graph property P there exists a
threshold function m0(n) such that the random graph Gn,m a.a.s. (asymptotically almost surely,
with probability 1 − o(1) as n → ∞) satisfies P if m = ω(m0), but a.a.s. does not satisfy
P if m = o(m0). Such a threshold function exists in particular for every monotone graph
property [BT87]. In the following we write m � m0 for m = ω(m0), and m � m0 for
m = o(m0).

Since the seminal work of Erdős and Rényi, an abundance of deep results about random graphs
have been proved, many of these giving rise to new intriguing questions. For a comprehensive
survey of the field, we refer the reader to the monographs [JŁR00, Bol01]. Of particular
relevance for the results presented in this thesis is the following theorem of Bollobás, which
generalizes a result already found in [ER60]. It determines a general threshold function for the
property of containing a copy of some fixed graph F . We denote the number of vertices and
edges of a graph F by vF and eF , respectively.

Theorem 2.1 ([Bol81]). Let F be a fixed nonempty graph. Then

lim
n→∞

Pr[Gn,m contains a copy of F] =

{
1 if m� n2−1/m(F )

0 if m� n2−1/m(F )
,

where
m(F ) := max

H⊆F
eH
vH

.

2.1.3. Extremal combinatorics in random graphs. Many researchers have investigated ex-
tremal problems of the type presented in Section 2.1.1 in the random setting of Section 2.1.2.
While in the earliest works the random setting was mainly used as a tool to derive determinis-
tic results via the so-called ‘probabilistic method’ (see [AS08]), nowadays extremal properties
of random graphs are seen as interesting questions in their own right. Here we present two
breakthrough results that are directly related to Ramsey’s and Turán’s theorem discussed above.

Extending earlier work for the special case of triangles [FR86, ŁRV92, RR94], Rödl and
Ruciński determined a general threshold function for the Ramsey problem in random graphs.
For any two graphs G and F , and any integer r ≥ 2, let G→ (F )er denote the event that every
possible edge-coloring of G with r colors contains a monochromatic copy of F .

Theorem 2.2 ([RR93, RR95]). Let r ≥ 2 be a fixed integer, and let F be a fixed graph that is
not a star forest and in the case r = 2 not a forest of stars and P3’s. Then there exist positive
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constants c = c(F, r) and C = C(F, r) such that

lim
n→∞

Pr[Gn,m → (F )er] =

{
1 if m ≥ Cn2−1/m2(F )

0 if m ≤ cn2−1/m2(F )
,

where
m2(F ) := max

H⊆F
eH − 1

vH − 2
.

The exceptional cases involving stars and P3’s (paths with three edges) are well-understood but
behave somewhat differently (see e.g. [JŁR00]). It is widely believed that the constants c and
C in Theorem 2.2 can be replaced by (1 ± ε)co for some c0 (see e.g. [Fri05]). The existence of
such a ‘sharp threshold’ has been verified for trees in [FK00], and for the case where F is a
triangle and r = 2 in [FRRT06]. However, these results do not rule out the possibility that c0

is a function of n that oscillates between c and C (a behavior that seems very unlikely).

The asymmetric version of the Ramsey problem (where the goal is to avoid copies of some
graph F1 in the first color, and copies of some other graph F2 in the second color) was studied
in [KK97, MSSS09], and similar results for vertex-colorings of random graphs were proved in
[ŁRV92, Kre96] (cf. Theorem 7.5 in Chapter 7).

Until very recently, the random graph version of Turán’s theorem (or more generally, the Erdős-
Stone-Simonovits Theorem) was one of the most notorious open question in the theory of ran-
dom graphs [FR86, Für94, HKŁ95, HKŁ96, KŁR97, SV03, KRS04, GSS04, Ger04,
GMS07, GPS+07]. For arbitrary graphs G and F , we let ex(G,F ) denote the maximum
number of edges in a subgraph of G that does not contain a copy of F . In this notation, the
Erdős-Stone-Simonovits Theorem reads

ex(Kn, F ) =

(
1− 1

χ(F )− 1
+ o(1)

)(
n

2

)
.

In [KŁR97], Kohayakawa, Łuczak, and Rödl conjectured an extension of Turán’s theorem to
random graphs that was proved very recently by Conlon and Gowers, and independently by
Schacht.

Theorem 2.3 ([CG10+], [Sch10+]). Let F be a fixed nonempty graph, and let ε > 0. Then there
exists a positive constant C = C(F, ε) such that for all m = m(n) satisfying m ≥ Cn2−1/m2(F ),
where m2(F ) is defined in Theorem 2.2, a.a.s. we have

(
1− 1

χ(F )− 1
− ε
)
m ≤ ex(Gn,m, F ) ≤

(
1− 1

χ(F )− 1
+ ε

)
m .

(The new contribution here is the upper bound on ex(Gn,m, F ); the lower bound is well-known
and only stated for completeness.)

It is worth pointing out that both known proofs of Theorem 2.3 use approaches that are quite
different from those used in earlier proofs of special cases of this result. In particular, both proofs
avoid the use of the (sparse) regularity method (see e.g. [GS05] and references therein), which
was long thought to be the most promising line of attack for a full proof of Theorem 2.3.

2.2. Random graph processes involving choices

The theorems presented in Section 2.1.3 are fundamental results about the existence of an appro-
priate coloring or an appropriate subgraph of the random graph Gn,m. They implicitly assume
that the entire input instance is known when edges are colored or selected for inclusion in the
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subgraph. As presented in the introduction, in this thesis we are concerned with similar ques-
tions in settings where the input instance is only gradually revealed, i.e., coloring or selection
decisions have to be made before the entire random graph is known.

Recall that by Gn,m we denote a graph drawn uniformly at random from all graphs on n vertices
with m edges, and that, informally speaking, the threshold function m0(n) for some (monotone)
graph property P is the number of edges required for Gn,m to satisfy P a.a.s. This can be
reformulated in terms of the standard Erdős-Rényi random graph process where, starting with
the empty graph on n vertices, at every step a new edge is drawn uniformly at random from all
non-edges and inserted into the current graph. The threshold m0(n) as defined in Section 2.1.2
then corresponds to the ‘typical’ number of edges that appear until the evolving graph satisfies P.
In the literature there are three variants of this process that involve some freedom of choice: the
Achlioptas process, the Ramsey process, and the Balanced Ramsey process. All three processes
have a parameter r which, loosely speaking, corresponds to the number of choices offered at
each step. In the Achlioptas process, we are given r random edges at each step and have to
select exactly one of these edges for inclusion in the evolving graph. In the Ramsey process, we
are given random edges one by one and have to color each of them immediately with one of r
available colors. Finally, in the Balanced Ramsey process we are given r random edges at each
step and have to color them immediately subject to the restriction that each of the r available
colors is used for exactly one of these edges. Note that all three processes reduce to the normal
(Erdős-Rényi) random graph process if the choice parameter r is set to 1.

The main goal when investigating these processes is to determine by how much the occurrence
of some monotone property P can be accelerated or delayed by careful edge selection or coloring
strategies (compared to the normal random graph process). Let us illustrate this with the
property of containing a copy of P4 (the path with four edges). According to Theorem 2.1,
a.a.s. it takes about Θ(n3/4) random edges until a copy of P4 appears in the normal random
graph process. In all three processes mentioned (with r = 2), this can be delayed significantly if
suitable strategies are used. In the Achlioptas process, using an optimal edge selection strategy
guarantees that a.a.s. the first P4 will be created after Θ(n8/9) many steps; in the Ramsey
process, an optimal coloring strategy ensures that a.a.s. the first monochromatic P4 appears after
Θ(n9/10) many steps; and in the Balanced Ramsey process, the appearance of a monochromatic
P4 can a.a.s. be postponed for Θ(n7/8) many steps if the right strategy is used. Conversely,
(monochromatic) copies of P4 cannot be created in less than Θ(n3/4) steps in any of the three
processes since the graph formed by all random edges seen does not contain a P4 as long as the
number of steps is o(n3/4), cf. Theorem 2.1.

In the following we survey what is known about each of the three processes, as well as the
corresponding vertex and offline settings.

2.2.1. The Achlioptas process. The Achlioptas process has become the standard paradigm
for online power of two choices problems in the context of random graphs. The property most
studied in this setting is the property of containing a linear-sized component. In the standard
random graph process, a.a.s. such a ‘giant component’ emerges abruptly when about n/2 random
edges have been added to the graph [ER60]. Motivated by a question of Dimitris Achlioptas,
Bohman and Frieze [BF01] showed that in the Achlioptas process with parameter r = 2, the
emergence of a giant component can be postponed a.a.s. for at least 0.535n steps of the process.
An upper bound of 0.965n on the number of steps for which the formation of the giant can be
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postponed a.a.s. was proved by Bohman, Frieze, and Wormald [BFW04]. Conversely, Flax-
man, Gamarnik, and Sorkin [FGS05] and independently Bohman and Kravitz [BK06b] showed
that the emergence of the giant component can also be accelerated by careful edge selection
strategies. The currently best bounds for both variants of the problem are due to Spencer and
Wormald [SW07]. Recently, Achlioptas, D’Souza, and Spencer [ADS09] presented numerical
evidence that the phase transition of the Achlioptas process is discontinuous at the point where
the giant forms, i.e., that once a giant component can no longer be postponed, it grows to size
about n/2 in sublinearly many steps.

Several variations of the Achlioptas process have also been studied. The paper [BFW04] contains
results about the relaxation where edges are presented one by one instead of in pairs, and we
are still required to select half of these edges but may reject many ‘bad’ edges in a row. In
[BBFP07], Beveridge, Bohman, Frieze, and Pikhurko considered the setting where two players
alternate in selecting edges, one with the goal of creating a giant and the other one with the goal
of preventing a giant from forming. Quite surprisingly, if both players play optimally, the phase
transition occurs after n/2 edges as in the standard random graph process (or, equivalently, as
if both player played randomly!). In [BBFP09], the same authors gave exact threshold results
for the normal (one-player) Achlioptas process with the extra restriction that only the size of the
component of one of the four involved vertices is to be taken into account when deciding which
edge to select.

Only recently, other graph properties have been studied in the Achlioptas setting [KLS09,
KLS10+, MST10+]. In [KLS10+], Krivelevich, Lubetzky, and Sudakov considered the problem
of creating a Hamilton cycle as fast as possible. Note that there are two trivial lower bounds for
the number of steps this takes: one needs to select at least n edges, and the random graph formed
by all edges seen (not necessarily selected) needs to be Hamiltonian. It is well known [KS83]
that a.a.s. about n log n/2 random edges are needed to ensure the latter. Perhaps surprisingly,
the resulting trivial lower bound of max{n, n log n/(2r)} can be matched up to lower order terms
by a careful edge selection strategy for almost all functions r = r(n).

Motivated by Theorem 2.1, Krivelevich, Loh, and Sudakov [KLS09] considered the problem of
avoiding a copy of some fixed graph F for as long as possible. Specifically, they proved an explicit
threshold function for the case where F is a clique, a cycle, or a complete bipartite graph with
parts of equal size. Moreover, they conjectured a general threshold function valid for any graph
F and any fixed integer r ≥ 2. In [MST10+], we disproved this conjecture and gave the true
general threshold function. These results are presented in Chapter 4 of this thesis.

2.2.2. The Ramsey process. The Ramsey process arose naturally from work on the existence
of sharp thresholds for Ramsey properties ([FRRT06], cf. the paragraph after Theorem 2.2).
Friedgut, Kohayakawa, Rödl, Ruciński, and Tetali [FKR+03] determined a threshold of n4/3 for
the problem of avoiding monochromatic triangles in the Ramsey process with r = 2 colors.

To investigate this ‘online Ramsey game’ for arbitrary graphs F and arbitrary r ≥ 2, two
different approaches were proposed. In [MSS09a, MSS09b], we presented a detailed analysis
of a relatively simple greedy strategy, and proved that for a large class of graphs F including
cliques and cycles of arbitrary size, this greedy strategy is optimal in the game with r = 2 colors.
These results are presented in Chapter 6 of this thesis.

In general however, the greedy strategy is not optimal, and moreover the upper bound techniques
used in [MSS09b] are not applicable to the setting with more than two colors. In [BMS10+] we
presented a new approach to deal with these more complicated cases. Essentially, we showed that
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upper bounds for the original online Ramsey game (which is a probabilistic one-player game)
can be derived by considering a deterministic two-player game in which randomness is replaced
by an adversary who is subject to certain restrictions stemming from the random setting. We
will elaborate on this in Section 6.6.

Recently, Bohman, Frieze, Krivelevich, Loh, and Sudakov [BFK+10+] considered the question
of avoiding or creating monochromatic giant components in the setting of the Ramsey process,
deriving results similar in spirit to those mentioned above for the Achlioptas process.

2.2.3. The Balanced Ramsey process. The Balanced Ramsey process was introduced by
Marciniszyn, Mitsche, and Stojaković [MMS07], who studied a balanced variant of the online
Ramsey game discussed in the previous section. They proved explicit threshold functions for the
case where r = 2 and F is e.g. a cycle. In [PST09], we generalized these results to an arbitrary
number r ≥ 2 of colors, and a somewhat larger class of graphs F . The paper [KLS10+] mentioned
above also contains some results about creating monochromatic Hamilton cycles in the Balanced
Ramsey process.

2.2.4. Vertex settings. All three processes also allow variants where the goal is to color (or
select) vertices instead of edges. Often, these vertex settings are somewhat easier to deal with
than their edge counterparts and can serve as a testbed for new ideas or approaches.

For example, the approach used in [MSS09a, MSS09b] for the Ramsey process can be combined
with induction on the number of colors to obtain an analogous result in the vertex setting not
only for two, but an arbitrary number of colors [MS10+]. These results constitute Chapter 7 of
this thesis. Similarly, we believe that the main idea of [BMS10+] (reduction to a deterministic
two-player game) can be used to prove a more general result for the vertex Ramsey setting,
cf. Section 7.5.

In the same vein, the techniques used in [MST10+] for investigating the subgraph avoidance
problem in the Achlioptas process can be adapted to show an analogous result in the vertex
setting. In fact, with very little extra work one can show that in the vertex setting, the thresholds
of the Balanced Ramsey and the Achlioptas variant of the problem coincide for all graphs F ,
cf. Section 4.6. (The corresponding statement for the edge case is not true, cf. the P4 example
above!)

2.2.5. Offline settings. The word online is often used to emphasize the fact that decisions
have to be made before the entire input instance is available. In contrast, in offline problems the
entire random input instance is revealed at once. For example, Theorem 2.2 deals with an offline
problem, whereas the online Ramsey game discussed in Section 2.2.2 poses the same problem in
an online setting. Offline versions of online problems are often used as benchmarks to which the
performance of online strategies is compared.

An exact threshold result for the offline variant of the giant component avoidance problem in the
Achlioptas setting was proved by Bohman and Kim [BK06a]. A similar result for the relaxed
setting where we simply need to select half of the edges (instead of exactly one edge from every
pair) was given in [BFW04]. Recently, we showed in [SST10+] that the offline thresholds of
the giant component avoidance problem in both the Ramsey and the Balanced Ramsey setting
(with a fixed number r ≥ 2 of colors) coincide with the known thresholds for r-orientability
of the random graph [CSW07, FR07]. For the Ramsey case, this result was also obtained
independently in [BFK+10+].
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For the problem of avoiding small subgraphs, we showed in [KSS10] that for ‘most’ graphs F ,
the thresholds of both the Achlioptas and the Balanced Ramsey offline setting coincide with
the offline threshold for the Ramsey setting stated in Theorem 2.2. In particular, the offline
thresholds of all three problems do not depend on the number of colors r in order of magnitude,
which is in contrast to what happens in online scenarios. Thus the general picture is that online
versions of the small subgraph avoidance problem are much more sensitive to slight variations
of the rules than their offline counterparts, cf. again the P4 example above. Chapter 5 of this
thesis is based on these results.



CHAPTER 3

Preliminaries and notation

Most of our notation will be introduced in the specific chapter where it is needed. Here we only
list a few general preliminaries that will be used throughout this thesis.

3.1. Basic notation

All graphs are simple and undirected. Throughout, we denote the number of vertices of a graph
G by vG or v(G), and similarly the number of edges by eG or e(G). We tacitly assume that all
graphs contain at least one vertex, and call a graph empty if it has no edges, nonempty otherwise.
We denote a clique on ` vertices by K`, a cycle of length ` by C`, a path with ` edges by P`,
and a star with ` rays by K1,`. A graph is a forest if it contains no cycle, and a matching if
it has maximum degree 1. We use

.∪ to denote disjoint union of sets, and ∼= to denote graph
isomorphism.

Throughout, Gn,m denotes a graph drawn uniformly at random from all graphs with n vertices
andm edges, and Gn,p denotes a binomial random graph on n vertices obtained by including each
possible edge with probability p independently. We will also introduce und study the ‘random
r-matched graph’ Grn,m, cf. Section 4.2.1.

Unless stated otherwise, all asymptotics are with respect to n, the number of vertices of Gn,m
or Grn,m. We write f(n) � g(n) if f(n) = o(g(n)), f(n) � g(n) if f(n) = Θ(g(n)), and
f(n) � g(n) if f(n) = ω(g(n)). We say that an event En holds asymptotically almost surely
(a.a.s.) if Pr[En] = 1− o(1) as n→∞.

3.2. Density measures

The standard density measure for graphs is d(G) := eG/vG, which is exactly half of the average
degree. Besides d(G), we also use the so-called 2-density d2(G) := (eG − 1)/(vG − 2), which is
defined for nonempty graphs on at least three vertices. For the sake of completeness, we also
define d2(K2) := 1/2 and d2(G) := 0 if G is empty. For a given density function di, we let
mi(G) := maxH⊆G di(H). We say that G is balanced with respect to di if mi(G) = di(G). We
simply write balanced for balancedness w.r.t. d, and 2-balanced for balancedness w.r.t. d2.

The maximum density measures m and m2 are well-known and motivated by Theorems 2.1
and 2.2 respectively. In this thesis we will define several new density measures that turn out to
be relevant for the problems studied here. For further reference, we state the following elementary
observations, which are often helpful when arguing about densities.

Proposition 3.1. For a, c, C ∈ R and b, d > 0, we have
a

b
≤ C ∧ c

d
≤ C =⇒ a+ c

b+ d
≤ C and

a

b
≥ C ∧ c

d
≥ C =⇒ a+ c

b+ d
≥ C ,

and similarly, if also b > d,
a

b
≤ C ∧ c

d
≥ C =⇒ a− c

b− d ≤ C and
a

b
≥ C ∧ c

d
≤ C =⇒ a− c

b− d ≥ C .

12
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In particular, we have for a, c, C ∈ R and b > d > 0

a− c
b− d ≥

a

b
⇐⇒ c

d
≤ a

b
.



CHAPTER 4

Avoiding small subgraphs in the Achlioptas process

In this chapter we present our results for the problem of avoiding small subgraphs in the Achliop-
tas process. These results are joint work with Torsten Mütze and Henning Thomas; the corre-
sponding paper [MST10+] is currently under review.

4.1. Introduction

Consider the following graph process. Starting with the empty graph on n vertices, at every step
a new edge is drawn uniformly at random from all non-edges and inserted into the graph. A
natural question is how many edges will typically appear until the resulting graph satisfies some
monotone property, e.g., contains a triangle, is non-3-colorable, or is Hamiltonian.

It is not hard to see that the resulting graph after N steps is distributed uniformly over all
graphs on n vertices with exactly N edges. Thus the analysis of this process is closely related to
analyzing the ‘static’ random graph Gn,m (a graph drawn uniformly at random from all graphs
on n vertices with m edges) introduced by Erdős and Rényi [ER59]. As in the other chapters of
this thesis, our focus is the property of containing a copy of some fixed subgraph F . The general
threshold function for this property was determined by Bollobás [Bol81], cf. Theorem 2.1.

Assume now that the graph process is modified as follows: at every step r edges are drawn
uniformly at random from all edges that have not been drawn in previous steps. From these,
one has to be selected, and the other r − 1 are discarded. Thus after N steps, we have seen
rN edges, and selected exactly N out of these to create a graph GN . How does this freedom of
choice affect the thresholds that are known for the first model? Can we significantly increase or
decrease the number of steps it typically takes until GN satisfies some monotone property?

This process is known in the literature as the Achlioptas process (where usually r = 2). It
has become the standard paradigm for online power of two choices problems in the context of
random graphs. Among many natural properties of random graphs, the one that has received
most attention so far is the property of containing a linear-sized component. It turns out that
the emergence of such a ‘giant component’ can be both accelerated or slowed down by a constant
factor if appropriate edge selection strategies are used [BF01, BFW04, FGS05, BK06b,
SW07].

Only recently, other graph properties have been studied in this context [KLS09, KLS10+].
Motivated by Theorem 2.1, Krivelevich, Loh, and Sudakov [KLS09] considered the problem of
avoiding a copy of some fixed graph F in GN for as long as possible. For some special cases,
they proved an explicit threshold function N0 = N0(F, r, n) in the following sense: For any
N � N0, there exists an edge selection strategy that a.a.s. (asymptotically almost surely, i.e.
with probability tending to 1 as n tends to infinity) does not create a copy of F in the first N
steps of the process. On the other hand, if N � N0 then any online strategy will a.a.s. create
a copy of F within the first N steps. (Such an online threshold exists for any monotone graph
property, as can be shown along the lines of the multi-round exposure proof of the well-known

14
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offline result by Bollobás and Thomason [BT87]. Lemma 6.6 in Chapter 6 gives this argument
for the Ramsey process; the adaptation to the Achlioptas setting is straightforward.) The results
of [KLS09] can be summarized as follows.

Theorem 4.1 ([KLS09]). Let F be a cycle, a complete graph or a complete bipartite graph with
parts of equal size, and let r ≥ 2 be a fixed integer. Then the threshold for avoiding F in the
Achlioptas process with parameter r is

N0(F, r, n) = n2−1/d̃r∗(F ) ,

where

d̃r∗(F ) := max
s≥1

rs(e(F )− s) + rs−1
r−1

rs(v(F )− 2) + 2
. (4.1)

The maximum in (4.1) is attained for

• s = 1 if F = C` is a cycle of length ` ≥ 3,
• s = blogr((r − 1)`+ 1)c if F = K` is a complete graph of size ` ≥ 4,
• s = blogr((r − 1)`+ 1)c if F = K`,` is a complete bipartite graph with parts of size ` ≥ 3.

Moreover, they conjectured a general threshold of N0(F, r, n) = n2−1/m̃r∗(F ) for the problem,
where

m̃r∗(F ) := max
H⊆F

d̃r∗(H) . (4.2)

In this chapter we disprove this conjecture and give the general solution of the problem.

4.1.1. Our result. In order to state our result, we need to introduce some terminology and
notation. Throughout this chapter, we will use the notion of ordered graphs. An ordered graph
is a pair (H,π), where H is a graph, h := e(H), and π : E(H) → {1, . . . , h} is an ordering of
the edges of H, conveniently denoted by its preimages, π = (π−1(1), . . . , π−1(h)). In the context
of the Achlioptas process, we interpret the ordering π =: (e1, . . . , eh) as the order in which the
edges of H appeared in the process, where eh is the edge that appeared first (the ‘oldest’ edge)
and e1 is the edge that appeared last (the ‘youngest’ edge).

We denote by Π(E(H)) the set of all possible orderings of the edges of H, and by

S(F ) :=
{

(H,π) | H ⊆ F ∧ π ∈ Π(E(H))
}

the set of all ordered subgraphs of F . For some ordered graph (H,π) and some subgraph J ⊆ H,
we denote by π|J the order on the edges of J induced by π. Given an ordered graph (H,π),
π = (e1, . . . , eh), we denote by H \ e1 the graph obtained from H by removing the edge e1. As
we do not remove vertices (even if they become isolated), we always have v(H \ e1) = v(H). We
use π \ e1 as a shorthand notation for π|H\e1 , and e1 ∈ J as a shorthand notation for e1 ∈ E(J).

For a fixed integer r ≥ 2 and a fixed real value 0 ≤ θ ≤ 2, we introduce for any graph H and
any π = (e1, . . . , eh) ∈ Π(E(H)) the parameter λr,θ(H,π), defined recursively by

λr,θ(H,π) :=





v(H), if e(H) = 0,

λr,θ(H \ e1, π \ e1)− θ
+ (r − 1) · min

J⊆H: e1∈J
(λr,θ(J \ e1, π|J\e1)− 2), otherwise.

(4.3)

As we shall see, using an optimal edge selection strategy ensures that a.a.s. the number of copies
of (H,π) in GN with N = n2−θ is of order nλr,θ(H,π) at most.
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Furthermore, we set for r and θ as before and any graph F

Λr,θ(F ) := max
π∈Π(E(F ))

min
H⊆F

λr,θ(H,π|H) (4.4)

(where the minimum is over graphs H with at least one vertex). It is easily checked that as a
function of θ for fixed r and fixed nonempty (H,π) respectively F , both λr,θ(H,π) and Λr,θ(F )

are continuous, piecewise linear, and strictly decreasing (i.e., increasing with N = n2−θ).

Theorem 4.2. Let F be a fixed nonempty graph, and let r ≥ 2 be a fixed integer. Then the
threshold for avoiding F in the Achlioptas process with parameter r is

N0(F, r, n) = n2−θ∗ ,

where θ∗ = θ∗(F, r) is the unique solution of

Λr,θ(F )
!

= 0 , (4.5)

and Λr,θ() is defined in (4.3, 4.4).

The key insight behind our proofs is that the Achlioptas process can be related to a static object
very similarly to the way the standard random graph process can be related to the classical
random graph Gn,m. Namely, we consider the random r-matched graph Grn,m that is obtained as
follows: for some integer m divisible by r, generate a normal random graph Gn,m and then draw
a partition of the edge set into sets of size exactly r (called r-sets in the following) uniformly
at random. It is not hard to see that the first N many r-sets of the Achlioptas process are
distributed exactly like Grn,rN . From this point of view, the r − 1 edges that are discarded at
every step are not ‘thrown away’ but just ‘greyed out’ – they are still there and can be used
for purposes of analysis. This seems to be the key difference between our approach and the one
taken in [KLS09]. Using that some key results about small subgraphs of Gn,m have natural
analogues for Grn,m, the problem becomes amenable to standard first and second moment proof
techniques along the lines of the textbook proof of Theorem 2.1 (see e.g. [Bol01] or [JŁR00]).

Note that our definition of the Achlioptas process is slightly different from the one used e.g.
in [KLS09]: in our setup, discarded edges are completely removed from the process (i.e., never
presented again) instead of placed back in the pool of available edges. This is essential for our
approach since otherwise the graph formed by the first N many r-sets drawn in the process is not
uniformly distributed over all graphs with exactly rN edges (and neither over all multigraphs
with exactly rN edges). Nevertheless, the threshold given by Theorem 4.2 carries over to the
setting with replacement; we briefly outline the proof at the end of the chapter.

The online problem studied here gives rise to the following offline problem: given a random
r-matched graph Grn,m, can we select one edge from each r-set to obtain a graph that does not
contain a copy of F? As we shall show in Chapter 5 of this thesis (which is based on [KSS10]),
for any graph F and any fixed integer r ≥ 2, the threshold of this offline problem is m0(n) =

n2−1/m2(F ), where m2(F ) := maxH⊆F (eH − 1)/(vH − 2). As it turns out, for any nonempty
graph F the parameter θ∗(F, r) as defined in Theorem 4.2 satisfies

lim
r→∞

θ∗(F, r) = 1/m2(F ) , (4.6)

i.e., the online threshold approaches the offline threshold as the parameter r increases.
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4.1.2. The edge selection strategy. We prove the lower bound in Theorem 4.2 by analyzing
the following generic edge selection strategy. We consider an ordered graph (H,π) ∈ S(F ) the
more ‘dangerous’ the lower λr,θ∗(H,π) is (intuitively, a high value λr,θ∗(H,π) means that we will
have many copies of (H,π) anyway, cf. the remark after (4.3)). At every step, we determine for
each of the r edges the level of danger it entails by considering the most dangerous graph that
would be completed by this edge. Quantifying in this way how dangerous each edge is, we always
select the least dangerous edge available. Ties between graphs (and thus also edges) that are
equally dangerous in this sense are broken according to a somewhat technical rule, cf. Section 4.3.
Thus for a concrete forbidden graph F , an optimal strategy can be described as a simple priority
list of ordered graphs (H,π) ∈ S(F ).

Let us address one possible objection straight away. Our strategy remembers the order in which
edges were inserted into the graph GN , and it considers ordered subgraphs of GN to make its
decisions. This might seem pointless at first glance – after all, once a copy of H is present in
GN , why should it matter in which order π ∈ Π(E(H)) its edges appeared? In our approach the
order π is not of interest per se, but conveniently encodes information about how a given copy
of H overlaps with other copies of ordered graphs in GN . Presumably, there is a ‘memoryless’
strategy that does not remember the order in which edges appear, but we suspect that such a
strategy would have to look considerably more complicated.

4.1.3. Alternative formulation and special cases. We now present an equivalent formu-
lation of Theorem 4.2 that is more related to the maximum density perspective known from
Theorem 2.1, Theorem 2.2, and Theorem 4.1.

Given an ordered graph (H,π), π = (e1, . . . , eh), we denote by H\{e1, . . . , ei} the graph obtained
from H by removing the edges e1, . . . , ei. As before no vertices are removed. For any nonempty
ordered graph (H1, π), π = (e1, . . . , eh), any sequence of subgraphs H2, . . . ,Hh ⊆ H1 with
Hi ⊆ H1 \ {e1, . . . , ei−1} and ei ∈ Hi for all 2 ≤ i ≤ h, and any integer r ≥ 2, define coefficients
ci = ci((H1, π), H2, . . . ,Hh, r) recursively by

c1 := r ,

ci := (r − 1) ·
i−1∑

j=1

cj1{ei∈Hj} , 2 ≤ i ≤ h ,
(4.7)

(where 1{ei∈Hj} = 1 if ei ∈ Hj and 1{ei∈Hj} = 0 otherwise), and set

dr∗(H1, π) := max
H2,...,Hh

∀i≥2: Hi⊆H1\{e1,...,ei−1} ∧ ei∈Hi

1 +
∑h

i=1 ci(e(Hi)− 1)

2 +
∑h

i=1 ci(v(Hi)− 2)
. (4.8)

Furthermore, we set for any integer r ≥ 2 and any nonempty graph F

mr∗(F ) := min
π∈Π(E(F ))

max
H1⊆F

dr∗(H1, π|H1) . (4.9)

Note the duality between (4.4) and (4.9). Theorem 4.2 now can be reformulated as follows:

Theorem 4.3. Let F be a fixed nonempty graph, and let r ≥ 2 be a fixed integer. Then the
threshold for avoiding F in the Achlioptas process with parameter r is

N0(F, r, n) = n2−1/mr∗(F ) ,

where mr∗() is defined in (4.7, 4.8, 4.9).
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We will explain in Section 4.2.2 how Theorem 4.1 arises as a special case of Theorem 4.3.

Our threshold formulas can be simplified when the forbidden graph F is a forest. For any tree
T we introduce the parameter er∗(T ), defined recursively by

er∗(K1) := 0 ,

er∗(T ) := 1 + r · min
e∈T

T\e=: T1
.∪T2

(er∗(T1) + er∗(T2)) . (4.10)

Here the minimization is over all possible ways of removing one edge to divide T into two smaller
trees T1, T2. Moreover, we extend (4.10) to forests F by setting

er∗(F ) := max
{
er∗(T ) | T is a component of F

}
. (4.11)

For the case of forests, Theorem 4.2 can be reformulated as follows:

Theorem 4.4. Let F be a fixed nonempty forest, and let r ≥ 2 be a fixed integer. Then the
threshold for avoiding F in the Achlioptas process with parameter r is

N0(F, r, n) = n1−1/er∗(F ) ,

where er∗() is defined in (4.10, 4.11).

In particular, we obtain the next two corollaries. Recall that by P` we denote the path with `
edges, and by K1,` the star with ` rays.

Corollary 4.5. For any ` ≥ 1 and r ≥ 2, the threshold for avoiding P` in the Achlioptas process
with parameter r is N0(P`, r, n) = n1−1/er∗(P`), where

er∗(P`) =
∑̀

i=1

rblog2 ic =
(2r)p − 1

2r − 1
+ (`+ 1− 2p)rp (4.12)

and p = blog2(`+ 1)c. In particular, if ` = 2k − 1 for some integer k ≥ 1, then

er∗(P`) =
(2r)k − 1

2r − 1
.

Corollary 4.6. For any ` ≥ 1 and r ≥ 2, the threshold for avoiding K1,` in the Achlioptas
process with parameter r is N0(K1,`, r, n) = n1−1/er∗(K1,`), where

er∗(K1,`) =
r` − 1

r − 1
. (4.13)

From (4.12) and (4.13) we see that for fixed r ≥ 2 the parameter er∗(P`) grows polynomially in
`, while er∗(K1,`) grows exponentially in `. This is in contrast with Theorem 2.1, which gives a
threshold of n1−1/` for any tree on ` edges regardless of its structure.

4.1.4. Organization of this chapter. The rest of this chapter is organized as follows. Before
actually proving Theorem 4.2, we outline the key ideas of our approach in Section 4.2. In
Sections 4.3 and 4.4 we then prove the lower and upper bound part of Theorem 4.2, respectively.
Our upper bound proof relies on a somewhat technical deterministic statement, which is proved
in Section 4.5. In this section we also prove the equivalence of Theorems 4.2 and 4.3, and
derive Theorem 4.4 for the special case of forests. Finally, we give some concluding remarks in
Section 4.6.
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4.2. The random r-matched graph approach

We begin by presenting the elementary result about random r-matched graphs that is at the
heart of our approach. We then illustrate with several examples how this result is applied in our
proofs, and try to convey some intuition for the resulting threshold formulas.

4.2.1. r-matched graphs. An r-matched graph is a pair H = (V,K) such that K ⊆
((V2)
r

)
is a

family of disjoint r-sets of edges. For any r-matched graph H we use V (H) and K(H) to denote
the set of vertices and the family of r-sets of H, and we denote the cardinality of these sets
by v(H) and κ(H), respectively. Observe that subgraph containment, isomorphism and similar
notions have natural extensions to r-matched graphs.

The Achlioptas process can be described by r-matched graphs (Gr(n,N))0≤N≤(n2)/r
, where

Gr(n, 0) = (V (Kn), ∅) and Gr(n,N) is obtained from Gr(n,N − 1) by adding an r-set EN

drawn uniformly at random from all edges in
(
V (Kn)

2

)
\ (E1

.∪ · · · .∪ EN−1). Thus we have
Gr(n,N) = (V (Kn), {E1, . . . , EN}), and our goal is to select one edge fN from each r-set EN

immediately in such a way that GN = (V (Kn), {f1, . . . , fN}) does not contain a copy of F for
as long as possible. Note that, by symmetry, Gr(n,N) is distributed like Gn,m with m = rN if
we ignore the partition into r-sets (and the order in which the edges appear).

By Grn,m we denote a random r-matched graph obtained by first generating a normal random
graph Gn,m and then choosing a random partition of its edge set into sets of size r uniformly at
random (w.l.o.g. we assume thatm is divisible by r). Again by symmetry, Gr(n,N) is distributed
like Grn,m with m = rN if we take into account the partition into r-sets (but ignore the order in
which those appear). As mentioned, this allows us to analyze the process (Gr(n,N))0≤N≤(n2)/r
by studying the ‘static’ object Grn,m.

Theorem 2.1 generalizes to r-matched graphs as follows.

Theorem 4.7. Let r ≥ 2 be a fixed integer, and let F be a fixed nonempty r-matched graph.
Then

lim
n→∞

Pr[Grn,m contains a copy of F] =

{
1 if m� n2−1/m(F )

0 if m� n2−1/m(F )
,

where

m(F ) := max
H⊆F

κ(H)

v(H)− 2(r − 1)κ(H)
.

In our proofs we will need two related statements that are given by the following lemma.

Lemma 4.8. Let r ≥ 2 be a fixed integer, and let F be a fixed nonempty r-matched graph.

i) If m� 1, the expected number of copies of F in Grn,m is Θ
(
nv(F )(mn−2r)κ(F )

)
.

ii) If m� n2−1/m(F ), the number of copies of F in Grn,m is Θ
(
nv(F )(mn−2r)κ(F )

)
a.a.s.

Proof. We only prove part i) of the lemma. Part ii) and Theorem 4.7 then follow analogously
to the textbook first and second moment proof of Theorem 2.1 (see e.g. [Bol01] or [JŁR00]).

Let Aut(F ) denote the number of isomorphisms of F . There are
(

n

v(F )

)
v(F )!

Aut(F )
� nv(F )
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F = K4, r = 2
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Figure 4.1. The gluing intuition.

possible copies of F in Kn, and each of them is present in Grn,m with probability

((n2)−κ(F )r

m−κ(F )r

)

((n2)
m

) · 1(
m−1
r−1

) · 1(
m−r−1
r−1

) · . . . · 1(
m−(κ(F )−1)r−1

r−1

)

� (mn−2)κ(F )r · (m−(r−1))κ(F )

= (mn−2r)κ(F ) .

Here the first term in the first line is the probability that all κ(F )r edges of a fixed copy of F
are present, and the remaining terms are the probability that these edges are partitioned into
r-sets in the right way. �

For any r-matched graph H and 0 ≤ θ ≤ 2, let

µr,θ(H) := v(H)− 2(r − 1)κ(H)− κ(H) · θ . (4.14)

Note that by Lemma 4.8 the expected number of copies of H in Grn,m with m = n2−θ (for some
0 < θ < 2) is Θ(nµr,θ(H)), and that the threshold given by Theorem 4.7 can alternatively be
written as n2−θ̄, where θ̄ = θ̄(F, r) is the unique solution of minH⊆F µr,θ(H)

!
= 0.

4.2.2. Combinatorial interpretation of Theorem 4.3. We now outline how the results from
the previous section are applied in our approach. Our point of view in this section is mainly a
lower bound perspective: how can we analyze the performance of a given edge selection strategy,
and which strategies yield good lower bounds?

We start by discussing two examples for which the threshold was already found in [KLS09]
(cf. Theorem 4.1). Our approach via r-matched graphs allows us to interpret the density d̃r∗(F )

as defined in (4.1) combinatorially. In this combinatorial interpretation, it then becomes quite
apparent that the formula in Theorem 4.1 fails to capture several features of the general problem.
Our point of reference in this section is Theorem 4.3, which can be compared to Theorem 4.1
more directly than Theorem 4.2.
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4.2.2.1. The gluing intuition. Consider the example F = K4 and r = 3, and suppose we use the
simplest strategy imaginable: at every step N , we select an arbitrary edge fN from EN that
does not close a copy of F = K4 if such an edge is available. We shall refer to this strategy as
the naive strategy in the following. Then clearly we lose at step N if and only if every edge from
EN would close a copy of K4 in GN . Typically this means that Gr(n,N) contains an r-matched
subgraph H as shown on the left hand side of Figure 4.1. (In all figures of this section, the dashed
ovals indicate r-sets, and edges that were presented but not selected are drawn grey. Note that
for many black edges the r − 1 grey partner edges are omitted since they are irrelevant in our
considerations.) In some sense, the r-matched graph H captures a possible ‘history of failure’
for the naive strategy. Theorem 4.7 allows us to conclude that as long as N � n2−1/d(H), where

d(H) :=
κ(H)

v(H)− 2(r − 1)κ(H)
,

H a.a.s. does not appear as a subgraph of Grn,rN , and that consequently we do not lose as shown
in Figure 4.1. (In general, it is possible that the three copies of F = K4 overlap to some extent,
giving rise to several more possible ‘histories of failure’. However, we can argue in exactly the
same way for each of them and obtain that none of these appears as long as N � n2−1/d(H).
For the rest of this section, we ignore this issue and focus on ‘typical’ histories only, i.e. those
in which no overlappings occur.) Since d(H) = 16/8 = 2, it follows that the naive strategy
‘survives’ a.a.s. as long as N � n2−1/2 = n3/2. Theorem 4.1 asserts that this is indeed the
threshold for this example.

Observe that the terms κ(H) and v(H)−2(r−1)κ(H) in the definition of d(H) have the following
combinatorial interpretation: if we contract the r edges of each r-set of H into a single edge, we
obtain a graph H̄ with exactly κ(H) edges and v(H) − 2(r − 1)κ(H) vertices (see Figure 4.1).
We also refer to this as ‘gluing together’ the three copies of F = K4. Thus we have

d(H) =
e(H̄)

v(H̄)
,

where H̄ is the glued version of H.

Summarizing, the gluing intuition allowed us to analyze the naive strategy by constructing the
associated history graph H and counting the edges and vertices of its glued version H̄. As we
shall see next, this approach also works for more complicated strategies.

4.2.2.2. Maximization over subgraph sequences. For F = K4 and r = 2 the naive strategy can be
analyzed analogously: the glued version H̄ of the corresponding history graph (two copies of K4

glued together at an edge) yields e(H̄)/v(H̄) = 11/6, and thus the lower bound guaranteed by the
naive strategy is n2−6/11 = n16/11. As it turns out, this is not optimal: a better strategy is to not
only avoid copies of K4, but to also consider K4\e a (lower-priority) threat. (Here K4\e denotes
the graph obtained by removing one edge from K4.) A ‘typical’ history graph H corresponding
to this strategy is shown in Figure 4.1 (every copy of K4 or K4\e was closed because the strategy
was forced to do so by a second copy of the same type). We obtain e(H̄)/v(H̄) = 19/10 > 11/6,
i.e., this two-stage strategy is indeed better than the naive strategy. According to Theorem 4.1,
this is best possible, i.e., n2−10/19 = n28/19 is in fact the threshold for this example.

Note that in this example the history of failure goes back two steps in time. In all our examples
we indicate the order in which the last r-sets appeared by e1 and e2, where e1 denotes the last
r-set and e2 the r-sets that appeared just before e1.

Similarly we can analyze strategies that go over even more stages. As a result, determining the
best strategy for a given graph F essentially corresponds to determining a sequence of subgraphs
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Figure 4.2. Maximization over subgraph sequences.

H1, . . . ,Hh ⊆ F that should be avoided. This is reflected by the maximizations in (4.8) and (4.9).
In fact, the numerator and denominator on the right hand side of (4.8) count exactly the number
of edges and vertices of the glued version H̄ of the history graph H corresponding to the sequence
H1, . . . ,Hh. Note that the formalism allows to set Hi = K2, which results in subgraph sequences
that have strictly less than h relevant entries. For the examples F = K4 and r = 3 or r = 2

discussed above, maximizing subgraph sequences are given by H1 = K4, H2 = · · · = H6 = K2

and H1 = K4, H2 = K4 \ e,H3 = · · · = H6 = K2, respectively.

Let F \ ie denote any graph obtained by removing exactly i edges from F . The formula in
Theorem 4.1 corresponds to the special case of (4.8) when

Hi = F \ (i− 1)e , 1 ≤ i ≤ s ,
Hi = K2 , s+ 1 ≤ i ≤ e(F ) ,

(4.15)

and thus ci = ri − ri−1 for 2 ≤ i ≤ s (note that the values cs+1, . . . , ce(F ) are irrelevant). Also
note that setting s = 1 yields the lower bound resulting from the naive strategy.

In general, a maximizing subgraph sequence may look different from (4.15). Consider for instance
the ‘bowtie’ graph depicted in Figure 4.2. Here the maximizing sequence is H1 = F , H2 = K3

(and H3 = · · · = H6 = K2), yieldingmr∗(F ) = 15/10 (and hence a threshold of n2−10/15 = n4/3),
whereas (4.2) evaluates to the wrong value m̃r∗(F ) = d̃r∗(F ) = max{11/8, 19/14, . . . } = 11/8

(cf. Figure 4.2).

4.2.2.3. Minimization over edge orderings. An essential feature of the problem that is out of
control of a strategy is the order in which the edges arrive to close certain substructures. We
illustrate this with the example shown in Figure 4.3. Suppose our strategy is as follows: avoid
copies of F with high priority, and copies of C3 and C4 with lower priority. Then there are two
‘typical’ ways of losing: either we lose because we first closed copies of C4 and then a copy of
F (H1 = F , H2 = C4), or because we first closed copies of C3 and then a copy of F (H1 = F ,
H2 = C3). Since we lose as soon as either one of these scenarios occurs, the resulting lower
bound is given by the minimum of the two values 19/14 and 17/12 (cf. Figure 4.3).
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Figure 4.3. Minimization over edge orderings.

This is reflected by the minimization over all edge orderings π ∈ Π(E(F )) in (4.9). In general,
different edge orderings of F yield different maximizing subgraph sequences, cf. (4.8). Note that
an optimal strategy cannot just focus on the most dangerous ordering, but will have to take care
of all orderings (i.e. all possible ways of losing) simultaneously.

4.2.2.4. Trees. Let us point out one last phenomenon, which is particularly important for sparse
graphs like trees: it is possible that F does not grow step by step as in the previous examples,
but is obtained from several components that first evolve separately and only grow together later
in the process. This is illustrated in Figure 4.4 to the left, where the last black edge connects
two P3’s that have evolved independently before.

In general, if the forbidden graph F is a tree, then the glued version H̄ of a ‘typical’ r-matched
history graph H is a tree as well, satisfying v(H̄) = e(H̄) + 1 (cf. Figure 4.4). The for-
mula in Theorem 4.4 is the result of directly considering er∗(F ) = e(H̄) instead of mr∗(F ) =

er∗(F )/(er∗(F ) + 1).

4.2.3. Equivalence of Theorem 4.2 and Theorem 4.3. We conclude this section by pro-
viding an intuitive justification for the two dual formulations of our main result.

In the above examples, our goal was to find strategies that guaranteed that F appeared as late as
possible in the Achlioptas process. This boiled down to maximizing d(H) = e(H̄)/v(H̄), which
essentially corresponded to maximizing H1, . . . ,Hh in (4.8) and (4.9).

Suppose now that instead we want to minimize the number of copies of F after exactly N = n2−θ

steps of the process, for some fixed 0 < θ < 2. In this setting we can evaluate the performance
of a given strategy quite similarly to before, except that now we have to minimize the expected
number of copies of some history graph H in Gr(n,N) (instead of maximizing d(H)). By
Lemma 4.8, this expectation is of order

nv(H)−2(r−1)κ(H)−κ(H)·θ(4.14)
= nµr,θ(H) ,
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Figure 4.4. Paths and stars.

where, using the gluing intuition, the exponent µr,θ(H) can be written as

µr,θ(H) = v(H)− 2(r − 1)κ(H)− κ(H) · θ = v(H̄)− e(H̄) · θ .

So rather than maximizing the ratio e(H̄)/v(H̄) we now minimize the linear function v(H̄) −
e(H̄) · θ for some fixed 0 < θ < 2. If the fixed parameter θ is such that µr,θ(H) ≤ 0, then for
N � n2−θ the history graph H a.a.s. does not appear in Gr(n,N) by Markov’s inequality. By
the same arguments as before, this implies that no copy of F is closed in the first N steps, and
the smallest θ (corresponding to the largest N = n2−θ) for which we can argue like this is of
course θ∗ as defined in Theorem 4.2.

The advantage of this slightly roundabout way of carrying out the same arguments as in Sec-
tion 4.2.2 is that the problem of minimizing subgraph counts for some fixed N = n2−θ has a
recursive structure. In particular, for 0 < θ < 2 fixed, a sequence H1, . . . ,Hh ⊆ F minimizing
µr,θ(H) of the associated history graph H can be found recursively (instead of by an unwieldy
global optimization as in (4.8)). This leads to the recursive definition of the parameter λr,θ() in
(4.3), which determines our general lower bound strategy.

4.3. Lower bound

4.3.1. Preliminaries. We will need the following technical lemma.

Lemma 4.9. Let r ≥ 2 be an integer, 0 ≤ θ ≤ 2 fixed, and let F be a family of ordered graphs
with the property that if some (H,π), π = (e1, . . . , eh), is in F , then for every subgraph J ⊆ H

with e1 ∈ J , also (J, π|J) is in F . Then for λr,θ() as defined in (4.3) we have

arg min
(H,π)∈F

λr,θ(H,π) = arg min
(H,π)∈F

λr,θ(H \ e1, π \ e1) ⊆ F , (4.16)

and all ordered graphs (Ĵ , π̂), π̂ = (ê1, . . . , êj), in the family (4.16) satisfy

λr,θ(Ĵ , π̂) = 2− θ + r · (λr,θ(Ĵ \ ê1, π̂ \ ê1)− 2) . (4.17)
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Proof. As the family F is closed under taking subgraphs, the inner minimization on the right
hand side of

min
(H,π)∈F

λr,θ(H,π)
(4.3)
= min

(H,π)∈F

{
λr,θ(H \ e1, π \ e1)− θ+ (r−1) · min

J⊆H: e1∈J
(λr,θ(J \ e1, π|J\e1)−2)

}

can be dropped. Rearranging terms yields

min
(H,π)∈F

λr,θ(H,π) = min
(H,π)∈F

{
2− θ + r · (λr,θ(H \ e1, π \ e1)− 2)

}

= 2− θ + r ·
(

min
(H,π)∈F

λr,θ(H \ e1, π \ e1)− 2
)
,

where the minimum is attained by the same graphs on both sides. Both (4.16) and (4.17)
follow. �

4.3.2. Lower bound proof. We give a more formal description of the edge selection strategy
outlined in Section 4.1.2. Let r ≥ 2 and 0 ≤ θ ≤ 2 be arbitrary but fixed. By saying that an
edge f ∈ EN closes a copy of (H,π) ∈ S(F ) we mean that f completes a copy of (H \ e1, π \ e1)

in GN−1 to a copy of (H,π) in GN (where e1 is the first edge of π). At step N of the Achlioptas
process, we calculate for each edge f ∈ EN the value

d(f) := min
{
λr,θ(H,π) | f closes a copy of (H,π) ∈ S(F )

}
, (4.18)

and select fN as the edge for which this value is maximal.

Ties are broken according to the following rule: consider the directed graph G = G(F ) with
vertex set S(F ) and arcs given by proper (ordered) subgraph inclusion; i.e., from every vertex
(H,π) there are arcs to all vertices (J, π|J) with J ( H. Clearly, G contains no directed cycles.
We extend G to a graph G′ = G′(F, r, θ) by first connecting every pair of distinct vertices (H1, π1),
(H2, π2) for which λr,θ(H1, π1) = λr,θ(H2, π2) with an (undirected) edge, and then orienting these
additional edges in such a way that the directed graph G′ remains acyclic. (It is easy to see that
this is always possible.) Note that for every fixed λ0 ∈ R this yields a total ordering on all graphs
(H,π) with λr,θ(H,π) = λ0. We say that (H1, π1) is higher than (H2, π2) in this ordering if the
corresponding arc in G′ is directed from (H1, π1) to (H2, π2). Our strategy breaks ties according
to this ordering: whenever we have the choice between different edges with the same value d(f),
then for each such edge f we consider the set of ordered graphs

J (f) :=
{

(H,π) ∈ S(F ) | f closes a copy of (H,π) ∧ λr,θ(H,π) = d(f)
}
, (4.19)

and, among these, we let J(f) ∈ J (f) denote the graph which is lowest in the total ordering for
λ0 := d(f). Then we select the edge f for which J(f) is highest in the total ordering for λ0.

A careful analysis of this strategy along the lines of our informal considerations in Section 4.2
yields the following lemma. Note that its statement is purely deterministic and holds even if the
r edges presented at each step of the Achlioptas process are selected by an adversary.

Lemma 4.10. Let r ≥ 2 be an integer and 0 ≤ θ ≤ 2 be fixed. Following the above edge
selection strategy ensures that the following invariant is maintained throughout for some vmax =

vmax(F, r, θ):

The graph Gr(n,N) contains an r-matched subgraph K ′ with v(K ′) ≤ vmax and

µr,θ(K
′) < 0 , (4.20)

or for every (H,π) ∈ S(F ) we have that every copy of (H,π) in GN is contained in an r-matched
subgraph H ′ of Gr(n,N) with v(H ′) ≤ vmax and

µr,θ(H
′) ≤ λr,θ(H,π) , (4.21)
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where λr,θ() and µr,θ() are defined in (4.3) and (4.14), respectively.

With Lemma 4.10 in hand, the proof of the lower bound in Theorem 4.2 is straightforward.

Proof of Theorem 4.2 (lower bound). Let θ∗ = θ∗(F, r) be defined as in the theorem.
We show that the above edge selection strategy with θ := θ∗ a.a.s. avoids F as long as N �
N0(F, r, n) = n2−θ∗ .

By the definition of θ∗ (cf. (4.4) and (4.5)), for each possible ordering π of the edges of F there
exists an ordered subgraph (H,σ), σ := π|H , with λr,θ∗(H,σ) ≤ 0. According to Lemma 4.10,
the following holds for each such (H,σ): if GN contains a copy of (H,σ), then Gr(n,N) contains
an r-matched graph K ′ with v(K ′) ≤ vmax satisfying (4.20), or an r-matched graph H ′ with
v(H ′) ≤ vmax satisfying

µr,θ∗(H
′)

(4.21)
≤ λr,θ∗(H,σ) ≤ 0 .

This yields a family W = W(F, π, r) of r-matched graphs W ′ satisfying µr,θ∗(W
′) ≤ 0 and

v(W ′) ≤ vmax such that, deterministically, Gr(n,N) contains a graph from W if GN contains a
copy of (F, π) (and hence also a copy of (H,σ)). It follows that Gr(n,N) contains a graph from
W∗ =W∗(F, r) :=

⋃
π∈Π(E(F ))W(F, π, r) if GN contains a copy of F . Moreover, since no graph

in W∗ has more than vmax(F, r, θ∗(F, r)) vertices, the size of W∗ is bounded by a constant only
depending on F and r. Thus by Lemma 4.8, the definition of µr,θ∗() in (4.14), and the fact that
µr,θ∗(W

′) ≤ 0 for all W ′ ∈ W∗, the expected number of copies of graphs from W∗ in Gr(n,N)

with N � n2−θ∗ is of order
∑

W ′∈W∗
nv(W ′)(Nn−2r)κ(W ′) �

∑

W ′∈W∗
nµr,θ∗ (W ′) ≤ |W∗| · n0 = Θ(1) .

It follows with Markov’s inequality that a.a.s. Gr(n,N) contains no graph from W∗. Conse-
quently, a.a.s. GN contains no copy of F . �

It remains to prove Lemma 4.10. It is not too hard to prove by induction on N that our strategy
and the recursive definition of λr,θ(H,π) in (4.3) guarantee the existence of K ′ satisfying (4.20)
or H ′ satisfying (4.21) (cf. (4.39) below). The more difficult part is to guarantee that K ′ or H ′

does not become arbitrarily large. This requires some rather technical work, and is also the point
where the tie-breaking rule introduced above comes into play.

Proof of Lemma 4.10. To simplify notation, we drop subscripts and write λ = λr,θ and µ =

µr,θ in the following. For the reader’s convenience, Figure 4.5 illustrates the notations used
throughout the proof. For the first part of the argument, only the top part of Figure 4.5 is
relevant.

Let

ε = ε(F, r, θ) := min{ |λ(H1, π1)− λ(H2, π2)| | (H1, π1), (H2, π2) ∈ S(F )

∧ λ(H1, π1) 6= λ(H2, π2) } > 0 (4.22)

and
vmax = vmax(F, r, θ) := r(v(F )/ε+1)|S(F )|+2v(F ) . (4.23)

We proceed by induction on N , showing that the statement about graphs (H,π) ∈ S(F ) is true
for as long as Gr(n,N) does not contain an r-matched subgraph K ′ with v(K ′) ≤ vmax satisfying
(4.20). Note that the statement holds trivially if H has no edges: for any copy of (H,π) in GN we
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Figure 4.5. Notations used in the proof of Lemma 4.10. The arcs of T (H ′)
drawn grey are either grey or red in the proof.

define H ′ to be exactly this copy, yielding µ(H ′) = v(H) = λ(H,π) and v(H ′) = v(H) ≤ vmax.
This also takes care of the induction base N = 0.

Let EN =: {f1, . . . , fr}, and assume w.l.o.g. that f1 is the edge fN that gets selected by our
strategy. Furthermore, fix some ordered graph (H,π) ∈ S(F ) with e(H) ≥ 1, and assume that
f1 completes a copy of (H \ ē1, π \ ē1) to a copy of (H,π) in GN (where ē1 is the first edge of π).
By induction, this copy is contained in an r-matched graph H ′1 = (V1,K1) in Gr(n,N − 1) with

µ(H ′1)
(4.21)
≤ λ(H \ ē1, π \ ē1) (4.24)

and

v(H ′1) ≤ vmax . (4.25)

By the definition of our strategy, the edges fi would have closed copies of some ordered graphs
(Ji, πi) ∈ S(F ) satisfying

λ(Ji, πi) = d(fi) , 1 ≤ i ≤ r , (4.26)

(cf. (4.18)) and

d(fi) ≤ d(f1) , 2 ≤ i ≤ r . (4.27)
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Let Ĵ be some graph from arg minJ⊆H:ē1∈J λ(J \ ē1, π|J\ē1), and note that f1 also completed a
copy of (Ĵ \ ē1, π|Ĵ\ē1) to a copy of (Ĵ , π|

Ĵ
), implying that

λ(J1, π1) ≤ λ(Ĵ , π|
Ĵ
) (4.28)

(note that (J1, π1) and (Ĵ , π|
Ĵ
) might actually be the same graph). Combining (4.26), (4.27)

and (4.28) yields

λ(Ji, πi) ≤ λ(J1, π1) ≤ λ(Ĵ , π|
Ĵ
) , 2 ≤ i ≤ r . (4.29)

Applying Lemma 4.9 to the families Fi = {(J, σ) ∈ S(F ) | fi closes a copy of (J, σ)}, 1 ≤ i ≤ r,
and F̂ = {(J, π|J) | J ⊆ H ∧ ē1 ∈ J} yields that the transformation (4.17) holds for both
(Ji, πi), 1 ≤ i ≤ r, and (Ĵ , π|

Ĵ
). Thus it follows from inequality (4.29) that

λ(Ji \ e1, πi \ e1) ≤ λ(Ĵ \ ē1, π|Ĵ\ē1) , 2 ≤ i ≤ r . (4.30)

(With slight abuse of notation, we write (Ji \ e1, πi \ e1) and tacitly assume that the variable e1

represents the first edge of πi, adapting to the context.) By induction, the copies of the graphs
(Ji \ e1, πi \ e1) that were completed by the edges fi to copies of (Ji, πi), 2 ≤ i ≤ r, are contained
in r-matched graphs J ′i = (Vi,Ki) in Gr(n,N − 1) with

µ(J ′i)
(4.21)
≤ λ(Ji \ e1, πi \ e1)

(4.30)
≤ λ(Ĵ \ ē1, π|Ĵ\ē1) , 2 ≤ i ≤ r , (4.31)

and

v(J ′i) ≤ vmax , 2 ≤ i ≤ r . (4.32)

Recall that H ′1 = (V1,K1) is the r-matched graph containing the copy of (H \ ē1, π \ ē1) that
was completed by f1 = fN to the copy of (H,π) ∈ S(F ) we are considering. If µ(H ′1) < 0 or
µ(J ′i) < 0 for some 2 ≤ i ≤ r, then we have found an r-matched graph K ′ with µ(K ′) < 0

and v(K ′) ≤ vmax (cf. (4.25) and (4.32)). Otherwise we have µ(H ′1) ≥ 0 and µ(J ′i) ≥ 0 for all
2 ≤ i ≤ r. We will argue later that this implies even stronger bounds on the number of vertices
of H ′1 and J ′i , namely

v(H ′1) ≤ vmax/r ,

v(J ′i) ≤ vmax/r , 2 ≤ i ≤ r .
(4.33)

We define the r-matched graph

H ′ :=
( ⋃

1≤i≤r
Vi, {EN}

.∪
⋃

1≤i≤r
Ki
)
. (4.34)

Furthermore, we define for 2 ≤ i ≤ r the r-matched graphs

K ′i :=
(
Vi ∩

⋃

1≤j≤i−1

Vj ,Ki ∩
⋃

1≤j≤i−1

Kj
)
. (4.35)

Standard inductive arguments yield

v(H ′) = v(H ′1) +
r∑

i=2

v(J ′i)−
r∑

i=2

v(K ′i) , (4.36)

κ(H ′) = κ(H ′1) +

r∑

i=2

κ(J ′i)−
r∑

i=2

κ(K ′i) + 1 . (4.37)
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From (4.33) and (4.35) we conclude that v(K ′i) ≤ vmax/r ≤ vmax, 2 ≤ i ≤ r. Therefore, if
µ(K ′i) < 0 for some 2 ≤ i ≤ r, then we have found an r-matched graph K ′ with µ(K ′) < 0 and
v(K ′) ≤ vmax. Otherwise we have

µ(K ′i) ≥ 0 , 2 ≤ i ≤ r . (4.38)

Combining our previous observations we obtain that

µ(H ′)
(4.14),(4.36),(4.37)

= µ(H ′1) +
r∑

i=2

µ(J ′i)−
r∑

i=2

µ(K ′i)− 2r + (2− θ)

(4.24),(4.31),(4.38)
≤ λ(H \ ē1, π \ ē1)− θ + (r − 1) · (λ(Ĵ \ ē1, π|Ĵ\ē1)− 2)

(4.3)
= λ(H,π) ,

(4.39)

which proves (4.21). From (4.33) and (4.34) we conclude that v(H ′) ≤ vmax.

It remains to show (4.33), i.e. that for every r-matched graph H ′ as defined in (4.34) with
µ(H ′) ≥ 0 we have v(H ′) ≤ vmax/r.

In the above argument we constructed the r-matched graph H ′ containing the copy of (H,π)

inductively from the r-matched graph H ′1 containing the copy of (H\ē1, π\ē1) and the r-matched
graphs J ′i containing the copies of (Ji \ e1, πi \ e1), 2 ≤ i ≤ r. We associate this inductive
construction with an edge-colored directed rooted tree T (H ′) as follows (cf. Figure 4.5): the
vertices of T (H ′) correspond to copies of graphs from S(F ) in GN (the same copy may appear
as a vertex multiple times). If H has no edges (recall that in this case H ′ is empty as well),
T (H ′) consists only of this copy of (H,π) as an isolated vertex. Otherwise T (H ′) consists of the
copy of (H,π) as the root vertex joined to r subtrees, T (H ′1) and T (J ′i) for all 2 ≤ i ≤ r, where
T (H ′1) is connected to the root by a black arc, and every T (J ′i) is connected to the root by an
arc that is either grey or red according to the following criterion: Each such arc corresponds to
an instance of the inequalities in (4.29) somewhere along the induction. The arc is grey if both
these inequalities are tight, i.e., λ(Ji, πi) = λ(Ĵ , π|

Ĵ
), and red if at least one of them is strict,

i.e., λ(Ji, πi) < λ(Ĵ , π|
Ĵ
). All arcs are oriented away from the root. Note that the tree T (H ′)

captures only the logical structure of the inductive history of H ′. Overlappings (captured by the
graphs K ′i, 2 ≤ i ≤ r) are completely neglected.

Every red arc of T (H ′) corresponds to a strict inequality in (4.29). In this case, as a consequence
of (4.17), inequality (4.30) (and thus also (4.31)) is strict as well, with a difference of at least ε
between the right and the left hand side (cf. (4.22)). Consequently, each red arc contributes a
term of −ε to the right hand side of (4.39) in the corresponding induction step. Accumulating
these terms along the induction yields that

µ(H ′) ≤ λ(H,π)− `(H ′) · ε , (4.40)

where `(H ′) denotes the number of red arcs in T (H ′).

Note that λ(H,π) ≤ v(F ) for all (H,π) ∈ S(F ). Thus if µ(H ′) ≥ 0, then by (4.40) the tree
T (H ′) has at most λ(H,π)/ε ≤ v(F )/εmany red arcs. We will show that, due to our tie-breaking
rule involving the auxiliary graph G′, this bound on the number of red arcs implies the claimed
bound of vmax/r on the number of vertices of H ′. To that end, we first show that if two vertices
of T (H1) are connected by a (directed, i.e. descending) path P that contains no red arcs, then
these two vertices correspond to copies of different ordered graphs (H1, π1), (H2, π2) ∈ S(F ).

Observe that if both inequalities in (4.29) are tight for some 2 ≤ i ≤ r (i.e., the corresponding
arc is grey), then by our tie-breaking rule there is an arc from (Ĵ , π|

Ĵ
) to (J1, π1) and an arc
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from (J1, π1) to (Ji, πi) in the auxiliary graph G′ (unless (Ĵ , π|
Ĵ
) = (J1, π1) or (J1, π1) = (Ji, πi)

of course). Here we assume w.l.o.g. that for 1 ≤ i ≤ r, (Ji, πi) is lowest among all graphs in
J (fi) with respect to the total ordering given by G′, cf. (4.19).
Using this observation we can associate the path P with a directed walk P ′ (of possibly different
length) in G′ as follows: the initial vertex of P ′ is (H1, π1). For each black arc on P from a
copy of some (H,π) ∈ S(F ) to a copy of (H \ ē1, π \ ē1) we extend P ′ by an arc from (H,π) to
(H \ ē1, π \ ē1). For each grey arc on P from a copy of some (H,π) ∈ S(F ) to a copy of some
(Ji \ e1, πi \ e1) ∈ S(F ) for some 2 ≤ i ≤ r we extend P ′ by up to four arcs, from (H,π) to
(Ĵ , π|

Ĵ
), from there to (J1, π1), from there to (Ji, πi) and from there to (Ji \ e1, πi \ e1) (if some

of these graphs happen to be the same, then the extension is less than four arcs long). By the
definition of the graph G′ and our tie-breaking rule, all these arcs exist in G′. Proceeding in this
manner we obtain a directed walk P ′ in G′ from (H1, π1) to (H2, π2). As G′ is acyclic we must
have (H1, π1) 6= (H2, π2).

It follows that a (directed) path in T (H ′) that contains no red arcs has at most |S(F )| vertices.
Since in total there are at most v(F )/ε many red arcs in T (H ′), it follows that the depth of
T (H ′) is bounded by

(v(F )/ε+ 1)|S(F )| ,
and that consequently

v(T (H ′)) ≤ 1 + r + r2 + · · ·+ r(v(F )/ε+1)|S(F )| ≤ r(v(F )/ε+1)|S(F )|+1 .

Observing that every vertex of T (H ′) corresponds to at most v(F ) vertices of H ′, we finally
obtain that

v(H ′) ≤ r(v(F )/ε+1)|S(F )|+1 · v(F )
(4.23)

= vmax/r .

This justifies (4.33) and concludes the proof. �

4.4. Upper bound

4.4.1. Preliminaries. A grey-black r-matched graph is a triple H = (V,K, B) such that (V,K)

is an r-matched graph, and B is an edge set containing exactly one edge from every r-set in K.
The |K| many edges in B are considered black, and the remaining |K|·(r−1) edges are considered
grey. For any grey-black r-matched graph H we use V (H), K(H) and B(H) to denote the set of
vertices, the family of r-sets and the set of black edges of H, respectively. We sometimes ignore
the coloring and tacitly identify H with the underlying r-matched graph (V (H),K(H)).

We may naturally interpret the edge that is selected at each step of the Achlioptas process as
being colored black, and the r− 1 edges that are discarded as being colored grey. More formally,
we denote by G̃N the grey-black r-matched graph (V (Kn), {E1, . . . , EN}, {f1, . . . , fN}), i.e., the
grey-black version of Gr(n,N) in which exactly the edges of GN are colored black.

For any natural number t and any (grey-black r-matched) graph H we denote by t·H the disjoint
union of t copies of H. The following definition is illustrated in Figure 4.6 for the case r = 2.

Definition 4.11. For any integer r ≥ 2 and any ordered graph (F, π), π = (e1, . . . , ef ), we
define the grey-black r-matched graph F πr , and a distinguished black copy of the (ordered) graph
(F, π) in F πr , referred to as the central copy of (F, π) in F πr , recursively as follows:

• If F has no edges, we set F πr := F and call this the central copy of (F, π) in F πr .
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Figure 4.6. Construction of F πr for the case r = 2. We use the abbreviation
Fi− := F \ {e1, . . . , ei}, where π = (e1, . . . , ef ). A label of Fi− indicates that
the corresponding black edges form an (ordered) copy of Fi−. Note that each of

the two copies H1, H2 of (F \ e1)
π\e1
2 = (F1−)

π|F1−
2 (indicated by dashed lines) is

formed by two copies of (F2−)
π|F2−
2 (indicated by dotted lines), and so on.

• Otherwise, F πr is obtained as follows. Let Hi = (Vi,Ki, Bi), 1 ≤ i ≤ r, be r disjoint copies
of (F \ e1)

π\e1
r , and let K = {f1, . . . , fr} be an r-set of edges such that for all 1 ≤ i ≤ r the

edge fi completes the central copy of (F \ e1, π \ e1) in Hi to a copy of (F, π). We define

V (F πr ) :=
.⋃

1≤i≤r
V (Hi) ,

K(F πr ) := {K} .∪
.⋃

1≤i≤r
K(Hi) ,

B(F πr ) := {f1}
.∪

.⋃

1≤i≤r
B(Hi)

and define the central copy of (F, π) in F πr to be the copy that is formed by the central
copy of (F \ e1, π \ e1) in H1 and the black edge f1.

We refer to the r-set K added in the recursive step as the central r-set in F πr .

Note that even though ordered graphs are used in the above construction, F πr is considered an
unordered (grey-black r-matched) graph.

As it turns out, the threshold given by Theorem 4.2 and Theorem 4.3 is in fact the threshold for
the appearance of the r-matched graph F πr corresponding to the ‘most dangerous’ π ∈ Π(E(F ))

in Grn,m (or Gr(n,N)), as given by Theorem 4.7. In other words, we have

mr∗(F ) = min
π∈Π(E(F ))

m(F πr ) .
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In essence, our upper bound proof relies on the same variance calculations that are used in the
proof of Theorem 4.7 (or Theorem 2.1). However, in order to be able to control which edges will
be colored black during the process, we shall do this variance calculation in e(F ) rounds, each
round corresponding to one step of the recursive definition of F πr .

We shall show that if the number of steps N in the Achlioptas process is such that N � n2−θ′ ,
where θ′ = θ′(F, π, r) is defined in (4.41) below, then a.a.s. a copy of the ordered graph (F, π)

will be created in GN , regardless of the edge selection strategy employed. The upper bound in
Theorem 4.2 then follows immediately by considering an optimal edge ordering π ∈ Π(E(F )),
i.e., one that yields the lowest possible upper bound (cf. (4.4)). The next lemma essentially
states that for N � n2−θ′ , the expected number of copies of any subgraph J ⊆ F πr in Gr(n,N)

is ω(1). This is exactly what is needed for the mentioned variance calculation to work out. The
proof of Lemma 4.12 is quite technical and deferred to Section 4.5.

Lemma 4.12. Let r ≥ 2 be an integer, and let (F, π) be a nonempty ordered graph. Let F πr be
as in Definition 4.11, and let θ′ = θ′(F, π, r) be the unique solution of

min
H⊆F

λr,θ(H,π|H)
!

= 0 , (4.41)

where λr,θ() is defined in (4.3). Then every r-matched subgraph J ⊆ F πr satisfies

µr,θ′(J) ≥ 0 , (4.42)

where µr,θ′() is defined in (4.14).

4.4.2. Upper bound proof. We extend the notion of induced subgraph containment to r-
matched graphs. Let G be an r-matched graph and H a subgraph of G. We say that H is
an induced subgraph of G if the two endvertices of any edge in any r-set in K(G) \ K(H) are
not both in V (H) (i.e., if the underlying unmatched graph of H is an induced subgraph of the
underlying unmatched graph of G).

The upper bound in Theorem 4.2 is a straightforward consequence of the next lemma. Recall
that G̃N denotes the grey-black version of Gr(n,N) in which exactly the edges of GN are colored
black.

Lemma 4.13. Let r ≥ 2 be an integer, and let (F, π) be a nonempty ordered graph. Let t ≥ 1 be
an integer, and let Fπr := t · F πr , where F πr is as in Definition 4.11.
If n2 � N � n2−θ′ , where θ′ = θ′(F, π, r) is the unique solution of

min
H⊆F

λr,θ(H,π|H)
!

= 0 ,

and λr,θ() is defined in (4.3), then a.a.s. the number of induced copies of Fπr in G̃N is of order

nv(Fπr )(Nn−2r)κ(Fπr ) ,

regardless of the edge selection strategy employed.

Observe that the order of magnitude of the number of induced copies of Fπr guaranteed by
Lemma 4.13 is the order of magnitude of the expected number of (uncolored) copies of Fπr in
Gr(n,N) and hence best possible, cf. Lemma 4.8.

Proof of Theorem 4.2 (upper bound). We show that if N � N0(F, r, n) = n2−θ∗ , then
a.a.s. GN contains a black copy of F , regardless of the edge selection strategy employed. Let
π ∈ Π(E(F )) be an edge ordering that maximizes the right hand side of (4.4) for θ = θ∗, such
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that θ∗(F, r) = θ′(F, π, r) for θ′ as in Lemma 4.12 and Lemma 4.13. By Lemma 4.13 (applied
with t = 1), the definition of µr,θ∗() in (4.14), and Lemma 4.12, a.a.s. the number of (induced)
copies of F πr in G̃N with n2 � N � n2−θ∗ is of order

nv(Fπr )(Nn−2r)κ(Fπr ) � nµr,θ∗ (Fπr )
(4.42)
≥ 1 .

Thus GN contains at least one black copy of F (the central copy of (F, π) in any copy of F πr ),
regardless of the edge selection strategy employed. �

It remains to prove Lemma 4.13. For the rest of this section, we assume that r ≥ 2 is fixed, and
drop the corresponding subscript from F πr . Moreover, we abbreviate F \ e1 by F−, π \ e1 by π−,
and (F \ e1)π\e1 by F π−.

The proof of Lemma 4.13 proceeds by induction on e(F ). Essentially, the induction step consists
in proving that a.a.s. the right number of copies of r · F π− evolve into copies of F π, i.e., that the
right number of r-sets presented in the process are such that all r edges complete the central
copy of (F−, π−) in some copy of F π− to a copy of (F, π). By Definition 4.11 and the fact that
one of these edges needs to be colored black in G̃N , this creates a copy of F π regardless of the
edge selection strategy used.

To ensure that we have enough disjoint copies of F π in the next induction step, we carry out this
argument t times in parallel, showing that the right number of copies of Fπ− := tr ·F π− = t ·(r ·F π−)

evolve into copies of Fπ := t · F π. Furthermore, we need these copies to be induced since by
our definition of the process, every edge gets presented at most once, so edges that appear ‘too
early’ might spoil our argument.

Proof of Lemma 4.13. We proceed by induction on e(F ). Even though the preconditions of
the lemma exclude graphs with no edges, the conclusion of the lemma also holds in this case: if
F is empty, then G̃N contains Θ(nv(t·Fπ)) = Θ(nt·v(F )) induced copies of t · F π = t · F for any
n2 � N ≥ 0. This serves as our induction basis. For the induction step we employ a two-round
approach. That is, we divide the process into two rounds of equal length N/2 and analyze these
two rounds separately. Specifically, we apply the induction hypothesis and some known facts
about Grn,m to the first round and then show by a variance calculation that, conditional on a
‘good’ first round, in the second round the claimed number of copies of Fπ are created.

Recall that Fπ− = tr · F π−, and note that

v(Fπ) = v(Fπ−) , κ(Fπ) = κ(Fπ−) + t (4.43)

(cf. Definition 4.11). Let M denote the number of induced copies of Fπ− in G̃N/2. Due to
θ′(F−, π−, r) ≥ θ′(F, π, r) (recall that λr,θ(H) is decreasing in θ for r and H fixed), the induction
hypothesis is applicable and yields (with t← tr) that a.a.s.

M � nv(Fπ−)(Nn−2r)κ(Fπ−) . (4.44)

We label these copies Fπ−i, 1 ≤ i ≤M . For a given copy Fπ−i, consider the tr copies of F π−, and,
for each of these, fix a non-edge that completes the central copy of (F−, π−) to a copy of (F, π).
Call the set of all these non-edges Ti. Furthermore, fix an arbitrary partition Ki of Ti into sets
of size exactly r. Thus for all i we have |Ti| = tr and |Ki| = t.

For 1 ≤ i ≤ M , let Zi be the indicator variable for the event that the t many r-sets of Ki are
revealed during the second round of the Achlioptas process, and that no other edge of

(V (Fπ−i)
2

)
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appears in the second round. Let

Z :=

M∑

i=1

Zi .

We shall prove by the methods of first and second moment that a.a.s.

Z � nv(Fπ)(Nn−2r)κ(Fπ) . (4.45)

Note that this implies that a.a.s. this many copies of Fπ− evolve into induced copies of Fπ,
regardless of the edge selection strategy used.

The probability that all edges of Ti are present is of order (Nn−2)tr, the probability that they
are partitioned as required is of order (N−(r−1))t (cf. the proof of Lemma 4.8), and, due to the
assumption N � n2, the requirement that no other edges of

(V (Fπ−i)
2

)
appear contributes only a

factor of Θ(1). Thus we have

Pr[Zi = 1] � (Nn−2)tr · (N−(r−1))t = (Nn−2r)t (4.46)

and, conditioning on the first round satisfying (4.44),

E[Z] �M · (Nn−2r)t
(4.44)� nv(Fπ−)(Nn−2r)κ(Fπ−)+t(4.43)

= nv(Fπ)(Nn−2r)κ(Fπ) . (4.47)

To calculate the variance consider two copies Fπ−i, Fπ−j and the corresponding sets Ti, Tj . In
order for Zi and Zj to be equal to one simultaneously, we need to have that Ki∩Kj is a partition
of Ti ∩ Tj into sets of size exactly r. We denote by I ⊆ {1, . . . ,M}2 the set of pairs (i, j) for
which this is the case and for which moreover tij := |Ki ∩Kj | ≥ 1. We obtain similarly to (4.46)
that

Pr[Zi = 1 ∧ Zj = 1] � (Nn−2r)2t−tij . (4.48)

As for pairs with tij = 0 the variables Zi and Zj are negatively correlated (for any N � n2),
such pairs can be omitted, and we have

Var[Z] =
M∑

i,j=1

(E[ZiZj ]− E[Zi]E[Zj ]) ≤
∑

(i,j)∈I
E[ZiZj ]

(4.48)�
∑

(i,j)∈I
(Nn−2r)2t−tij . (4.49)

We split this sum with respect to the type of intersection. For any r-matched subgraph J ⊆ Fπ,
let 0 ≤ tJ ≤ t denote its number of central r-sets, and let J− ⊆ Fπ− denote the r-matched graph
obtained by removing these tJ central r-sets from J . Note that tJ is not a function of the
isomorphism class of J ⊆ Fπ, but depends on the precise position of J in Fπ. For this reason,
in the following we distinguish between different subgraphs J ⊆ Fπ that are isomorphic to each
other.

For i = 1, . . . ,M , let Fπi denote the copy of Fπ formed by Fπ−i and the r-sets of Ki, and for
(i, j) ∈ I, let Jij ⊆ Fπ denote the r-matched subgraph formed by Fπi ∩ Fπj in Fπi . Note that
tij = tJij . For any r-matched subgraph J ⊆ Fπ, let MJ denote the number of pairs (i, j) ∈ I
with Jij = J . Note that MJ is bounded by some constant C = C(F, r, t) times the number M ′J
of copies of Fπ− ∪J− Fπ− in Gr(n,N/2), where by Fπ− ∪J− Fπ− we denote an arbitrary (uncolored)
r-matched graph formed by two copies of Fπ− that intersect in a copy of J−.
We only have to consider nonempty graphs J ⊆ Fπ due to tij ≥ 1 for all (i, j) ∈ I. Splitting
such a J into t disjoint subgraphs J1, . . . , Jt such that Jk ⊆ F π, 1 ≤ k ≤ t, and using that
N � n2−θ′ , we obtain with the definition of µr,θ′() in (4.14) and Lemma 4.12 that

nv(J )(Nn−2r)κ(J ) =
t∏

k=1

(
nv(Jk)(Nn−2r)κ(Jk)

)
�

t∏

k=1

nµr,θ′ (Jk)
(4.42)
≥ 1 . (4.50)
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Moreover, due to v(J ) = v(J−) and κ(J ) = κ(J−) + tJ we have

v(Fπ− ∪J− Fπ−) = 2v(Fπ−)− v(J ) ,

κ(Fπ− ∪J− Fπ−) = 2κ(Fπ−)− κ(J ) + tJ .

Thus by Lemma 4.8, the expected number of copies of Fπ− ∪J− Fπ− in Gr(n,N/2) is of order

n2v(Fπ−)−v(J )(Nn−2r)2κ(Fπ−)−κ(J )+tJ
(4.50)
� n2v(Fπ−)(Nn−2r)2κ(Fπ−)+tJ ,

and Markov’s inequality implies that

M ′J � n2v(Fπ−)(Nn−2r)2κ(Fπ−)+tJ (4.51)

a.a.s. As moreover the number of r-matched subgraphs J ⊆ Fπ is a constant depending only
on F , r and t, a.a.s. (4.51) holds for all J simultaneously.

Conditioning on the first round satisfying (4.44) and (4.51) for all J ⊆ Fπ, we may continue
(4.49) as follows:

Var[Z] ≤
∑

J⊆Fπ

∑

(i,j)∈I:
Jij=J

(Nn−2r)2t−tij =
∑

J⊆Fπ :
tJ≥1

MJ · (Nn−2r)2t−tJ

MJ≤CM ′J
≤

∑

J⊆Fπ :
tJ≥1

CM ′J · (Nn−2r)2t−tJ

(4.51)
�

(
nv(Fπ−)(Nn−2r)κ(Fπ−)+t

)2 (4.47)� E[Z]2 .

Chebyshev’s inequality now yields that a.a.s. the second round satisfies (4.45), which, as dis-
cussed, implies that there is at least the claimed number of induced copies of Fπ in G̃N . As
already mentioned, it follows from the second part of Lemma 4.8 that a.a.s. there are not more
copies than that.

�

4.5. Proofs of technical lemmas

In this section we prove the remaining open claims. We begin by deriving Theorem 4.3 from
Theorem 4.2. Reusing some of the arguments from that proof, we then show Lemma 4.12. Lastly,
we deduce Theorem 4.4 from Theorem 4.2.

4.5.1. Proof of Theorem 4.3 and Lemma 4.12. Theorem 4.3 is an immediate consequence
of the next lemma.

Lemma 4.14. For any nonempty graph F and any integer r ≥ 2, θ∗(F, r) as defined in Theo-
rem 4.2 and mr∗(F ) as in Theorem 4.3 satisfy

mr∗(F ) =
1

θ∗(F, r)
.

Proof. For any nonempty ordered graph (F, π), set

~H(F, π) :=
{
~H = ((H1, σ), H2, . . . ,Hh) | H1 ⊆ F ∧ σ = π|H1 =: (e1, . . . , eh)

∧ ∀i ≥ 2 :
(
Hi ⊆ H1 \ {e1, . . . , ei−1} ∧ ei ∈ Hi

) }
(4.52)
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(cf. the maximizations in (4.8) and (4.9)). For all ~H ∈ ~H(F, π) we define

er∗( ~H) := 1 +

h∑

i=1

ci(e(Hi)− 1) , (4.53a)

vr∗( ~H) := 2 +

h∑

i=1

ci(v(Hi)− 2) , (4.53b)

where the coefficients ci = ci( ~H, r) are defined in (4.7). Furthermore, we set

µ∗r,θ( ~H) := vr∗( ~H)− er∗( ~H) · θ . (4.54)

Note that

max
H1⊆F

dr∗(H1, π|H1)
(4.8)
= max

~H∈ ~H(F,π)

er∗( ~H)

vr∗( ~H)
=

1

θ′(F, r)
,

where θ′(F, r) is the unique solution of

min
~H∈ ~H(F,π)

µ∗r,θ( ~H)
!

= 0 .

Thus by (4.4) and (4.9), to prove the lemma it suffices to show that for any nonempty ordered
graph (F, π) and any r ≥ 2 and 0 ≤ θ ≤ 2 we have

min
~H∈ ~H(F,π)

µ∗r,θ( ~H) = min
H⊆F

λr,θ(H,π|H) . (4.55)

In the remainder of the proof we will show (4.55). To simplify notation we consider r and θ fixed
and drop all corresponding sub- and superscripts. Furthermore, in the following definitions we
write ẽ, ṽ, µ̃ where in principle we should write ẽ(H1,σ), ṽ(H1,σ), µ̃(H1,σ), since all these quantities
depend on the ordering σ ∈ Π(E(H1)).

We claim that e∗( ~H) and v∗( ~H) as defined in (4.53) can be written as

e∗( ~H) = 1 + r · ẽ(H1, . . . ,Hh) , (4.56a)

v∗( ~H) = 2 + r · ṽ(H1, . . . ,Hh) , (4.56b)

where for 1 ≤ i ≤ h the values ẽ(Hi, . . . ,Hh) and ṽ(Hi, . . . ,Hh) are recursively defined by

ẽ(Hi, . . . ,Hh) := e(Hi)− 1 + (r − 1) ·
h∑

j=i+1

1{ej∈Hi}ẽ(Hj , . . . ,Hh) , (4.57a)

ṽ(Hi, . . . ,Hh) := v(Hi)− 2 + (r − 1) ·
h∑

j=i+1

1{ej∈Hi}ṽ(Hj , . . . ,Hh) . (4.57b)

This can be checked by induction, noting that for 1 ≤ k ≤ h we have

e∗( ~H) = 1 +

k∑

i=1

ci(e(Hi)− 1) + (r − 1) ·
h∑

j=k+1

(
k∑

i=1

ci1{ej∈Hi}

)
ẽ(Hj , . . . ,Hh) ,

v∗( ~H) = 2 +

k∑

i=1

ci(v(Hi)− 2) + (r − 1) ·
h∑

j=k+1

(
k∑

i=1

ci1{ej∈Hi}

)
ṽ(Hj , . . . ,Hh) ,

which for k = h is equivalent to (4.53) and for k = 1 is equivalent to (4.56). Combining (4.56,
4.57) via (4.54) also yields that

µ∗( ~H) = 2− θ + r · µ̃(H1, . . . ,Hh) , (4.58)
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where

µ̃(Hi, . . . ,Hh) := (v(Hi)− 2)− (e(Hi)− 1) · θ + (r − 1) ·
h∑

j=i+1

1{ej∈Hi}µ̃(Hj , . . . ,Hh) . (4.59)

It follows that for any fixed subgraph H1 ⊆ F and π|H1 = σ = (e1, . . . , eh) the following holds:
for 1 ≤ i ≤ h and any graph Hi ⊆ H1 \ {e1, . . . , ei−1} with ei ∈ Hi, the value

λ̃(H1,σ)(Hi, i) := min
Hi+1,...,Hh

∀j≥i+1: Hj⊆H1\{e1,...,ej−1} ∧ ej∈Hj

µ̃(Hi, Hi+1, . . . ,Hh) (4.60)

can be calculated recursively via

λ̃(H1,σ)(Hi, i) = (v(Hi)− 2)− (e(Hi)− 1) · θ

+ (r − 1) ·
h∑

j=i+1

1{ej∈Hi} min
Hj⊆H1\{e1,...,ej−1}: ej∈Hj

λ̃(H1,σ)(Hj , j) .
(4.61)

In the following we simplify this recursion step by step with the goal of relating it to λ() as
defined in (4.3), cf. (4.68) below. Equation (4.55) will then follow.

Note that so far (4.61) is a recursion along a fixed edge ordering σ = (e1, . . . , eh) of a fixed
graph H1, and the parameter λ̃(H1,σ)(Hi, i) is only defined for graphs Hi ⊆ H1 \ {e1, . . . , ei−1}
with ei ∈ Hi. We show that this context is irrelevant and that the value λ̃(H1,σ)(Hi, i) is in
fact a function of the isomorphism class of (Hi, σ|Hi) only. Towards that goal, we prove that for
any fixed ordered graph (H1, σ) there exists a sequence of graphs H2, . . . ,Hh ⊆ H1 as in (4.52)
minimizing µ̃(H1, H2, . . . Hh) with the additional property that

ej ∈ Hi =⇒ Hj ⊆ Hi . (4.62)

Let H2, . . . ,Hh ⊆ H1 be graphs minimizing µ̃(H1, H2, . . . ,Hh) such that every Hi is inclusion-
maximal, and assume for the sake of contradiction that there exist indices 2 ≤ i < j with ej ∈ Hi

but Hj ( Hi. Our choice of H2, . . . ,Hh implies that for H ′i := Hi ∪Hj and H ′j := Hi ∩Hj we
have

µ̃(H ′i, . . . ,Hh)− µ̃(Hi, . . . ,Hh) > 0 ,

µ̃(Hj , . . . ,Hh)− µ̃(H ′j , . . . ,Hh) ≤ 0 ,

where the first inequality is strict because we assumed Hi to be inclusion-maximal. However,
plugging in the definition (4.59) yields that both terms are exactly

(v(Hj)− v(Hi ∩Hj))− (e(Hj)− e(Hi ∩Hj)) · θ + (r − 1) ·
h∑

k=j+1

1{ek∈Hj\Hi}µ̃(Hk, . . . ,Hh) ,

which is a contradiction. Thus we may assume w.l.o.g. that (4.62) holds, and in the recur-
sion (4.61) it suffices to minimize over graphs Hj ∈ Hi \ {ei, . . . , ej−1} (instead over graphs
Hj ∈ H1 \ {e1, . . . , ej−1}).
Observe that the context (H1, σ) is now irrelevant and that only σ|Hi , the induced order on the
edges of Hi, is required on the right hand side of (4.61). Thus by setting

λ̃(H1,σ)(Hi, i) =: λ̃(Hi, σ|Hi) (4.63)
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and changing notations accordingly, we obtain the ‘context-free’ recursion

λ̃(H, τ =: (e1, . . . , eh)) = (v(H)− 2)− (e(H)− 1) · θ

+ (r − 1) ·
h∑

j=2

min
Jj⊆H\{e1,...,ej−1}: ej∈Jj

λ̃(Jj , τ |Jj ) .
(4.64)

Furthermore, we can get rid of the big sum noting that (4.64) is equivalent to

λ̃(H, τ) = λ̃(H \ e1, τ \ e1)− θ + (r − 1) · min
J⊆H\e1: e2∈J

λ̃(J, τ |J) , (4.65)

due to

λ̃(H \ e1, τ \ e1)
(4.64)

= (v(H \ e1)− 2)− (e(H \ e1)− 1) · θ

+ (r − 1) ·
h∑

j=3

min
Jj⊆H\{e1,...,ej−1}: ej∈Jj

λ̃(Jj , τ |Jj )

= (v(H)− 2)− (e(H)− 2) · θ

+ (r − 1) ·
h∑

j=2

min
Jj⊆H\{e1,...,ej−1}: ej∈Jj

λ̃(Jj , τ |Jj )

− (r − 1) · min
J2⊆H\e1: e2∈J2

λ̃(J2, τ |J2)

(4.64)
= λ̃(H, τ) + θ − (r − 1) · min

J⊆H\e1: e2∈J
λ̃(J, τ |J) .

Substituting

λ̃(H, τ) =: λ̄(H \ e1, τ \ e1)− 2 , (H \ e1, τ \ e1) =: (H̄, τ̄) , e2 =: ē1 (4.66)

we see that (4.65) is equivalent to

λ̄(H̄, τ̄) = λ̄(H̄ \ ē1, τ̄ \ ē1)− θ + (r − 1) · min
J⊆H̄:ē1∈J

(λ̄(J \ ē1, τ̄ |J\ē1)− 2) ,

which is exactly the recursive step of (4.3). Moreover, if (H̄, τ̄) = (H \ e1, τ \ e1) is empty we
have

λ̄(H̄, τ̄)
(4.66)

= λ̃(H, τ) + 2
(4.64)

= v(H)
(4.3)
= λ(H̄, τ̄) .

This takes care of the base case and implies that

λ̄(H, τ) = λ(H, τ) (4.67)

for all ordered graphs (H, τ). Thus we have for every fixed (H1, σ), σ = (e1, . . . , eh), that

min
H2,...,Hh

∀i≥2: Hi⊆H1\{e1,...,ei−1} ∧ ei∈Hi

µ̃(H1, . . . ,Hh)
(4.60)

= λ̃(H1,σ)(H1, 1)

(4.63)
= λ̃(H1, σ)

(4.66)
= λ̄(H1 \ e1, σ \ e1)− 2

(4.67)
= λ(H1 \ e1, σ \ e1)− 2 . (4.68)

Still using the notation π|H1 = σ = (e1, . . . , eh) (cf. (4.52)), equation (4.55) now follows from

min
~H∈ ~H(F,π)

µ∗( ~H)
(4.58)

= min
H1⊆F

{
2− θ + r · min

H2,...,Hh
∀i≥2: Hi⊆H1\{e1,...,ei−1} ∧ ei∈Hi

µ̃(H1, . . . ,Hh)
}

(4.68)
= min

H1⊆F

{
2− θ + r · (λ(H1 \ e1, σ \ e1)− 2)

}

(4.17)
= min

H1⊆F
λ(H1, σ) = min

H⊆F
λ(H,π|H) ,
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where in the last line we applied Lemma 4.9 to the family of all ordered subgraphs of (F, π).
This concludes the proof of Lemma 4.14. �

Proof of Lemma 4.12. Extending the notion of connectedness to r-matched graphs, we say
that an r-matched graph H = (V,K) is connected if the hypergraph on vertex set V in which the
vertices of each r-set K ∈ K form a hyperedge is connected. (Note that this hypergraph is not
necessarily 2r-uniform because the endpoints of the r edges in an r-set K ∈ K are not necessarily
distinct.) Since for a disconnected r-matched graph H the value µr,θ(H) is simply the sum of the
µr,θ()-values of all components of H, it suffices to prove the claim for all connected r-matched
subgraphs J ⊆ F πr . Moreover, we assume that J contains at least one r-set, since the claim
holds trivially if κ(J) = 0 (cf. (4.14)). Due to (4.3) we may also assume that the minimization
in (4.41) is over nonempty subgraphs H ⊆ F . Hence it suffices to show that for any integer r ≥ 2

and any 0 ≤ θ ≤ 2 we have

min
J⊆Fπr : κ(J)≥1 ∧ J connected

µr,θ(J) = min
H⊆F : e(H)≥1

λr,θ(H,π|H) . (4.69)

For the rest of the proof we consider r and θ fixed and drop all corresponding subscripts. Let
π =: (e1, . . . , ef ) and observe that by the recursive structure of F π, for any 0 ≤ i ≤ f there
are ri copies of (Fi−)πi− contained in F π, where Fi− := F \ {e1, . . . , ei} and πi− := π|Fi− . Let
J be a nonempty connected subgraph of F π, and let 0 ≤ i ≤ f − 1 be the largest index such
that J is also contained in a copy of (Fi−)πi− in F π. Then, by the maximal choice of i and the
connectedness of J , the graph J contains the central r-set of this copy (cf. Figure 4.6). Thus
(4.69) can be written equivalently as

min
0≤i≤f−1

min
J⊆(Fi−)πi− :

K(ei+1)∈J ∧ J connected

µ(J) = min
0≤i≤f−1

min
H⊆Fi−:
ei+1∈H

λ(H,π|H) , (4.70)

where we use K(ei+1) ∈ J as a shorthand notation to indicate that J contains the central r-set
K(ei+1) of (Fi−)πi− . We now show that the inner minimizations in (4.70) are equivalent. By
changing variables (F ← Fi− and π ← πi−) this reduces to showing that for any nonempty
ordered graph (F, π), π = (e1, . . . , ef ), we have

min
J⊆Fπ : K(e1)∈J ∧ J connected

µ(J) = min
H⊆F : e1∈H

λ(H,π|H) . (4.71)

For any r-matched graph H we refer to a subgraph J ⊆ H that minimizes µ(J) as a rarest
subgraph of H. Let H be an r-matched graph with an r-set K ∈ K(H) such that H \K consists
of r disjoint subgraphs H ′1, . . . ,H ′r, each of which contains exactly the two endvertices of one of
the edges from K (we refer to these two vertices as the attachment vertices of the corresponding
subgraph). By the linearity of µ(H) in v(H) and κ(H) (cf. (4.14)), a rarest connected subgraph
of H containing the r-set K can be found by determining a rarest connected subgraph of H ′i
that contains the attachment vertices of H ′i for all 1 ≤ i ≤ r, and taking the union of all these
rarest subgraphs together with the r-set K. Using this general fact and exploiting the recursive
structure of F π (cf. Definition 4.11 and Figure 4.6), we can determine a rarest subgraph of F π

that is connected and contains the central r-set recursively (‘outside-in’ in Figure 4.6) as follows.

By (F̂i−)πi− we denote any copy of (Fi−)πi− in F π. Moreover, F̂i− denotes the central copy
of (Fi−, πi−) in (F̂i−)πi− , and êi denotes the edge of F π that completes F̂i− to a copy of
(F(i−1)−, π(i−1)−). For i = f, f − 1, . . . , 1, we determine a rarest subgraph Ji ⊆ (F̂i−)πi− con-
taining the two endvertices of êi (which play the role of attachment vertices) by determining an
optimal choice of Hi := (Ji ∩ F̂i−) ∪ {êi}. By recursion, for each (black) edge e′j that can be
included into Hi, i + 1 ≤ j ≤ f , and for each of the r − 1 grey edges êj in the same r-set as
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e′j , we already know the µ()-value of a rarest subgraph Jj ⊆ (F̂j−)πj− (in the ‘branch’ of F π

corresponding to êj) containing the endvertices of êj . For i + 1 ≤ j ≤ f , let Ĵj denote such a
rarest subgraph. Since the graph Ji resulting from choosing Hi contains exactly v(Hi) vertices
and e(Hi)− 1 many r-sets not contained in any of the graphs Ĵj , i+ 1 ≤ j ≤ f , we have

µ(Ji)
(4.14)

= v(Hi)− (e(Hi)− 1) · (2(r − 1) + θ) +

f∑

j=i+1

1{ej∈Hi}(r − 1)µ(Ĵj)

= v(Hi)− (e(Hi)− 1) · θ + (r − 1)

f∑

j=i+1

1{ej∈Hi}(µ(Ĵj)− 2) .

(4.72)

Setting µ(Ji)− 2 =: λ̃(F,π)(Hi, i), equation (4.72) yields for 1 ≤ i ≤ f the recursion

λ̃(F,π)(Hi, i) = (v(Hi)−2) + (e(Hi)−1) · θ+ (r−1)

f∑

j=i+1

1{ej∈Hi} min
Hj⊆F(j−1)−: ej∈Hj

λ̃(F,π)(Hj , j) ,

which is essentially the same recursion as (4.61) in the proof of Lemma 4.14 (the difference
is that there H1 was considered fixed and the underlying edge ordering was given by some
σ ∈ Π(E(H1))). Analogously to the proof of Lemma 4.14 one can show that

λ̃(F,π)(H1, 1) = λ(H1 \ e1, σ \ e1)− 2 , (4.73)

where σ := π|H1 (cf. (4.68)). Similarly to (4.72) one also obtains

min
J⊆Fπ : K(e1)∈J ∧ J connected

µ(J) = −(2(r − 1) + θ) + r · µ(Ĵ1)

= 2− θ + r · (µ(Ĵ1)− 2)

= 2− θ + r · min
H1⊆F : e1∈H1

λ̃(F,π)(H1, 1)

(4.74)

where the term (2(r − 1) + θ) accounts for the central r-set K(e1) and the factor r for the r
copies of (F1−)π1− that F π \K(e1) consists of. We obtain

min
J⊆Fπ : K(e1)∈J ∧ J connected

µ(J)
(4.73),(4.74)

= min
H1⊆F : e1∈H1

{
2− θ + r · (λ(H1 \ e1, σ \ e1)− 2)

}

(4.17)
= min

H1⊆F : e1∈H1

λ(H1, σ) = min
H⊆F : e1∈H

λ(H,π|H) .

where in the last line we applied Lemma 4.9 to the family of all ordered subgraphs of (F, π) that
contain the edge e1. This proves (4.71) and thus the lemma. �

4.5.2. Proof of Theorem 4.4. Theorem 4.4 is an immediate consequence of the next lemma.

Lemma 4.15. For any nonempty forest F and any integer r ≥ 2, θ∗(F, r) as defined in Theo-
rem 4.2 and er∗(F ) as in Theorem 4.4 satisfy

θ∗(F, r) = 1 +
1

er∗(F )
.

In order to prove Lemma 4.15, we extend (4.10) and (4.11) to ordered trees and forests. By
π∅ we denote the empty edge ordering. For any ordered tree (T, π), π = (e1, . . . , et), we define
recursively

er∗(K1, π∅) := 0

er∗(T, π) := 1 + r · (er∗(T1, π|T1) + er∗(T2, π|T2)) ,
(4.75)
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where T1 and T2 are the two smaller trees obtained from T by removing the edge e1. For any
ordered forest (F, π), we set

er∗(F, π) := max{ er∗(T, π|T ) | T is a component of F } . (4.76)

A straightforward inductive argument (exploiting the fact that er∗(T1, π|T1) and er∗(T2, π|T2) can
be minimized independently in (4.75)) yields that er∗(T ) = minπ∈Π(E(T )) e

r∗(T, π) for any tree
T , and hence also

er∗(F ) = min
π∈Π(E(F ))

er∗(F, π) (4.77)

for any forest F . It is also easy to see that for any ordered forest (F, π) and any subforest H ⊆ F
we have

er∗(H,π|H) ≤ er∗(F, π) . (4.78)

In the following we denote by T (F ) the set of connected components of a forest F (these com-
ponents are trees). For convenience we use the parameter α = θ − 1.

Lemma 4.16. For any ordered forest (F, π), π = (e1, . . . , ef ), and any 0 ≤ α ≤ 1 we have

λ1+α,r(F, π) ≤
∑

T∈T (F )

(
1− αer∗(T, π|T )

)
, (4.79)

where λ1+α,r() and er∗() are defined in (4.3) and (4.75, 4.76), respectively. Moreover, if 1 −
αer∗(F, π) ≥ 0, then (4.79) holds with equality.

Proof. We proceed by induction on e(F ). If e(F ) = 0 the claim trivially holds as

λ1+α,r(F, π∅)
(4.3)
= v(F ) =

∑

T∈T (F )

1
(4.75)

=
∑

T∈T (F )

(
1− αer∗(T, π∅)

)
.

For the induction step we denote by T (e1) ∈ T (F ) the component that contains the edge e1 and
by T1 and T2 the two smaller trees obtained from T (e1) by removing the edge e1. We have

λ1+α,r(F, π)
(4.3)
= λ1+α,r(F \ e1, π \ e1)− (1 + α) (4.80)

+ (r − 1) · min
J⊆F : e1∈J

(
λ1+α,r(J \ e1, π|J\e1)− 2

)

Ind.
≤

∑

T∈T (F\e1)

(1− αer∗(T, π|T ))− (1 + α) (4.81)

+ (r − 1) · min
J⊆F : e1∈J

( ∑

T∈T (J\e1)

(
1− αer∗(T, π|T )

)
− 2
)

(4.82)

J=T (e1)

≤
∑

T∈T (F\e1)

(
1− αer∗(T, π|T )

)
− (1 + α) (4.83)

+ (r − 1) ·
(

(1− αer∗(T1, π|T1)) + (1− αer∗(T2, π|T2))− 2
)

=
∑

T∈T (F )\{T (e1)}

(
1− αer∗(T, π|T )

)

+ 1− α
(

1 + r ·
(
er∗(T1, π|T1) + er∗(T2, π|T2)

))

(4.75)
=

∑

T∈T (F )

(
1− αer∗(T, π|T )

)
,

which proves the first part of the lemma.
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For the second part we show that if 1 − αer∗(F, π) ≥ 0, then both inequalities in the above
calculation are in fact equalities. Note that due to (4.78) we also have 1−αer∗(F \e1, π\e1) ≥ 0,
which by induction implies equality in (4.81). To show equality in (4.83), we show that the
minimum in (4.82) is attained for J = T (e1). Similarly to above it follows from (4.78) that for
any subtree T ⊆ F we have 1− αer∗(T, π|T ) ≥ 0. Hence there is a forest J ⊆ F minimizing

min
J⊆F : e1∈J

∑

T∈T (J\e1)

(1− αer∗(T, π|T ))

for which J \ e1 contains exactly two components, one for each endvertex of e1. Again by (4.78)
we may assume that these are chosen as large as possible, which implies that indeed the minimum
is attained for J = T (e1), yielding equality in (4.83). �

Proof of Lemma 4.15. Setting α := 1/er∗(F ), we need to prove that

Λ1+α,r(F )
(4.4)
= max

π∈Π(E(F ))
min
H⊆F

λ1+α,r(H,π|H) = 0 . (4.84)

For any π ∈ Π(E(F )) we have

min
H⊆F

λ1+α,r(H,π|H)
L. 4.16
≤ min

H⊆F

∑

T∈T (H)

(
1− αer∗(T, π|T )

)
. (4.85)

By definition (4.76), any ordered forest (F, π) has a component T ∈ T (F ) with

er∗(T, π|T ) = er∗(F, π)
(4.77)
≥ er∗(F ) = 1/α .

Choosing any such component as H yields that the right hand side of (4.85) is nonpositive,
implying that minH⊆F λ1+α,r(H,π|H) ≤ 0 for all π ∈ Π(E(F )). Furthermore, for any edge
ordering π̂ ∈ arg minπ∈Π(E(F )) e

r∗(F, π) and any H ⊆ F we have

1− αer∗(H, π̂|H)
(4.78)
≥ 1− αer∗(F, π̂)

(4.77)
= 1− αer∗(F ) = 0 . (4.86)

Consequently, Lemma 4.16 guarantees equality in (4.85) for π = π̂. Moreover, (4.86) also shows
that for π = π̂ and any choice of H ⊆ F all terms of the sum in (4.85) are nonnegative. Since
we already know that the right hand side of (4.85) is nonpositive, it must be equal to zero and
we have minH⊆F λ1+α,r(H, π̂|H) = 0, which proves (4.84). �

4.6. Concluding remarks

• We outline how Theorem 4.2 can be proved if the sampling model of the Achlioptas process
is changed. In our definition of the process, sampling at each step is only from edges that
have never been drawn before. In the literature one also finds the variant where sampling is
from all

(
n
2

)
edges at each step. Our approach can be adapted to this setting by considering

r-matched multigraphs, in which the r-sets of edges are not necessarily disjoint, but are
allowed to overlap. This relies on the fact that Theorem 4.7 and Lemma 4.8 continue to
hold for the random r-matched multigraph resulting from this modified process.
In [KLS09], an intermediate model is used, where sampling is from from all edges that
have not been selected before. Since in this setting the r-sets presented during the process
slightly depend on the edge selection strategy being used, there is no convenient ‘static’
random graph structure for which we can formulate variants of Theorem 4.7 and Lemma 4.8.
However, we can ‘sandwich’ this model between the other two models as follows: for the
upper bound proof we simply ignore steps in which a previously seen edge is drawn. The
r-sets from all other steps are then distributed as in our model. For the lower bound, we
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sample from all
(
n
2

)
edges at each step, but ignore steps in which a previously selected edge

is drawn (assuming w.l.o.g. that in this case such an edge is selected by default). Standard
calculations show that in both cases, the number of ignored steps is o(N) a.a.s., implying
that Theorem 4.2 also holds for this intermediate model.
• The convergence towards the offline exponent stated in (4.6) is best seen in the formulation
of Theorem 4.3: Definition (4.8) implies that for any π ∈ Π(E(F )) we have for H̄ ⊆ F with
m2(F ) = (e(H̄)− 1)/(v(H̄)− 2) that

dr∗(H̄, π|H̄) ≥ 1 + r(e(H̄)− 1)

2 + r(v(H̄)− 2)
,

where the right hand side tends to m2(F ) for r →∞. Moreover, for any π ∈ Π(E(F )) and
any H ⊆ F we have

dr∗(H,π|H) ≤ max
{1

2
, max
H′⊆F

e(H ′)− 1

v(H ′)− 2

}
= m2(F ) .

Together it follows with (4.9) that

lim
r→∞

mr∗(F ) = m2(F ) ,

which is equivalent to (4.6) (cf. Lemma 4.14).
• If F is a forest, the threshold given by Theorem 4.4 is also achieved by the following simpler
strategy: at step N of the Achlioptas process, calculate for each edge f ∈ EN the value

d′(f) := max
{
er∗(T ) | T is a tree ∧ f closes a copy of T

}
,

and select fN as the edge for which this value is minimal (compare this to (4.18)). Ties
can be broken arbitrarily, and edge orderings can be ignored. Thus for the case of forests
there is indeed a simple memoryless strategy, cf. the remarks in Section 4.1.2. Moreover,
this strategy is universal in the sense that it does not depend on the specific forest that
should be avoided. These simplifications rely on the facts that as long as N � n1−α for
some α > 0, a.a.s. the connected components of Gr(n,N) are ‘tree-like’, and their size is
bounded by a constant C = C(α).
• It is not hard to see that the lower bound proof given in Section 4.3 yields the following
slight strengthening of our main result: if N � N0(F, r, n), then F can be avoided a.a.s.
even if the r-sets of a random r-matched graph Grn,rN are presented in an order chosen by
an adversary (instead of in a random order). The results presented in [BMS10+] for the
online Ramsey game (see the remarks in Section 6.6) are related to this observation.
• Our results extend to the case where an entire family of forbidden graphs should be avoided
simultaneously: the threshold for avoiding a nonempty finite family F of fixed nonempty
graphs in the Achlioptas process with parameter r is N0(F , r, n) = n2−θ∗ , where θ∗ =

θ∗(F , r) is the unique solution of

max
F∈F

Λr,θ(F )
!

= 0 .

Equivalently, this can be written as N0(F , r, n) = n2−1/mr∗(F), where

mr∗(F) := min
F∈F

mr∗(F ) .

A strategy achieving this threshold is obtained by replacing the set S(F ) with the set

S(F) :=
⋃

F∈F
S(F )

in the strategy described in Section 4.3.
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• In [MMS07] and [PST09], a related ‘Balanced Ramsey game’ was studied, where the
player has r colors at her disposal and the r edges presented at each step have to be colored
immediately subject to the restriction that each of the r colors is used for exactly one edge.
In this setting, the goal is to avoid creating a monochromatic copy of some fixed graph F .
Note that any upper bound for the Achlioptas problem immediately carries over to the
Balanced Ramsey setting. It follows from lower bounds proved in [PST09] that for ‘easy’
cases (those for which the naive strategy as presented in Section 4.2 is best possible) the
Balanced Ramsey game and the Achlioptas problem have the same threshold. It is an open
question whether this is true for all non-forests F (one easily sees that the two problems
have different thresholds if F is e.g. a star).
• Consider the following vertex variant of the Achlioptas process: a random graph Gn,m (or
Gn,p) is generated, and at each step r of its vertices are revealed along with all edges leading
to previously revealed vertices. The player’s goal is to select, at each step, one of these r
vertices in such a way that the subgraph induced by all selected vertices does not contain
a copy of F .
All results presented in this chapter can be adapted to this vertex Achlioptas setting. More-
over, we showed (in joint work with Luca Gugelmann) that the resulting threshold functions
also hold for the Balanced Ramsey version of this vertex process, which is in contrast to
the edge case.
• While our results completely settle the problem of avoiding small subgraphs in the Achliop-
tas process for some fixed paramete r, it remains unclear what happens if r = r(n) is
assumed to be a growing function of n. In this setting, also the opposite problem of cre-
ating a copy of some fixed graph F as fast as possible gives rise to many interesting open
questions. These questions are studied in ongoing joint work with Michael Krivelevich.



CHAPTER 5

Avoiding small subgraphs in the Achlioptas offline setting

In this chapter we present our results for the problem of avoiding small subgraphs in the Achliop-
tas offline setting. In joint work with Michael Krivelevich and Angelika Steger, we studied this
problem in both the Achlioptas and the Balanced Ramsey setting; these results were published
in [KSS10]. Here we restrict our attention to the Achlioptas setting and derive a somewhat
more general result than the one claimed in that paper.

5.1. Introduction

In Chapter 4 (which is based on [MST10+]), we determined the general threshold function for
the problem of avoiding copies of some fixed subgraph F in the Achlioptas process with fixed
parameter r ≥ 2. This problem was first studied by Krivelevich, Loh, and Sudakov [KLS09],
who also asked about the threshold of the corresponding offline problem. In this chapter we
answer that question.

Recall that our definition of the Achlioptas process differs slightly from other definitions found
in the literature (e.g. in [KLS09] or [SW07]): we assume that the r−1 edges that are discarded
at each step are completely removed from the process (instead of placed back in the pool of
available edges). This ensures that the edge sampling in a given step is not influenced by the
player’s earlier choices, and thus yields a well-defined distribution for the offline version of the
problem. As argued in Section 4.6, the threshold of the online problem does not depend on the
precise sampling model used.

5.1.1. Our result. In order to state our result, we recall some key notions introduced in the
previous chapter. An r-matched graph Gr = (V,K) consists of a finite set V of vertices and a
family K of pairwise disjoint sets of edges of cardinality r each. By symmetry, the board of the
Achlioptas process after N steps is distributed uniformly over all r-matched graphs on n vertices
with rN edges. By Grn,m we denote an r-matched graph drawn uniformly at random from all
r-matched graphs on n vertices with m edges.

We say that A is an Achlioptas subgraph of some r-matched graph Gr (denoted A < Gr) if A
contains exactly one edge from every r-set of Gr. Our goal is to determine a threshold function
for the property that every Achlioptas subgraph A < Grn,m contains a copy of F . Denoting this

property by Grn,m
Achlioptas→ (F )er , our result reads as follows.

Theorem 5.1. Let r ≥ 2 be a fixed integer, and let F be a fixed nonempty graph. Then there
exist positive constants c = c(F, r) and C = C(F, r) such that

lim
n→∞

Pr[Grn,m
Achlioptas→ (F )er] =

{
0, m ≤ cn2−1/m2(F )

1, m ≥ Cn2−1/m2(F )
,

where
m2(F ) = max

H⊆F
eH − 1

vH − 2
.

45
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Note that this result is very similar to Theorem 2.2. In fact, our proofs of both the 0- and the
1-statement are inspired by the corresponding proofs for the Ramsey problem given in [RR93]
and [RR95]. Note however that there are no exceptional cases in Theorem 5.1, in contrast to
Theorem 2.2.

Our proof of the 0-statement of Theorem 5.1 is based on the following observation. Assume that
H is strictly 2-balanced, and consider the hypergraph H′ which has the vertex set K = K(Grn,m),
i.e., the family of all r-sets of the random r-matched graph, and as its edge set the copies of
H such that a hyperedge is incident to a vertex K ∈ K if and only if the corresponding copy
of H intersects K. This hypergraph has similar properties as the one considered in [RR93] in
the proof of Theorem 2.2, which is defined analogously on the vertex set E(Gn,m) instead of
K(Grn,m). Specifically, it turns out that – analogously to [RR93] – a.a.s. all components of H′
are unicylic and have at most logarithmic size as long as m is below the threshold. This insight
allows us to adapt the lower bound proof of Rödl and Ruciński to our scenario.

Our proof of the 1-statement proceeds by induction on e(F ). To make the inductive approach
work, we prove the following strengthening of the desired result: for m as in the theorem, a.a.s.
there is not only one, but Θ(nvF (m/n2)eF ) many copies of F in every Achlioptas subgraph
A < Grn,m.

5.1.2. A similar result for the Balanced Ramsey offline setting. In [KSS10], we also
investigated the offline problem corresponding to the Balanced Ramsey setting, by essentially
the same methods as those used in this chapter.

A valid coloring of some r-matched graph is an r-edge-coloring with the property that each of
the r colors appears exactly once in every r-set. For any r-matched graph Gr and any graph
F , let Gr valid→ (F )er denote the property that every valid r-coloring of the edges of Gr contains
a monochromatic copy of F . We say that a graph F on at least three vertices is 2-balanced
if m2(F ) = (eF − 1)/(vF − 2), and is strictly 2-balanced if in addition (eH − 1)/(vH − 2) <

(eF − 1)/(vF − 2) for all proper subgraphs H ⊆ F on at least three vertices. Note that every
graph F on at least three vertices has a strictly 2-balanced subgraph H ⊆ F such that m2(F ) =

(eH − 1)/(vH − 2).

Theorem 5.2 ([KSS10]). Let r ≥ 2 be a fixed integer, and let F be a fixed graph that is not a
forest and that has a strictly 2-balanced subgraph H 6= K3 such that m2(F ) = (eH − 1)/(vH − 2).
Then there exist positive constants c = c(F, r) and C = C(F, r) such that

lim
n→∞

Pr[Grn,m
valid→ (F )er] =

{
0, m ≤ cn2−1/m2(F )

1, m ≥ Cn2−1/m2(F )
.

Note that the 0-statement of Theorem 5.2 (where applicable) is a joint strengthening of the
0-statements of Theorem 2.2 and Theorem 5.1, and that the 1-statement of Theorem 5.2 is an
immediate consequence of the 1-statement of Theorem 5.1.

The case where F is a forest is excluded to avoid the special cases also present in Theorem 2.2.
For these cases, the statement of Theorem 5.2 is simply not true. We believe however that
Theorem 5.2 also holds for the case where H is a triangle – it just seems that a proof would have
to proceed by somewhat different methods. The difficulties involved are essentially inherited
from Theorem 2.2 – for triangles the 0-statement of Theorem 2.2 was also proved separately
in [ŁRV92].
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5.1.3. Organization of this chapter. We prove the 0- and the 1-statement of Theorem 5.1
in Section 5.2 and Section 5.3, respectively.

5.2. Lower bound

5.2.1. Preliminaries. Recall that an r-matched graph Gr = (V,K) consists of a finite set V of
vertices and a family K of pairwise disjoint sets of edges of cardinality r each, referred to as the
r-sets of Gr. We use the notations V (Gr) and K(Gr), and write E(Gr) =

⋃
K∈K(Gr)K to refer

to the edge set of the underlying unmatched graph. For each edge e ∈ E(Gr), we let K(e) ∈ K
denote the unique r-set containing e. For a subset E′ ⊆ E(Gr), we let

K(E′) :=
⋃

e∈E′
{K(e)} ⊆ K and V (E′) :=

⋃

e∈E′
e ⊆ V .

For any K′ ⊆ K, we let

E(K′) :=
⋃

K∈K′
K ⊆ E(Gr) and V (K′) := V (E(K′)) =

⋃

K∈K′

⋃

e∈K
e ⊆ V .

Recall that by Grn,m we denote an r-matched graph drawn uniformly at random from all r-
matched graphs on n vertices with m edges (we assume that m is divisible by r). By symmetry,
such a graph can be obtained by first generating a normal random graph Gn,m and then choosing
a random partition of its edge set into sets of size r uniformly at random. We will use the following
elementary lemma, which is a variant of Lemma 4.8 in Chapter 4.

Lemma 5.3. For every integer r ≥ 2, there exists a constant Cr > 0 such that, for n large
enough, the expected number of copies of any r-matched graph F r = (V,K) with |K|r ≤ 0.99

(
n
2

)

edges in Grn,m is at most

n|V |−|K|·2r(Crm)|K| .

Proof. There are at most n|V | copies of F r in Kn. For each of these, the probability that it
is present in Grn,m is the probability that all |K|r edges of E(F r) are present, multiplied with
the probability that these edges are matched up correctly. It follows that the probability that a
fixed copy of F r in Kn is present in Grn,m is exactly

((n2)−|K|r
m−|K|r

)

((n2)
m

) · 1(
m−1
r−1

) · 1(
m−r−1
r−1

) · . . . · 1(
m−(|K|−1)r−1

r−1

)

=
(
(
n
2

)
− |K|r)! · (r − 1)!|K| ·m(m− r) . . . (m− (|K| − 1)r)(

n
2

)
!

≤
((

n

2

)
− |K|r

)−|K|r
· (r − 1)!|K| ·m|K|

≤(n−2r · 201r(r − 1)! ·m)|K|

if n is large enough. Thus the statement of Lemma 5.3 follows for Cr := 201r(r − 1)!. �

5.2.2. Overview of proof. The case where F is a forest will be considered separately in
Section 5.2.5. For all other graphs F , we present our proof algorithmically. We first give a deter-
ministic algorithm that for any r-matched graph Gr either finds an H-free Achlioptas subgraph
A < Gr or terminates with an error. For this part of the argument, H can be any graph with at
least two edges.
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In order to prove the 0-statement of Theorem 5.1, we then apply this algorithm for a strictly
2-balanced graph H ⊆ F with m2(F ) = (eH − 1)/(vH − 2) and prove that a.a.s. it finds an
Achlioptas sugraph A < Grn,m that does not contain a copy of H (and thus also no copy of F ) if
m ≤ cn2−1/m2(F ) for a suitable constant c = c(H, r).

5.2.3. The algorithm. In this section, we let H denote an arbitrary fixed graph with at least
two edges. For any r-matched graph Gr = (V,K), we define a family of copies of H in Gr as
follows:

LGr := {L ⊆ E(Gr) : L ∼= E(H) ∧ |K(L)| = eH} . (5.1)

To simplify notation, these copies of H are viewed as edge sets throughout. Note that the
second condition excludes copies of H that contain several edges from the same r-set. Clearly,
such copies will not be contained in any Achlioptas subgraph A < Gr. Furthermore, for any
subfamily L ⊆ LGr we define a subsubfamily L∗Gr(L) ⊆ L of ‘L-critical’ copies of H as follows:

L∗Gr(L) :=
{
L ∈ L s.t. ∀e ∈ L : ∀f ∈ K(e) \ {e} ∃Lf ∈ L s.t. f ∈ Lf

}
⊆ L . (5.2)

In words, a copy L is L-critical if it is in L and if each of its edges satisfies that all r − 1 other
edges in its r-set are also contained in copies from L.
Consider now the algorithm Find-Achl-Subgraph given in Figure 5.1. The algorithm is started
with G′ = (V,K′) being a copy of Gr, and proceeds by removing and inserting r-sets into G′.

In the first while-loop the algorithm tries to successively remove r-sets from G′ in such a way
that when they are reinserted in the reverse order during the second loop, an H-free Achlioptas
subgraph can be maintained easily. These r-sets are stored in the stack s, cf. lines 7–8 and 18–19.

The algorithm uses a local variable L to keep track of the copies of H in G′ it ‘still needs to
worry about’ (cf. the next paragraph). Throughout we have L ⊆ LG′ , and at the beginning we
have L = LG′ = LGr . These copies are also handled by the stack s, cf. lines 11–12 and 23–24.
(Thus s contains both r-sets and copies of H.)

In lines 6–8, the r-sets that do not intersect any of the copies of H in L are removed from the
graph G′. If no such r-sets exist, the algorithms checks in lines 10–12 whether there are non-
L-critical copies of H in L. Such copies of H are deleted from L (and therefore ignored in all
subsequent checks of the condition in line 6). This may allow more r-sets to be removed from
G′, and may also cause further copies of H in L to become non-L-critical.
As we shall show next, if all r-sets can be removed from Gr during the first while-loop, the
second while-loop finds an H-free Achlioptas subgraph A < Gr when reinserting the r-sets in
the reverse order.

Lemma 5.4. Let H be any fixed graph with at least two edges. On any r-matched graph Gr,
algorithm Find-Achl-Subgraph either terminates with an error in line 14 or returns an H-free
Achlioptas subgraph A < Gr.

Proof. Assume that the first while-loop of Find-Achl-Subgraph terminated without error.
We show that the second loop finds an H-free Achlioptas subgraph A < Gr.

First we show that the edges e′ and f ′ in lines 26 and 27 always exist. Since the second loop
inserts r-sets into G′ in the reverse order in which they were deleted during the first loop, when
we select e′ and f ′ in lines 26 and 27, G′ and L are exactly as at the time when L was pushed
on the stack in line 11. Thus L satisfies the condition of the if-clause in line 10, i.e., L is not
L-critical. Hence there exist edges e′ and f ′ as specified, cf. (5.2).
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1: procedure Find-Achl-Subgraph(Gr = (V,K))
2: s← empty-stack()

3: K′ ← K
4: L ← LGr
5: while G′ = (V,K′) is not empty do
6: if ∃ K ∈ K′ s.t. ∀L ∈ L : K ∩ L = ∅ then
7: s.push(K)

8: K′.remove(K)

9: else
10: if ∃L ∈ L \ L∗G′(L) then
11: s.push(L)

12: L.remove(L)

13: else
14: error “stuck”
15: A← ∅
16: while s 6= ∅ do
17: if s.top() is an r-set then
18: K ← s.pop()

19: K′.add(K)

20: e′ ← any e ∈ K
21: A.add(e′)
22: else
23: L← s.pop()

24: L.add(L)

25: if L ⊆ A then
26: e′ ← any e ∈ L s.t. ∃f ∈ K(e) \ {e} s.t. @Lf ∈ L : f ∈ Lf
27: f ′ ← any f ∈ K(e′) \ {e′} s.t. @Lf ∈ L : f ∈ Lf
28: A.remove(e′)
29: A.add(f ′)

30: Output(A)

Figure 5.1. The implementation of algorithm Find-Achl-Subgraph.

Note that lines 20 and 21 are executed exactly once for every r-set K, at the moment it is
reinserted into G′ = (V,K′). As moreover the algorithm executes lines 28 and 29 only for two
edges e′ and f ′ from the same r-set, throughout the second loop the edges in A always form an
Achlioptas subgraph of the current graph G′ = (V,K ′).

We conclude the proof by showing that the algorithm maintains the following additional invariant
during the second loop: after each execution of line 29, no copy L ∈ L is contained in A. Since
at the very end we have G′ = Gr and L = LGr , the lemma then follows. (Recall that copies of
H that are not in LGr will not be contained in any Achlioptas subgraph A < Gr, cf. (5.1))

We prove this by induction. Clearly, the statement is true at the beginning of the second loop
since then L is empty. Consider thus the situation immediately after some copy L is popped
from the stack and inserted back into L ⊆ LG′ in lines 23 and 24. If L is contained in A at this
moment, exactly one of its edges e′ is removed from A and replaced with another edge f ′ from
the same r-set, so clearly L is no longer contained in A after that. Moreover, by our choice of
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f ′, there are no copies L ∈ L that contain f ′, so the inclusion of f ′ into A does not create other
copies from L in A. This concludes the proof of Lemma 5.4. �

The algorithm Find-Achl-Subgraph gets stuck if and only if the conditions in lines 6 and 10
both fail. Then all copies in L are L-critical, and each of the remaining r-sets K ∈ K′ intersects
with such a critical copy. In the following we denote by G′ the r-matched graph (V,K′) at the
moment Find-Achl-Subgraph gets stuck, and – with slight abuse of notation – by L∗G′ the
family L = L∗G′(L) ⊆ LG′ at the moment the algorithm gets stuck.

5.2.4. Analysis. In order to prove the 0-statement of Theorem 5.1 for any graph F that is not
a forest, we consider a subgraph H ⊆ F that is strictly 2-balanced and satisfies m2(H) = m2(F ).
If we show that Find-Achl-Subgraph a.a.s. finds an H-free Achlioptas subgraph A of Grn,m
with m as claimed, clearly the 0-statement of Theorem 5.1 follows.

Lemma 5.5. Let H be a strictly 2-balanced graph that is not a forest. Then there exists a con-
stant c = c(H, r) > 0 such that for m ≤ cn2−1/m2(H), a.a.s. algorithm Find-Achl-Subgraph
terminates on Grn,m without error.

For the rest of this section, we consider H fixed as in the lemma. Our approach for the proof
of Lemma 5.5 is as follows. We describe a procedure Grow that takes as input the r-matched
graph G′ and the family L∗G′ ⊆ LG′ left when Find-Achl-Subgraph gets stuck, and constructs
as output an r-matched subgraph F r ⊆ G′ that is either too dense or too large to appear in Grn,m
with m as claimed. Together with a bound on the number of nonisomorphic graphs Grow can
output, this will imply that Find-Achl-Subgraph succeeds a.a.s. In the next few pages we
describe the procedure Grow and prove a series of preparatory claims. The proof of Lemma 5.5
is then carried out at the end of this section on page 56.

The procedure Grow starts with any F1 = L1 ∈ L∗G′ , and at every step adds a new copy
Li ∈ L∗G′ of H to the graph Fi−1 already found. Throughout, Fi =

⋃i
j=1 Lj is viewed simply as

a subset of E(G′). By F ri := (V (K(Fi)),K(Fi)) we denote the r-matched graph spanned by the
complete r-sets that intersect Fi.

At every step, Grow determines an edge fi ∈ E(K(Li−1)) \ (E(F ri−2) ∪ Li−1) that satisfies a
set of properties we will specify later. The main purpose of these properties is to ensure the
existence of a copy Li ∈ L∗G′ that contains fi and is not contained completely in E(F ri−1). Such
an Li is then added to Fi−1.

If Li and E(F ri−1) intersect only in fi, then F ri−1 is extended by exactly eH − 1 many r-sets since
by definition of LG′ each ‘new’ edge in Li \ {fi} is in a different r-set. In general however, Li
and E(F ri−1) might intersect in more edges, and thus F ri−1 might be extended by fewer r-sets.
For i ≥ 2 we denote by xi the amount by which the actual number of new r-sets differs from the
upper bound eH − 1, i.e., we set

xi : = eH − 1−
(
|K(Fi)| − |K(Fi−1)|

)

= eH − 1− |Li \ E(F ri−1)|
= |Li ∩ E(F ri−1)| − 1 ≥ 0 .

(5.3)

Similarly, F ri−1 is extended by at most vH − 2 ‘inner’ vertices from V (Li), and in addition to
that, by at most |Li \ E(F ri−1)| · 2(r − 1) ‘outer’ vertices incident to edges from E(K(Li)) \ Li.
Note that the latter bound depends on |Li \E(F ri−1)| and thus on xi. For i ≥ 2 we denote by yi
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the amount by which the actual number of new vertices differs from this upper bound of inner
and outer vertices, i.e., we set

yi : = vH − 2 + |Li \ E(F ri−1)| · 2(r − 1)−
(
|V (F ri )| − |V (F ri−1)|

)

= vH − 2− |V (Li) \ V (F ri−1)|
+ |Li \ E(F ri−1)| · 2(r − 1)− |V (F ri ) \ (V (F ri−1) ∪ V (Li))|

(5.3)
= |V (Li) ∩ V (F ri−1)| − 2

+ (eH − 1− xi) · 2(r − 1)− |V
(
E(K(Li)) \ (E(F ri−1) ∪ Li)

)
\ V (E(F ri−1) ∪ Li)| ≥ 0 .

(5.4)

In the last expression, the term |V (Li)∩ V (F ri−1)| − 2 accounts for inner vertices analogously to
(5.3), and the remaining terms account for outer vertices that are lost due to new outer edges
E(K(Li)) \ (E(F ri−1) ∪ Li) intersecting among themselves or with E(F ri−1) ∪ Li. For i = 1 we
define

x1 := 0 and y1 := vH + eH · 2(r − 1)− |V (F r1 )| ≥ 0 . (5.5)

We will relate yi to xi by considering the graph

Ji := (V (Li) ∩ V (F ri−1), Li ∩ E(F ri−1)) . (5.6)

We have

xi
(5.3)
= e(Ji)− 1 (5.7)

and

yi
(5.4)
≥ v(Ji)− 2 , (5.8)

which implies in particular that xi can only be positive if yi is positive. In order to make use
of the assumption that H is strictly 2-balanced, we will show that Ji is a proper subgraph of
(V (Li), Li) ∼= H. (Note that this is a reformulation of the requirement mentioned above that Li
is not contained completely in E(F ri−1).)

Procedure Grow stops and returns the current r-matched graph F ri as soon as
∑

1≤j≤i yj ≥ 3

or i ≥ log n. We will show that if the procedure stops because
∑

1≤j≤i yj ≥ 3, the r-matched
graph F ri is so dense that a.a.s. it will not appear in Grn,m. If on the other hand Grow stops
because i reaches log n, then at this point F ri is so large that a.a.s. it will not appear in Grn,m.

To complete the description of procedure Grow, we need to specify the precise properties we
require fi and Li to satisfy. For fi, we require that fi ∈ E(K(Li−1))\ (E(F ri−2)∪Li−1) such that

(i) there is a copy L ∈ L∗G′ containing fi, and
(ii) at most one vertex of fi is incident to an edge from E(F ri−1) \ {fi}, and

(iii) if yi−1 = 0, no vertex of fi is incident to an edge from E(F ri−1) \ {fi}.

Once such an fi is picked, any L as in property (i) is a valid choice for Li.

We now show that it is always possible to find an edge fi as specified, and that this in turn
ensures that F ri gets strictly larger at every step. Observe that whenever Grow needs to find
an edge fi, we have yi−1 ≤ 2 since otherwise Grow terminates after step i− 1.

Claim 5.6. Let G′ and L∗G′ be the r-matched graph and the family L at the moment the algo-
rithm Find-Achl-Subgraph got stuck, and assume that Grow has successfully constructed an
r-matched graph F ri−1 ⊆ G′ in the first i− 1 steps.
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If yi−1 ≤ 2, then at step i of Grow there exists an edge fi ∈ E(K(Li−1)) \ (E(F ri−2) ∪ Li−1)

satisfying properties (i), (ii), (iii). As a consequence, the copy Li added to Fi−1 is not contained
in E(F ri−1) completely (i.e., Ji as defined in (5.6) is isomorphic to a proper subgraph of H).

Proof. We will use that H as in Lemma 5.5 has at least three edges and minimum degree 2.

By definition of Grow, the copy Li−1 that was picked at step i − 1 is in L∗G′ . This implies
that for every edge e ∈ Li−1 \ E(F ri−2) there is an edge fe ∈ K(e) \ {e} for which there exists
L ∈ L∗G′ as specified in (i), cf. (5.2) and the last paragraph of Section 5.2.3. Thus we have a
set of ‘candidate edges’ Ci−1 := {fe | e ∈ Li−1 \ E(F ri−2)} for which a copy L ∈ L∗G′ as required
exists. Note that for i ≥ 3 we have |Ci−1| = eH −1−xi−1 by (5.3), and |C1| = eH . By induction
we may assume that the second part of the claim holds for step i− 1, which implies that there
is at least one candidate edge.

We decompose yi−1 as defined in (5.4) into smaller terms corresponding to different types of
intersections, distinguishing three types of contributions to yi−1. The first one corresponds
to intersections of Li−1 with E(F ri−2) \ {fi−1}. These intersections contribute an amount of
|V (Li−1) ∩ V (F ri−2)| − 2 = v(Ji−1) − 2 to yi−1 (cf. the remarks after (5.4) and the definition of
Ji in (5.6)). We let

V1 := V (Li−1) ∩ V (F ri−2) = V (Ji−1) .

The second contribution comes from new outer edges in E(K(Li−1)) \ (E(F ri−2)∪Li−1) that are
not vertex-disjoint from each other. Their contribution to yi−1 is at least the cardinality of

V2 := {v : ∃e1 6= e2 ∈ E(K(Li−1)) \ (E(F ri−2) ∪ Li−1) : v ∈ e1 ∩ e2}

(this is a lower bound because we ignore multiplicities). The last contribution to yi−1 comes
from new outer edges that are not vertex-disjoint from E(F ri−2) ∪ Li−1. Their contribution to
yi−1 is the cardinality of

V3 := V
(
E(K(Li−1)) \ (E(F ri−2) ∪ Li−1)

)
∩ V

(
E(F ri−2) ∪ Li−1

)
.

Note that the sets V1, V2, V3 are not necessarily disjoint from each other, as several intersections
might happen at the same vertex. We have

yi−1 ≥ (|V1| − 2) + |V2|+ |V3| (5.9)

and in particular

|V2 ∪ V3| ≤ yi−1 . (5.10)

A moment’s thought reveals that a new outer edge e ∈ E(K(Li−1)) \ (E(F ri−2) ∪ Li−1) satisfies
property (iii) if it is disjoint from V2∪V3, and that it satisfies (ii) if it shares at most one vertex
with V2 ∪ V3.

Thus if yi−1 = 0 (and consequently also xi−1 = 0, cf. (5.7) and (5.8)), any of the eH − 1

candidate edges fe ∈ Ci−1 satisfies (iii) and can be picked as fi. Otherwise, it follows with
yi−1 ≤ 2 from (5.10) that there is at most one candidate edge that violates (ii) and cannot be
picked as fi, namely the edge V2 ∪ V3 (if it is indeed a candidate edge). However, if that occurs,
we obtain with (5.9) that v(Ji−1) = |V1| ≤ yi−1 + 2 − |V2| − |V3| ≤ 2, implying with (5.7) that
xi−1 = e(Ji−1)− 1 = 0. Thus there are eH − 1 ≥ 2 many candidate edges, of which at most one
violates (ii), leaving at least one candidate edge that can be chosen as fi. As there is always at
least one candidate edge, we can also pick an edge as fi in the remaining case where none of the
candidate edges violates (ii).
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This shows that there is always a valid choice for fi, proving the first statement of Claim 5.6. It
remains to show that Li is not contained completely in E(F ri−1).

For fi ∈ E(K(Li−1)) \ Li−1, by property (ii) there is a vertex v ∈ fi that is not incident to
E(F ri−1) \ {fi}. As H has minimum degree at least 2, there is at least one other edge f ′ ∈ Li
incident to v besides fi. It follows that f ′ is not in E(F ri−1) by our choice of v, and consequently
Li is not contained in E(F ri−1) completely. This concludes the proof of Claim 5.6. �

Our next goal is to prove that the output of Grow is either too large or too dense to appear
in Grn,m with m as claimed. Eventually, we shall apply Lemma 5.3 to the r-matched graph
F r = (V,K) returned by Grow and use that the expected number of copies of F r in Grn,m with
m = cn2−1/m2(H) is bounded by

n|V |−|K|·2r(Cr · cn2−1/m2(H))|K| = (c · Cr)|K|nλH(F r) , (5.11)

where λH is the function that assigns to every r-matched graph F r = (V,K) the value

λH(F r) := |V | − |K| ·
(

2(r − 1) +
1

m2(H)

)
. (5.12)

In order to show that (5.11) tends to zero fast enough, we take a closer look at the expo-
nent λH(F ri ).

Claim 5.7. After every step of Grow we have

λH(F ri ) =

∑
1≤j≤i xj − 1

m2(H)
−
( ∑

1≤j≤i
yj − 2

)
. (5.13)

Proof. We have

λH(F ri )
(5.12)

=
∑

2≤j≤i

(
|V (F rj )| − |V (F rj−1)|

)
+ |V (F r1 )|

−
( ∑

2≤j≤i

(
|K(Fj)| − |K(Fj−1)|

)
+ |K(F1)|

)
·
(

2(r − 1) +
1

m2(H)

)

(5.3),(5.4),(5.5)
=

∑

2≤j≤i

(
vH − 2 + |Lj \ E(F rj−1)| · 2(r − 1)− yj

)

+
(
vH + eH · 2(r − 1)− y1

)

−
( ∑

2≤j≤i
|Lj \ E(F rj−1)|+ eH

)
· 2(r − 1)

−
( ∑

2≤j≤i

(
eH − 1− xj

)
+ eH − x1

)
· 1

m2(H)

= i · (vH − 2) + 2−
∑

1≤j≤i
yj −

i · (eH − 1) + 1−∑1≤j≤i xj
m2(H)

=

∑
1≤j≤i xj − 1

m2(H)
−
( ∑

1≤j≤i
yj − 2

)
,

where the terms containing i cancel out because H is (strictly) 2-balanced, i.e., m2(H) = (eH −
1)/(vH − 2). �

Using Claim 5.7 we now prove the desired upper bounds on the exponent λH(F ri ).
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Claim 5.8. There exist constants λ0 = λ0(H) > 0 and γ = γ(H) > 0 such that the following
holds:

• The output of Grow satisfies λH(F ri ) ≤ λ0.
• If Grow terminates because

∑
1≤j≤i yj ≥ 3, its output satisfies λH(F ri ) ≤ −γ.

Proof. Let
λ0 = λ0(H) := 2− 1/m2(H) > 0

and
γ = γ(H) := min

H′(H
v(H′)≥3

(v(H ′)− 2)− e(H ′)− 1

m2(H)
> 0 , (5.14)

where γ is positive due to our assumption that H is strictly 2-balanced. Note that considering
H ′ with 3 vertices and one edge in (5.14) yields γ ≤ 1.

We first prove that λH(F ri ) is nonincreasing. Let

∆i := λH(F ri )− λH(F ri−1)
(5.13)

=
xi

m2(H)
− yi

denote the change of λH at step i, and consider Ji as defined in (5.6). By (5.7) and (5.8) and
using that Ji is isomorphic to a proper subgraph of H (cf. Claim 5.6), we have

∆i

(5.7),(5.8)
≤ e(Ji)− 1

m2(H)
− (v(Ji)− 2)

(5.14)
≤ − γ (5.15)

if v(Ji) ≥ 3. Otherwise it follows from (5.7) and (5.8) that xi = e(Ji) − 1 = 0 and yi ≥
v(Ji) − 2 = 0 (observe that Ji always contains the edge fi), which implies ∆i ≤ 0. Thus λ(F ri )

is nonincreasing throughout, and the graph returned by Grow satisfies λ(F ri ) ≤ λ(F r1 ) ≤ λ0,
where the last step follows from (5.13) using that x1 = 0 and y1 ≥ 0. This proves the first part
of Claim 5.8.

Consider now the graph J ′i obtained from Ji by removing the edge fi and the vertices of fi that
have degree one in Ji. Clearly, we have

xi
(5.7)
= e(Ji)− 1 = e(J ′i) , (5.16)

and we now show that moreover we have
∑

1≤j≤i
yj ≥ v(J ′i) . (5.17)

This is true because of the following: if yi−1 = 0, the edge fi satisfies property (iii), and all edges
f ′ ∈ Li incident to fi are not in E(F ri−1) (cf. the arguments at the end of the proof of Claim 5.6).
In other words, fi is isolated in Ji, and we obtain from (5.8) that v(J ′i) = v(Ji) − 2 ≤ yi.
On the other hand, if yi−1 ≥ 1 the edge fi satisfies only property (ii) and is not necessarily
isolated in Ji. However, at most one of the two vertices of fi is incident to an edge from
E(F ri−1) (cf. again the arguments at the end of the proof of Claim 5.6), and with (5.8) we obtain
v(J ′i) ≤ v(Ji)− 1 ≤ 1 + yi ≤ yi−1 + yi, which proves (5.17).

Assume now that Grow terminates after step i because
∑

1≤j≤i yj ≥ 3. If
∑

1≤j≤i xj = 0, the
output of Grow satisfies λH(F ri ) ≤ 2−∑1≤j≤i yj ≤ −1 ≤ −γ. Otherwise, assume first that i is
the only step with xi = e(J ′i) ≥ 1. If xi ≥ 2, we have v(J ′i) ≥ 3, and thus

λH(F ri )
(5.13)

=
xi − 1

m2(H)
− (

∑

1≤j≤i
yj − 2)

(5.16),(5.17)
≤ e(J ′i)− 1

m2(H)
− (v(J ′i)− 2)

(5.14)
≤ − γ .

If xi = 1, we obtain with (5.13) and
∑

1≤j≤i yj ≥ 3 that λH(F ri ) ≤ −1 ≤ −γ.
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It remains to consider the case where xj ≥ 1 for some j < i. Since Grow did not terminate at
step j, we have

∑j
k=1 yk ≤ 2, which implies with (5.16) and (5.17) that xj = 1,

∑j
k=1 yk = 2.

Moreover, for all j < k < i we have xk = yk = 0 since otherwise Grow would have terminated
at step k. It follows that λH(F rj ) = 0 and λH(F ri ) = ∆i. Since, similarly to above, we have
∆i ≤ −γ by (5.15) if v(Ji) ≥ 3 and ∆i = −yi ≤ −1 ≤ −γ if v(Ji) ≤ 2 (since then xi = 0), this
concludes the proof of the second part of Claim 5.8. �

In order to show that a.a.s. Grn,m contains none of the r-matched graphs that can be generated
by Grow, we prove an upper bound on the number of such graphs, making crucial use of the
fact that only constantly many steps with xi > 0 or yi > 0 may occur before Grow terminates.
For i ≥ 1, let Fr(H, i) denote a family of representatives for the isomorphism classes of all r-
matched graphs F ri that can be the output of Grow when it terminates after exactly i steps on
some input G′ and L∗G′ as in Claim 5.6. Note that, crucially, we do not consider a fixed input
G′ and L∗G′ here, but consider all possible outputs of Grow on all possible inputs G′ and L∗G′ .
Moreover, let Fr(H,≤ i) :=

⋃i
j=1Fr(H, j).

Claim 5.9. There exists a constant C = C(H, r) such that for all i ≥ 1 we have

|Fr(H, i)| ≤ (i+ 1)C(reH)i . (5.18)

Proof. In the following, we say that step i is nondegenerate if yi = 0 (which implies in par-
ticular that xi = 0, as argued above), and degenerate otherwise. For 0 ≤ d ≤ min{i, 3},
let Fr(H, i, d) denote a family of representatives for the isomorphism classes of all r-matched
graphs F ri that Grow can generate in exactly i steps if it performs exactly d degenerate steps
along the way (recall that Grow terminates after at most 3 degenerate steps).

In a nondegenerate step, the isomorphism class of the r-matched graph F ri is uniquely defined
by the structure of F ri−1 and the edge fi ∈ E(K(Li−1)) \ Li chosen by Grow: since we have
xi = yi = 0, F ri is obtained by attaching a new copy Li to fi such that V (Li)∩V (F ri−1) = fi, and
embedding each of the eH−1 edges in Li\{fi} into an r-set such that the (eH−1)(r−1) edges in
E(K(Li \ {fi})) \Li are completely vertex-disjoint from each other and from E(F ri−1)∪Li. Thus
regardless of the input instance G′ and regardless of what happened in all previous steps, there
are at most reH ways to extend F ri−1 to F ri in a nondegenerate step. This implies in particular
that |Fr(H, i, 0)| ≤ (reH)i for all i.

In order to analyze what happens in degenerate steps, we use a more generic argument. Observe
that the newly added r-sets K(Li) \ K(Fi−1) span an r-matched graph on at most

K := vH + (eH − 1) · 2(r − 1)

vertices. In particular, at most K vertices are added at every step. Together with |V (F r1 )| ≤
K + 2(r − 1), we obtain |V (F ri )| ≤ Ki+ 2(r − 1).

In the following, GrK denotes the set of all r-matched graphs on at mostK vertices. F ri is uniquely
defined if one specifies the r-matched graph Gr ∈ GrK spanned by the new r-sets K(Li)\K(Fi−1),
the number s of vertices in which Gr intersects F ri−1, and two ordered lists of vertices from Gr

and F ri−1 respectively of length s, which specify the mapping of the intersection vertices from Gr

into F ri−1. Thus, the number of ways to extend F ri−1 to F ri in a degenerate step is bounded from
above by

∑

Gr∈GrK

|V (Gr)|∑

s=2

|V (Gr)|s|V (F ri )|s ≤ |GrK | ·K ·KK(Ki+ 2(r − 1))K ≤ (i+ 1)C0 ,
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for a large constant C0 depending only on H and r. It follows that for 0 ≤ d ≤ min{i, 3} we
have

|Fr(H, i, d)| ≤
(
i

d

)(
(i+ 1)C0

)d
(reH)i−d ≤ (i+ 1)d(C0+1)(reH)i .

Here the binomial coefficient corresponds to the choice of the d degenerate steps. We obtain

|Fr(H, i)| ≤
min{i,3}∑

d=0

|Fr(H, i, d)|

≤ 4(i+ 1)3(C0+1)(reH)i

≤ (i+ 1)C(reH)i

for an even larger constant C depending only on H and r. This concludes the proof of Claim 5.9.
�

We now have all the ingredients to prove that a.a.s. Grn,m does not contain one of the graphs that
can be generated by Grow. In the informal language used at the beginning of this section, we
will show that the graphs in Fr(H,≤ dlog ne−1) are too dense, and the graphs in Fr(H, dlog ne)
too large to appear in Grn,m with m as claimed.

Claim 5.10. There exists a constant c = c(H, r) > 0 such that for m ≤ cn2−1/m2(H), a.a.s. the
random r-matched graph Grn,m does not contain any r-matched graph from Fr(H,≤ dlog ne).

Proof. In addition to the bounds on λ(F ri ) and |Fr(H, i)| proved in Claims 5.8 and 5.9, we use
that due to Claim 5.6, every step i extends F ri−1 by at least one r-set and thus all r-matched
graphs (V,K) ∈ Fr(H, i) satisfy |K| ≥ i. It follows from Lemma 5.3 that for

c = c(H, r) :=
e−λ0−γ

Cr · reH
, (5.19)

the expected number of copies of r-matched graphs from Fr(H,≤ dlog ne) in Grn,m with m ≤
cn2−1/m2(H) is bounded by

∑

F r=(V,K)∈Fr(H,≤dlogne)
n|V |−2r·|K|(Crm)|K|

(5.11)
≤
dlogne∑

i=1

∑

F r=(V,K)∈Fr(H,i)
(c · Cr)|K|nλH(F r)

(|K|≥i,
c·Cr≤1)

≤
dlogne∑

i=1

∑

F r=(V,K)∈Fr(H,i)
(c · Cr)inλH(F r)

Cl. 5.8
≤

dlogne−1∑

i=1

|Fr(H, i)| · (c · Cr)in−γ + |Fr(H, dlog ne)| · (c · Cr)dlognenλ0

(5.18), (5.19)
≤

dlogne−1∑

i=1

(i+ 1)Ce(−λ0−γ)in−γ + (dlog ne+ 1)Ce(−λ0−γ)dlognenλ0

≤ (log n+ 2)C+1 · n−γ = o(1) ,

which implies Claim 5.10 by Markov’s inequality. �

Proof of Lemma 5.5. Suppose that the call to Find-Achl-Subgraph(Gr) gets stuck for
some r-matched graph Gr, and consider G′ ⊆ Gr and L∗G′ ⊆ LG′ at this moment. Applying
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Grow to G′ and L∗G′ yields a copy of an r-matched graph F r ∈ Fr(H,≤ dlog ne) that is con-
tained in G′ ⊆ Gr. However, by Claim 5.10, Gr = Grn,m with m as claimed contains a.a.s. no
such graph. Thus a.a.s. Find-Achl-Subgraph succeeds in finding an H-free Achlioptas sub-
graph of Grn,m. This proves Lemma 5.5 (and thus the 0-statement of Theorem 5.1, unless F is a
forest). �

5.2.5. Forests. It remains to prove the 0-statement of Theorem 5.1 for the case where F is a
forest. If F is a matching, we have m(F ) = 1/2 and the claim is trivially true. In all other cases,
we have m(F ) = 1, and we will prove the claim by showing that there exists c = c(r) such that
for m ≤ cn, a.a.s. there is a P2-free Achlioptas subgraph A < Grn,m (where P2 denotes the path
with two edges).

We say that a graph G has at most unicyclic components if all its connected components are
trees or unicyclic graphs. Note that this is equivalent to requiring that G contains no subgraph
H with vH < eH . It is well-known [ER60] that for c < 1/2, Gn,m with m = cn has at
most unicyclic components. In the following we will show a similar statement for the random
r-matched graph Grn,m.

Recall that an r-matched graph H = (V,K) is connected if the hypergraph on the same vertex
set with hyperedges V (K), K ∈ K, is connected. (Also recall that this hypergraph is not
necessarily 2r-uniform because the endpoints of the r edges in an r-set K ∈ K are not necessarily
distinct.) The connected components of an r-matched graph are its maximal connected r-matched
subgraphs.

We say that a connected r-matched graph H = (V,K) is an r-matched tree if it satisfies |V | =

(2r − 1)|K| + 1. Similarly, we say that a connected r-matched graph H = (V,K) is unicyclic if
it satisfies |V | = (2r− 1)|K|. Moreover, we say that a connected r-matched graph H = (V,K) is
an r-matched cycle if it satisfies |V | = (2r − 1)|K| and is minimal with that property.

We say that an r-matched graph Gr has at most unicyclic components if all its connected com-
ponents are r-matched trees or are unicyclic r-matched graphs. Note that this is equivalent to
requiring that Gr contains no r-matched subgraph H = (V,K) with |V | < (2r − 1)|K|.

Claim 5.11. For r ≥ 2 there exists a constant c = c(r) > 0 such that for m ≤ cn, a.a.s. the
random r-matched graph Grn,m has at most unicyclic components, i.e., contains no r-matched
subgraph H = (V,K) with |V | < (2r − 1)|K|.

With this claim in hand, the 0-statement of Theorem 5.1 for the case where F is a forest follows
easily. It is not hard to see that an r-matched cycle with at least two r-sets is essentially either a
usual (i.e. unmatched) cycle or an ordered family of paths P (1), . . . , P (k) such that the last edge
of P (i) and the first edge of P (i+1) mod k are in the same r-set, 1 ≤ i ≤ k. Each of the interior
edges of these paths (or of the usual cycle) is in an r-set with r− 1 isolated edges, and similarly
the r − 2 remaining edges from r-sets linking two consecutive paths are isolated. Note that we
can find a P2-free Achlioptas subgraph of any r-matched cycle by picking the first edge of every
path P (i), and one of the isolated edges from each r-set corresponding to interior edges.

Moreover, any unicyclic r-matched graph can be obtained by starting with an r-matched cycle
and successively adding r-sets such that each new r-set intersects with the existing r-matched
graph in only one vertex. We can easily extend a P2-free Achlioptas subgraph in the process and
keep is P2-free, and analogously we can find a P2-free Achlioptas subgraph of any r-matched tree.
Thus every r-matched graph Gr that has at most unicylic components has a P2-free Achlioptas
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subgraph A < Gr, and in order to prove the 0-statement of Theorem 5.1 for the case of forests
it remains to prove Claim 5.11.

Proof of Claim 5.11. We prove the claim by showing that for c := (12 e3)−r, a.a.s. Grn,m with
m ≤ cn contains no subgraph on v vertices with k(v) := d v+1

2r−1e many r-sets, 1 ≤ v ≤ n.
Let us first deal with the easy case of small (constant-size) subgraphs. Observing that v ≤
(2r − 1)k(v) − 1, it follows with Lemma 5.3 (or Lemma 4.8) that the expected number of r-
matched subgraphs with v ≤ 100r vertices and k(v) many r-sets in Grn,m with m ≤ cn is O(n−1).
(Here we used that there are only constantly many isomorphism classes of such graphs.) For
larger values of v, we will show the same statement by a more careful calculation using that

k(v) ≤ v

2r − 1
+ 1 ≤ v

r
. (5.20)

To simplify notation, we write k instead of k(v) in the following. Recall that we can generate
Grn,m by first generating Gn,m and drawing a partition of the m edges into r-sets u.a.r., and
observe that there are exactly m!

(m/r)!r!m/r
many such partitions. Thus the expected number of

r-matched subgraphs with v ≥ 100r vertices and k = k(v) many r-sets is

n∑

v=100r

(
n

v

)((v
2

)

rk

)
·
((n2)−rk
m−rk

)
((n2)
m

) ·
(rk)!
k!r!k
· (m−rk)!

(m/r−k)!r!m/r−k

m!
(m/r)!r!m/r

=
n∑

v=100r

(
n

v

)((v
2

)

rk

)
· (
(
n
2

)
− rk)!(
n
2

)
!

· (rk)!

k!
· (m/r)!

(m/r − k)!

=

n∑

v=100r

(
n

v

)((v
2

)

rk

)((n
2

)

rk

)−1(
m/r

k

)

≤
n∑

v=100r

(en

v

)v (e v2

2rk

)rk (
3rk

n2

)rk (em

rk

)k
,

(5.21)

where we use the convention that
(
a
b

)
= 0 if b < 0 or b > a, and in the last inequality we applied

the standard estimate
(a
b

)b
≤
(
a

b

)
≤
(e a

b

)b
.

We plug in the following bounds for v: v ≤ (2r − 1)k − 1 in the exponent of the first factor,
v ≥ rk in the denominator of the first factor (cf. (5.20)), and v ≤ 2rk in the numerator of the
second factor. This yields after some calculation that (5.21) is bounded by

n∑

v=100r

rk(6 e3)rkn−k−1mk . (5.22)

Plugging in m ≤ cn with c = (12 e3)−r, we see that (5.22) is bounded by

n∑

v=100r

rk 2−rkn−1 = O(n−1) .

Thus altogether the expected number of subgraphs with v edges and k(v) many r-sets, 1 ≤ v ≤ n,
is O(n−1) = o(1), and Claim 5.11 follows with Markov’s inequality. �
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5.3. Upper bound

5.3.1. Preliminaries. We will use the Azuma-Hoeffding inequality. Here we present the for-
mulation given in [JŁR00].

Theorem 5.12 ([Hoe63, Azu67]). If (Xk)
n
0 is a martingale with Xn = X and X0 = E[X],

and there exist constants ck > 0 such that

|Xk −Xk−1| ≤ ck
for each k ≤ n, then, for every t > 0,

Pr[X ≥ E[X] + t] ≤ exp

(
− t2

2
∑n

k=1 c
2
k

)
,

Pr[X ≤ E[X]− t] ≤ exp

(
− t2

2
∑n

k=1 c
2
k

)
. (5.23)

5.3.2. Upper bound proof. We proceed by induction on eF and prove the following strength-
ening of the 1-statement of Theorem 5.1. Note that F may be disconnected and even contain
isolated vertices. Recall that m2(F ) := 1/2 if e(F ) = 1.

Theorem 5.13. Let r ≥ 2 and F be a nonempty graph. Then there exist positive constants
C = C(F, r) and a = a(F, r) such that for

m ≥ Cn2−1/m2(F )

with m� n2, the random r-matched graph Grn,m a.a.s. satisfies the property that every Achlioptas
subgraph A < Grn,m contains anvF (m/n2)eF many copies of F .

Proof. Note that any A < Grn,m has exactly m/r edges. Thus for the base case e(F ) = 1, the
statement holds deterministically for any C > 0 (in fact, for any m ≥ 0) and a = 1/(2r). For
the induction step, we start by fixing some constants. Fix an arbitrary subgraph F− ⊂ F with
eF − 1 edges and vF vertices, and set

a′ := min
{
a(F−, r), 1

}
, C ′ := max

{
C(F−, r), (3/a′)1/(eF−1), 1

}
, (5.24)

where a(F−, r) and C(F−, r) are the constants guaranteed inductively by the theorem. Further-
more, let

γ :=
(a′)2

12 · 220v2
F

< 1 , b :=
γ2r

8r
< 1 . (5.25)

We shall prove Theorem 5.13 for

C := (1 + b−1) C ′ , a :=
a′

(1 + b−1)eF
. (5.26)

We proceed by a two-round approach as follows. For given m ≥ Cn2−1/m2(F ), set

m1 :=
1

1 + b−1
m , m2 :=

b−1

1 + b−1
m . (5.27)

Note that m1 +m2 = m and

m1 ≥ C ′n2−1/m2(F ) ≥ C ′n2−1/m2(F−) . (5.28)

We assume w.l.o.g. that both m1 and m2 are integers divisible by r. In the first round we
generate a random r-matched graph Grn,m1

and ask the adversary to pick an Achlioptas subgraph
A1 < Grn,m1

. In the second round, we add another m2/r random r-sets (uniformly at random
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from all edges in E(Kn) \ E(Grn,m1
)) and ask the adversary to extend her choice of A1 < Grn,m1

to an Achlioptas subgraph A of the resulting r-matched graph Grn,m.

For a fixed choice of A1 < Grn,m1
and any e ∈ E(Kn), let xe denote the number of copies of F−

in A1 that e completes to copies of F , and set

Base(A1) := {e ∈ E(Kn) | xe ≥ a′nvF−2(m1/n
2)eF−1} . (5.29)

We shall prove the following two claims.

Claim 5.14. A.a.s. Grn,m1
has the property that for every Achlioptas subgraph A1 < Grn,m1

we
have

|Base(A1)| ≥ γn2 .

Claim 5.15. If Grn,m1
is as in Claim 5.14, for any fixed choice of A1 < Grn,m1

we have that with
probability at least 1 − e−bm2, at least bm2 many r-sets of the second round are completely in
Base(A1).

These two claims imply the induction step of Theorem 5.13 as follows. A.a.s. Grn,m1
is as in

Claim 5.14. Since there are rm1/r choices for A1 < Grn,m1
, Claim 5.15 guarantees that with

probability at least

1− rm1/r · e−bm2
(5.27)

= 1− (r1/r e−1)m1 = 1− o(1) ,

at least bm2 many r-sets of the second round are completely in Base(A1) for every choice of
A1 < Grn,m1

. Moreover, since one edge from every r-set must be included in A < Grn,m, by the
definition of Base(A1) (cf. (5.29)), a.a.s. at least

bm2 · a′nvF−2(m1/n
2)eF−1(5.26),(5.27)

= anvF (m/n2)eF

copies of F are created in the second round. This concludes the proof of Theorem 5.13 (which,
as discussed, implies the 1-statement of Theorem 5.1). �

It remains to prove Claim 5.14 and Claim 5.15.

Proof of Claim 5.14. We will use several times that, by definition of m2(F ), for every sub-
graph J ⊆ F with at least one edge we have

n
vJ−2− eJ−1

m2(F ) ≥ n0 = 1 . (5.30)

Consider a fixed choice of A1 < Grn,m1
, and recall that for every edge e ∈ E(Kn), xe denotes the

number of copies of F− in A1 that e completes to copies of F . Let k(F−) denote the number of
copies of F− in A1. Since every copy of F− in A1 contributes to at least one of the xe, we have

∑

e∈E(Kn)

xe ≥ k(F−) .

By definition of Base(A1) (cf. (5.29)) it follows that

∑

e∈Base(A1)

xe ≥ k(F−)−
(
n

2

)
· a′nvF−2(m1/n

2)eF−1

≥ k(F−)− a′/2 · nvF (m1/n
2)eF−1 .
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Due to (5.24) and (5.28), we have by induction that a.a.s. k(F−) ≥ a′nvF (m1/n
2)eF−1 and,

consequently,
∑

e∈Base(A1)

xe ≥ a′/2 · nvF (m1/n
2)eF−1 . (5.31)

Note that in fact the induction hypothesis guarantees that a.a.s. this bound holds for all choices
of A1 < Grn,m1

simultaneously.

Let T be the family of all pairwise nonisomorphic graphs T which are unions of two copies of
F−, say F 1

− ∪ F 2
−, such that for some edge f ∈

(
V (T )

2

)
\ E(T ), both F 1

− ∪ {f} and F 2
− ∪ {f} are

isomorphic to F . Let k(T ) denote the number of copies of graphs from T in A1. We have
∑

e∈E(Kn)

(
xe
2

)
≤ 217v2

F · k(T ) , (5.32)

where the constant 217v2
F is due to the fact that a given copy of some T ∈ T contributes at most(

vT
vF−2

)2( eT
eF−1

)2 ≤ 22vT+2eT ≤ 24v2
T ≤ 216v2

F to at most
(
vT
2

)
≤ 2v2

F ≤ 2v
2
F terms of the sum.

For a fixed graph T ∈ T , let I = F 1
− ∩ F 2

− denote the intersection of the two copies of F−, and
let J denote the graph obtained by adding the edge f to I (if there are multiple choices for F 1

−,
F 2
−, and f , pick one arbitrarily). Letting the random variable XT denote the number of copies

of T in Gn,m1 (the underlying unmatched graph of Grn,m1
), we have

E[XT ] ≤ (1 + o(1))n2vF−vI (2m1/n
2)2(eF−1)−eI ≤ 22eF n2vF−vJ (m1/n

2)2eF−1−eJ

≤ 2v
2
F
(
n2vF−2(m1/n

2)2eF−2
)
/
(
nvJ−2(m1/n

2)eJ−1
)

(5.24),(5.28),(5.30)
≤ 2v

2
F n2vF−2(m1/n

2)2eF−2 .

(5.33)

If E[XT ] is a growing function of n, then by a standard application of Chebyshev’s inequality, we
have XT ≤ 2E[XT ] a.a.s. Otherwise, Markov’s inequality implies that for any growing function
ω(n) we have XT ≤ ω(n) a.a.s. As the right hand side of (5.33) is indeed a growing function of
n (due to (5.28) and (5.30), it grows at least quadratically), we obtain that in either case XT

exceeds the r.h.s. of (5.33) at most by a factor of two a.a.s. Since A1 is a subgraph of Gn,m1 , it
follows in particular that a.a.s.

k(T ) ≤ |T | · 2 · 2v2
F n2vF−2(m1/n

2)2eF−2

≤ 23v2
F · n2vF−2(m1/n

2)2eF−2 ,
(5.34)

where we bounded |T | by the number of graphs on at most 2vF vertices, which in turn is
bounded by

∑2vF
i=1 2(i2) ≤ 2(2vF

2 )+1 ≤ 22v2
F−1. Again a.a.s. the bound (5.34) holds for all choices

of A1 < Grn,m1
simultaneously. From (5.32) and (5.34) we obtain

∑

e∈Base(A1)

(
xe
2

)
≤

∑

e∈E(Kn)

(
xe
2

)
≤ 220v2

F · n2vF−2(m1/n
2)2eF−2 . (5.35)

Jensen’s inequality now yields

∑

e∈Base(A1)

(
xe
2

)
≥ |Base(A1)|

(∑e∈Base(A1) xe

|Base(A1)|
2

)
≥

(
∑

e∈Base(A1) xe)
2

3|Base(A1)| , (5.36)

where in the last step we used that for all e ∈ Base(A1) we have

xe
(5.29)
≥ a′nvF−2(m1/n

2)eF−1
(5.28)
≥ a′(C ′)eF−1n

vF−2− eF−1

m2(F )
(5.24),(5.30)
≥ 3 .
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It follows that a.a.s.

|Base(A1)|
(5.36)
≥

(
∑

e∈Base(A1) xe)
2

3
∑

e∈Γ(A1)

(
xe
2

)

(5.25),(5.31),(5.35)
≥ γn2

for every choice of A1 < Grn,m1
. This concludes the proof of Claim 5.14. �

Proof of Claim 5.15. Conditioning on Grn,m1
being as in Claim 5.14 and considering a fixed

choice of A1 < Grn,m1
, we let X denote the number of r-sets of the second round that are

completely in Base(A1). From Claim 5.14 we obtain

E[X] = m2/r ·
(|Base(A1)|\E(Grn,m1

)
r

)
((n2)−m1

r

) = m2/r · (1 + o(1))

(
2|Base(A1)|

n2

)r Cl. 5.14
≥ m2 ·

γr

r
, (5.37)

where we used that |Base(A1)| = Θ(n2) and m1 � n2. We now apply the Azuma-Hoeffding
inequality (Theorem 5.12) with t = E[X]/2 to the Doob Martingale that arises if we draw the
m2/r many r-sets of the second round sequentially, using that each of these r-sets changes X by
at most ck = 1, 1 ≤ k ≤ m2/r. Observing that by (5.25) and (5.37) we have bm2 ≤ E[X]/2, we
obtain

Pr[X ≤ bm2] ≤ Pr[X ≤ E[X]/2]
(5.23)
≤ exp

(
−(E[X]/2)2

2 ·m2/r

)
(5.25),(5.37)
≤ exp (−bm2) .

This concludes the proof of Claim 5.15. �



CHAPTER 6

Online Ramsey games in random graphs

In this chapter we present our results for the online Ramsey game. The results presented here
are joint work with Martin Marciniszyn and Angelika Steger. They were published in [MSS09a,
MSS09b]; an extended abstract appeared as [MSS05].

6.1. Introduction

A well-studied problem in deterministic graph theory is finding edge-colorings of a given graph G
that avoid a monochromatic copy of a given fixed graph F . It follows from Ramsey’s celebrated
result [Ram30] that every two-coloring of the edges of a complete graph on n vertices contains
a monochromatic clique on Θ(log n) vertices and thus, for n sufficiently large, also a monochro-
matic copy of F . While that seems to rely on the fact that the Kn is a very dense graph,
Folkman [Fol70] and, in a more general setting, Nešetřil and Rödl [NR76] showed that there
also exist locally sparse graphs G = G(F ) with the property that every two-coloring of the edges
of G contains a monochromatic copy of F . By transferring the problem into a random setting,
Rödl and Ruciński showed that in fact such graphs G are quite frequent. More precisely, they
proved that the existence of a two-coloring without a monochromatic copy of F a.a.s. depends
only on the number of edges m of the random graph Gn,m, cf. Theorem 2.2.

While the above results consider a static or ‘offline’ situation, Friedgut, Kohayakawa, Rödl,
Ruciński, and Tetali [FKR+03] transferred these problems into an algorithmic or ‘online’ setting.
They studied the following one-player game. The board is a graph with n vertices, which initially
contains no edges. The edges are presented to the player, henceforth called Painter, one by one in
an order chosen uniformly at random among all permutations of the underlying complete graph.
Painter must assign one of r available colors to each edge immediately. Her objective is to color
as many edges as possible without creating a monochromatic copy of some fixed graph F . The
game ends as soon as the first monochromatic copy of F is closed. We refer to this as the online
F -avoidance game with r colors and to the number of properly colored edges as its duration.
Friedgut et al. [FKR+03] showed that for the triangle-avoidance game with two colors, there is
a threshold that differs dramatically from the one in the offline case. While in the offline setting
for a small c > 0 a.a.s. a random graph with cn3/2 edges can be properly colored [ŁRV92], the
online case will a.a.s. stop as soon as Painter has seen substantially more than n4/3 edges.

We say that N0 = N0(F, r, n) is a threshold for the game if for any N � N0, there exists a
strategy such that Painter a.a.s. survives for N steps with this strategy, and if moreover for
any function N � N0, Painter a.a.s. will lose the game within the first N steps regardless of
her strategy. Note that the existence of such a threshold does not immediately follow from the
Bollobás-Thomason result about monotone graph properties [BT87]. However, a variant of the
well-known multi-round exposure proof of that result yields that indeed a threshold exists for all
F and r, cf. Lemma 6.6 below.

63
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We will prove the following general lower bound on this threshold. For any graph F , define the
density measures mr

2(F ) recursively as follows.

mr
2(F ) :=





max
H⊆F

eH
vH

if r = 1 ,

max
H⊆F

eH

vH − 2 + 1/mr−1
2 (F )

if r ≥ 2 .
(6.1)

Theorem 6.1. Let F be a fixed graph that is not a forest, and let r ≥ 2 be a fixed integer. Then
the online F -avoidance game with r colors has a threshold N0(F, r, n) that satisfies

N0(F, r, n) ≥ n2−1/mr2(F ) .

The parameter mr
2(F ) is strictly increasing in r and satisfies

lim
r→∞

mr
2(F ) = m2(F ) , (6.2)

cf. Lemma 6.7 below. The lower bound given by Theorem 6.1 thus depends on the number
of colors r, in contrast to the offline threshold stated in Theorem 2.2, and approaches that
offline threshold as the number of colors grows. In the special case when F is 2-balanced, the
convergence (6.2) takes the form of a geometric series and yields a more explicit bound.

Corollary 6.2. Let F be a fixed 2-balanced graph that is not a forest, and let r ≥ 2 be a fixed
integer. Then the online F -avoidance game with r colors has a threshold N0(F, r, n) that satisfies

N0(F, r, n) ≥ n(2−1/m2(F ))(1−e−rF ) .

Moreover, we show that for r = 2 and a large class of graphs including cliques and cycles of
arbitrary size, the lower bound given in Theorem 6.1 is in fact the threshold of the game.

Theorem 6.3. Let F be a fixed graph that is not a forest and that has a subgraph F− ⊂ F with
eF − 1 edges satisfying

m2(F−) ≤ m2
2(F ) . (6.3)

Then the threshold for the online F -avoidance game with two colors is

N0(F, 2, n) = n2−1/m2
2(F ) .

This yields the following explicit threshold functions for clique- and cycle-avoidance games.

Corollary 6.4 (Clique-avoidance games). For any ` ≥ 2, the threshold for the online K`-
avoidance game with two colors is

N0(`, 2, n) = n
(2− 2

`+1)
(

1−(`2)
−2
)
.

Corollary 6.5 (Cycle-avoidance games). For any ` ≥ 3, the threshold for the online C`-avoidance
game with two colors is

N0(`, 2, n) = n1+1/` .

We believe that for graphs F satisfying precondition (6.3) (in particular for cliques and cycles),
the lower bounds given by Theorem 6.1 are in fact the thresholds of the game for any number of
colors r ≥ 2 (cf. Section 6.6 below for the intuition behind this conjecture).
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In the proof of Theorem 6.1, we show that for N � n2−1/mr2(F ), Painter can survive with the
following strategy. For a given nonempty graph F , define an infinite sequence of graphs as
follows.

Hr = Hr(F ) :=





arg max
H⊆F

eH
vH

if r = 1 ,

arg max
H⊆F

eH

vH − 2 + 1/mr−1
2 (F )

if r ≥ 2 .
(6.4)

Label the available colors with the numbers 1, . . . , r. Painter assigns color r to all edges unless
this closes a monochromatic copy of Hr. In that case, she uses color r − 1, unless this closes a
monochromatic copy of Hr−1, and so on. She stops playing as soon as she cannot avoid creating
a copy of H1 in color 1 since all colors are exhausted. (Of course she could continue playing until
she is forced to create a copy of F in color 1, but this is not taken into account by our analysis.)
Corollary 6.2 corresponds to the special case when H1 = · · · = Hr = F .

The maximization over r potentially different subgraphs Hi in (6.1) and (6.4) gives rise to the
curious phenomenon that a disconnected graph F may have a higher threshold than each of its
components. For an example, consider r = 2 and F the disjoint union of the complete graph K4

on four vertices and the wheel W4 with four spokes. Theorem 6.3 yields that the individual
components have thresholds N0(K4, 2, n) = n14/9 = n1.555... and N0(W4, 2, n) = n99/64 = n1.546...

respectively, whereas Theorem 6.1 yields that N0(F, 2, n) is at least n25/16 = n1.562....

While we do believe that the lower bound from Theorem 6.1 provides the correct threshold for
cliques, cycles, and many other graphs, this is not true for all graphs. For an example, consider
r = 2 and F the graph formed by two triangles overlapping in exactly one vertex. Our proof of
Theorem 6.1 shows that greedily avoiding triangles (say, greedily using red, and using blue to
avoid red triangles) guarantees survival for any N � n2−1/m2

2(F ) = n25/18 = n1.388... edges. It
turns out that switching back to red when this strategy would complete a blue copy of F improves
the lower bound to n17/12 = n1.416.... In [BMS10+] we presented an alternative approach to
deal with these more complicated cases, cf. the remarks in Section 6.6.

As already pointed out in [FKR+03] for the case of triangles, in all cases where a threshold
is known, the proofs show that it cannot be strengthened to a ‘semi-sharp’ threshold as in
Theorem 2.2. This suggests that online colorability is essentially determined by local properties,
and in some sense closer related to Theorem 2.1 than to Theorem 2.2 (cf. [Fri05] for a discussion
of sharp thresholds and global vs. local graph properties).

6.1.1. Organization of this chapter. The rest of this chapter is organized as follows. We
explain our notation and prove some auxiliary results in Section 6.2. In Section 6.3 we prove
the lower bound for the game with an arbitrary number of colors stated in Theorem 6.1, and in
Section 6.4 we prove a matching upper bound for the game with two colors and graphs satisfying
the assumption of Theorem 6.3. These proofs rely on several combinatorial statements, which
are proved in Section 6.5. We give some concluding remarks in Section 6.6.

6.2. Preliminaries and notation

We consider the random graph process (G(n,N))0≤N≤(n2)
, where the edges appear uniformly

at random one after the other, i.e., in one of
(
n
2

)
! possible permutations. It is easily seen that

G(n,N) is uniformly distributed over all graphs on n vertices with exactly N edges. Recall
that by Gn,m we denote a graph chosen uniformly at random from all graphs on n vertices with
exactly m = m(n) edges.
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Lemma 6.6. Let F be a fixed nonempty graph, and let r ≥ 2 be a fixed integer. Then the online
F -avoidance game with r colors has a threshold N0(F, r, n).

Proof. Let Π denote the space of all possible strategies, i.e., functions mapping all (countably
infinitely many) game positions Painter may face to one of the r available colors. For a fixed
strategy π ∈ Π, let the random variable Dπ(n) denote the duration of the online F -avoidance
game with r colors on n vertices when played according to π.

Note that for all a, b, n ∈ N we have

sup
π∈Π

Pr[Dπ(n) ≥ a+ b] ≤ sup
π∈Π

Pr[Dπ(n) ≥ a] · sup
π∈Π

Pr[Dπ(n) ≥ b] , (6.5)

since the right hand side is the maximum probability that Painter survives for a+ b moves in a
relaxed game where the board is erased and the game restarted after the first a moves.

With this observation in hand, it is easy to prove that

N0(n) := max
{
N : sup

π∈Π
Pr[Dπ(n) ≥ N ] ≥ 1/2

}
(6.6)

is a threshold function: on the one hand, there exists no function N1(n)� N0(n) with

lim inf
n→∞

sup
π∈Π

Pr[Dπ(n) ≥ N1(n)] =: c1 < 1 (6.7)

since otherwise we would obtain for k := dlogc1(1/4)e (or k := 1 if c1 = 0) and infinitely many
n that

1/2
(6.6)
≤ sup

π∈Π
Pr[Dπ(n) ≥ N0(n)]

≤ sup
π∈Π

Pr[Dπ(n) ≥ kN1(n)]

(6.5)
≤ sup

π∈Π
Pr[Dπ(n) ≥ N1(n)]k

(6.7)
= (c1 + o(1))k

≤ 1/4 + o(1) ,

an obvious contradiction. On the other hand, there exists no function N2(n)� N0(n) with

lim sup
n→∞

sup
π∈Π

Pr[Dπ(n) ≥ N2(n)] =: c2 > 0 , (6.8)

since for k := d− log2(c2/2)e and infinitely many n, we would obtain

c2 + o(1)
(6.8)
= sup

π∈Π
Pr[Dπ(n) ≥ N2(n)]

≤ sup
π∈Π

Pr[Dπ(n) ≥ k(N0(n) + 1)]

(6.5)
≤ sup

π∈Π
Pr[Dπ(n) ≥ N0(n) + 1]k

(6.6)
< (1/2)k

≤ c2/2 ,

which is again a contradiction. �

For nonempty graphs F and G and any integer r ≥ 2, we define

d
r
2(F,G) :=

eG

vG − 2 + 1/mr−1
2 (F )

,
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where mr−1
2 (F ) is defined in (6.1). We set dr2(F,G) := 0 if F or G is empty. Note that

mr
2(F ) = max

H⊆F
d
r
2(F,H)

for all r ≥ 2, and recall that m1
2(F ) = m(F ) by definition. We say that F is balanced w.r.t. dr2

if mr
2(F ) = d

r
2(F, F ). To simplify notation, we sometimes write d2 for d2

2 and m2 for m2
2.

As already pointed out in Chapter 3, the maximum density measures m and m2 are well-known
and motivated by Theorems 2.1 and 2.2 respectively. It is also well-known that every nonempty
graph that is not a matching satisfies m(F ) < m2(F ), and that every 2-balanced graph is
balanced. The next lemma shows that the densities mr

2(F ) studied in this chapter interpolate
between m and m2 in some sense.

Lemma 6.7. Let F be a nonempty graph that is not a matching.

(i) We have

m(F ) = m1
2(F ) < m2

2(F ) < · · · < mr
2(F ) < · · · < m2(F ) .

(ii) We have

lim
r→∞

mr
2(F ) = m2(F ) .

(iii) If F is 2-balanced, it is is balanced with respect to dr2 for all r ≥ 1.
(iv) For all r ≥ 2, if F is balanced with respect to dr2, it is balanced with respect to dr−1

2 .

Proof of Lemma 6.7. We prove (i) by induction on r, showing that mr
2(F ) < mr+1

2 (F ) and
mr

2(F ) < m2(F ). In the base case r = 1, these statements follow from the inequalities d(H) <

d
2
2(F,H) and d(H) < d2(H) for all subgraphs H ⊆ F that are not matchings. For r ≥ 2, the

first inequality follows from

mr
2(F ) = max

H⊆F
eH

vH − 2 + 1/mr−1
2 (F )

Ind.
< max

H⊆F
eH

vH − 2 + 1/mr
2(F )

= mr+1
2 (F ) .

The second inequality follows with (eH − 1)/(vH − 2) ≤ m2(F ) from

mr
2(F ) = max

H⊆F
eH

vH − 2 + 1/mr−1
2 (F )

Ind.
< max

H⊆F
eH

(eH − 1)/m2(F ) + 1/m2(F )
= m2(F ) .

This concludes the proof of (i).

Clearly, (i) implies that m∞2 (F ) := limr→∞mr
2(F ) exists and is at most m2(F ). On the other

hand, letting r → ∞ in (6.1) yields that eH
vH−2+1/m∞2 (F ) ≤ m∞2 (F ) for all H ⊆ F , which by

elementary calculations is equivalent to m∞2 (F ) ≥ m2(F ). This proves (ii).

An easy calculation shows that dr2(F, F ) ≤ d2(F ) is equivalent to mr−1
2 (F ) ≤ d2(F ). Hence, F

satisfies dr2(F, F ) ≤ d2(F ) by (i). If F is 2-balanced, we obtain for every subgraph H ( F with
3 ≤ vH < vF that

eF − eH
(vF − 2 + 1/mr−1

2 (F ))− (vH − 2 + 1/mr−1
2 (F ))

=
(eF − 1)− (eH − 1)

(vF − 2)− (vH − 2)

Prop.3.1
≥ d2(F ) ≥ dr2(F, F ) ,

which again by Proposition 3.1 implies that dr2(F,H) ≤ dr2(F, F ), concluding the proof of (iii).



Chapter 6. Online Ramsey games in random graphs 68

Claim (iv) follows analogously from

eF − eH
(vF − 2 + 1/mr−1

2 (F ))− (vH − 2 + 1/mr−1
2 (F ))

=
eF − eH

(vF − 2 + 1/mr
2(F ))− (vH − 2 + 1/mr

2(F ))

Prop.3.1
≥ d

r
2(F, F ) ≥ dr−1

2 (F, F )

for every subgraph H ( F with 2 ≤ vH < vF . �

Clearly, if F is a forest, the graph Hr = Hr(F ) defined by (6.4) is a forest. The next lemma
states that the converse is also true.

Lemma 6.8. Let F be a nonempty graph that is not a forest. For all r ≥ 2, a graph H with
d
r
2(F,H) = mr

2(F ) satisfies eH ≥ vH . In particular, Hr = Hr(F ) defined by (6.4) is not a forest.

Proof. If eH ≤ vH − 1, we obtain with mr−1
2 (F ) ≥ m(F ) ≥ 1 that

mr
2(F ) = d

r
2(F,H) ≤ vH − 1

vH + 1/mr−1
2 (F )

= 1 +
1− 1/mr−1

2 (F )

vH − 2 + 1/mr−1
2 (F )

vH≥2
≤ mr−1

2 (F ) ,

contradicting Lemma 6.7. �

The inductive definition of mr
2(F ) can also be written in an explicit form, which simplifies to a

nice expression if F is 2-balanced.

Lemma 6.9. For all nonempty graphs F and r ≥ 1, we have

mr
2(F ) = max

H1,...,Hr⊆F

∏r
i=1 e(Hi)

2 +
∑r

i=1(v(Hi)− 2)
∏i−1
j=1 e(Hj)

. (6.9)

If F is 2-balanced, we have

2− 1/mr
2(F ) = (2− 1/m2(F ))

(
1− e−rF

)
.

Proof. To prove the first statement, we apply induction on r. For r = 1, the claim follows
directly from (6.1). For r ≥ 2, we have

mr
2(F ) = max

Hr⊆F
e(Hr)

v(Hr)− 2 + 1/mr−1
2 (F )

Ind.
= max

H1,...,Hr⊆F
e(Hr)

v(Hr)− 2 +
2+
∑r−1
i=1 (v(Hi)−2)

∏i−1
j=1 e(Hj)∏r−1

i=1 e(Hi)

= max
H1,...,Hr⊆F

∏r
i=1 e(Hi)

2 +
∑r

i=1(v(Hi)− 2)
∏i−1
j=1 e(Hj)

.

The above calculation shows that the graphs H1, . . . ,Hr maximizing (6.9) are the ones defined
in (6.4). If F is 2-balanced, by Lemma 6.7 it is also balanced w.r.t. dr2, r ≥ 1, and we have
H1 = · · · = Hr = F . Plugging this into (6.9), we thus obtain

2− 1

mr
2(F )

= 2−
2 + (vF − 2)

∑r−1
j=0 e

j
F

erF

= 2−
2 + (vF − 2)

erF−1
eF−1

erF

=

(
2− vF − 2

eF − 1

)(
1− e−rF

)
.
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�

Corollary 6.2 now follows immediately from Theorem 6.1 and Lemma 6.9.

The following theorem is a counting version of the 1-statement of Theorem 2.2. It will be used
in our proof of Theorem 6.3.

Theorem 6.10 ([RR95]). Let r ≥ 2 and F be a nonempty graph. Then there exist positive
constants C = C(F, r) and a = a(F, r) such that for

m(n) ≥ Cn2−1/m2(F ) ,

where m2(F ) is defined in Theorem 2.2, the random graph Gn,m a.a.s. satisfies the property that
in every r-edge-coloring there are at least anvF (m/n2)eF monochromatic copies of F .

6.3. Lower bound

In this section, we prove the lower bounds on the threshold of the online F -avoidance game stated
in Theorem 6.1. Consider the game with two colors, say red and blue, and assume that Painter
uses one color, say red, in every move if this does not create an entirely red copy of F . Clearly,
the game will end with a blue copy of F , which was forced by a surrounding red structure.
More precisely, when the game is over, G(n,N) contains a blue copy of F , each edge of which
completes a red subgraph to a copy of F . We say that the graph formed by these copies is a
dangerous graph for Painter. Figure 6.1 shows two such dangerous graphs for the case F = K4.

This simple greedy strategy yields the claimed lower bound if F is balanced w.r.t. d2
2. For

general graphs, it may be smarter to play the greedy strategy with respect to an appropriately
chosen subgraph H of F . For an example, consider the graph F consisting of a triangle with
one edge attached to it. Here it turns out that greedily avoiding triangles and forgetting about
the additional edge guarantees longer survival than greedily avoiding F itself. If Painter follows
this greedy strategy for a fixed H ⊆ F , the game ends with a blue copy of F , each edge of which
completes a red subgraph to a copy of H.

For arbitrary nonempty graphs H1 and H2, let F(H1, H2) denote the class of all graphs that
have an ‘inner’ (blue) copy of H1, each edge of which also completes an ‘outer’ (red) copy of H2.
Here the colors should only provide the intuitive connection to the greedy strategy, the members
of the family F(H1, H2) are not associated with a coloring. We say that the inner copy of H1 is
formed by inner vertices and edges, and refer to the surrounding elements as outer vertices and
edges respectively. Formally, we define the family of graphs F(H1, H2) as follows.

Definition 6.11. For all graphs H1 = (V,E) and H2, let

F(H1, H2) :=
{
F ′ = (V

.∪ U,E .∪ D) : F ′ is a minimal graph such that

for all f ∈ E there are sets U(f) ⊆ V .∪ U and D(f) ⊆ D with
(
f

.∪ U(f), {f} .∪ D(f)
)
∼= H2

}
.

The inner vertices V and edges E form the inner copy of H1. Every edge f ∈ E together
with U(f) and D(f) forms a copy of H2. Hence, |U(f)| = v(H2) − 2 and |D(f)| = e(H2) − 1.
Note that inner vertices v ∈ V may also serve as outer vertices U(f) for a nonincident inner edge
f , as illustrated in Figure 6.2. Therefore, every outer copy contains exactly one inner edge and
two or more inner vertices. We take F ′ as a minimal element with respect to subgraph inclusion,
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Figure 6.1. Two graphs from the class F(K4,K4), which are dangerous to a
greedy Painter in the K4-avoidance game with two colors. The graph on the left
hand side is the unique graph K∗4 . In both graphs, the inner edges are drawn
dashed.

v

f

Figure 6.2. Two graphs from the class F(C4, C4). Note that the inner vertex
v in the right graph also serves as an outer vertex in the outer copy associated
with the edge f .

i.e., F ′ does not have a subgraph which satisfies the same properties. This ensures in particular
that F(H1, H2) is finite.

In the game with three colors, say, with colors yellow (3), red (2) and blue (1), a greedy Painter
first avoids some subgraph H3 in yellow, H2 in red, and eventually H1 in blue. We call this
strategy the greedy 〈H3, H2, H1〉-avoidance strategy. By the same argument as before, when the
game is over, the board contains a red-blue copy of a member from the family F(H1, H2), each
edge of which completes an entirely yellow copy of H3. We denote the class of all such graphs
by F(H1, H2, H3). Figure 6.3 depicts a graph from the class F(K3,K3,K3).

This motivates the following inductive definition for general r.

Definition 6.12. For any graph H1, let F(H1) := {H1}. For r ≥ 2 and arbitrary graphs
H1, . . . ,Hr, let

F(H1, . . . ,Hr) :=
{
F r ∈ F(F r−1, Hr) : F r−1 ∈ F(H1, . . . ,Hr−1)

}
.

By the same argument as before, if Painter uses the greedy 〈Hr, . . . ,H1〉-avoidance strategy in
the game with r colors, at the end of the game the board will contain a copy of a graph from
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Figure 6.3. The unique graph from the class F(K3,K3,K3) in which no outer
copies overlap.

F(H1, . . . ,Hr). With this observation in hand, Theorem 6.1 is an immediate consequence of the
next, purely deterministic lemma. Its proof is postponed to Section 6.5.1.

Lemma 6.13. Let F be a graph that is not a forest, and let r ≥ 1 be an integer. If the
subgraphs H1, . . . ,Hr ⊆ F are chosen according to (6.4), all graphs F r ∈ F(H1, . . . ,Hr) satisfy

m(F r) ≥ mr
2(F ) .

Proof of Theorem 6.1. Since the class F(H1, . . . ,Hr) is finite, Lemma 6.13 implies by The-
orem 2.1 that G(n,N) a.a.s. contains no graph from this class as long as N � n2−1/mr2(F ).
Therefore, Painter will a.a.s. not lose the game if she follows the greedy 〈Hr, . . . ,H1〉-avoidance
strategy. �

We conclude this section by giving some intuition for Lemma 6.13. Consider again the case
r = 2. Among the graphs F ′ ∈ F(H1, H2), there are some distinguished ones F ∗ in which no
outer copies overlap. Such graphs are depicted in Figures 6.1 and 6.2 respectively on the left hand
side. Clearly, these graphs have exactly e(H1)(v(H2) − 2) + v(H1) vertices and e(H1)(e(H2) −
1) + e(H1) = e(H1)e(H2) edges. If H1 and H2 are chosen according to (6.4), this yields

d(F ∗) =
e(H1)e(H2)

e(H1)(v(H2)− 2) + v(H1)
=

e(H2)

v(H2)− 2 + 1/d(H1)
= m2

2(F ) .

More generally, the density of a ‘nice’ member of the class F(H1, . . . ,Hr) with no overlapping
outer copies is given by the fraction on the right hand side of (6.9) (cf. Figure 6.3 for an example).
Thus the statement of Lemma 6.13 is essentially that members of the family F(H1, . . . ,Hr) that
contain overlapping substructures are at least as dense as the ‘nice’ members in which no outer
copies overlap. While this seems intuitively clear in many cases, the proof of Lemma 6.13 is
surprisingly technical.

6.4. Upper bound

In this section we complete the proof of Theorem 6.3. In light of Theorem 6.1 it suffices to prove
that n2−1/m2

2(F ) is an upper bound on the threshold of the online F -avoidance game with r = 2

colors if F satisfies the precondition of Theorem 6.3. That is, we need to show that for any
N � n2−1/m2

2(F ) Painter will a.a.s. close a monochromatic copy of F within N moves regardless
of her strategy, provided that there exists a subgraph F− ⊆ F with eF − 1 edges satisfying

m2(F−) ≤ m2
2(F )

(cf. (6.3)). We will need this assumption in order to apply Theorem 6.10 to F−.



Chapter 6. Online Ramsey games in random graphs 72

We relax the online F -avoidance game to an offline two-round game, where we grant a mercy
period of N1 edges to Painter. She may wait until the end of this phase with the coloring of
those edges. Then another N2 = N −N1 random edges are simultaneously added, and Painter
must color them. We argue that regardless of her strategy, she will a.a.s. create many ‘threats’ in
the first round which force her to create a monochromatic copy of F in the second round. Let R
and B denote the subgraphs of G(n,N1) spanned by the red and blue edges respectively, and let
the base graph of R, denoted by Base(R), be the set of all vertex-pairs that, joined by an edge,
would complete a subgraph isomorphic to F in R. Base(B) is defined analogously. Clearly, if
an edge from Base(R) (or Base(B)) is added to the graph, it has to be colored blue (resp. red).
The ‘threats’ are copies of F in Base(R) or Base(B). A sufficiently large number of threats in
Base(R) will ensure that Painter a.a.s. creates a blue copy of F in the second round (and vice
versa), which ends the game.

Let us give some intuition why this idea yields an upper bound of n2−1/m2
2(F ) on the duration

of the game. Recall that we abbreviate d2
2 by d2 and m2

2 by m2, and assume for simplicity that
m2(F ) = d2(F, F ) and m(F ) = d(F ), such that

m2(F ) =
eF

vF − 2 + vF /eF
=

e2
F

eF (vF − 2) + vF
. (6.10)

For a fixed N = N(n), choose N1 = N2 := N/2 as the duration of both rounds. Letting
p := N/n2, we switch to the Gn,p model to simplify presentation. Note that the edges in Base(R)

are induced by red copies of subgraphs F− ⊂ F with eF − 1 edges. After the first round, the
expected number of copies of such graphs in G(n,N1) is Θ(nvF peF−1), and with Theorem 6.10
we can find asymptotically the same number of monochromatic (w.l.o.g. red) copies of F−. If
most of these induce different edges in Base(R), we have about Θ(nvF peF−1) such edges. We
define

pB := nvF−2peF−1

as the expected edge density of Base(R). If the edges in Base(R) are distributed as in a random
graph Gn,pB , they form Θ(nvF peFB ) copies of F . As explained above, these copies form ‘threats’
for the second round. The expected number of such threats being hit in the second round is of
order

(nvF peFB )peF = nvF (nvF−2peF )eF = nvF+eF (vF−2)pe
2
F ,

so we expect that Painter does not survive the second round if

p� n−(vF+eF (vF−2))/e2F
(6.10)

= n−1/m2(F ) .

Clearly, this two-round approach can only work if the first round creates many edges in one of
the base graphs Base(R) and Base(B). Theorem 6.10 only guarantees this if m2(F−) ≤ m2(F )

for an F− ⊂ F . This explains why condition (6.3) is needed in our framework.

There are two main technical issues with this approach: firstly, it is not clear that the monochro-
matic copies of F− induce many distinct edges in the base graph. Secondly, we need to deal with
the fact that edges in Base(R) do not occur independently from each other. We overcome these
difficulties by refining our approach as follows: instead of ‘building’ the threats by first looking
for edges in Base(R) and then constructing copies of F from those, we look for red copies of
graphs that directly induce complete copies of F in Base(R).

In order to make these ideas precise, we define two graph classes which will be important in the
proof. We start with F∗(H1, H2), the class of all graphs obtained by embedding all edges of an
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inner copy of H1 into edge-disjoint outer copies of H2. Note that this is a subclass of the graph
class F(H1, H2) defined in Definition 6.11. The left hand sides of Figure 6.1 and Figure 6.2 show
the unique members of F∗(K4,K4) and F∗(C4, C4) as examples.

Definition 6.14. For nonempty graphs H1 and H2, let

F∗(H1, H2) :=
{
F ∗ =

(
V

.∪
.⋃
f∈E

U(f), E
.∪

.⋃
f∈E

D(f)
)

:

(V,E) ∼= H1 ∧
(
f

.∪ U(f), {f} .∪ D(f)
)
∼= H2, ∀f ∈ E

}
.

The sets V and E form the inner copy of H1. Every edge f ∈ E together with U(f) and D(f)

forms an outer copy of H2. Hence, |U(f)| = v(H2)−2 and |D(f)| = e(H2)−1. For a given graph
F ∗ ∈ F∗(H1, H2), we write U :=

.⋃
f∈E U(f) and D :=

.⋃
f∈E D(f), so that F ∗ = (V

.∪ U,E .∪ D).

To simplify notation, we abbreviate F∗(F, F ) by F∗. The next lemma relates the maximum
density m2(F ) to the graph class F∗.

Lemma 6.15. Let F be a graph that is not a forest. Then

m2(F ) = max
F ∗∈F∗

m(F ∗) .

The proof is given in Section 6.5.2. For now we just give some intuition why Lemma 6.15 should
hold. It is plausible that for symmetry reasons, maximal density among all subgraphs T of all
F ∗ ∈ F∗ is attained by a nicely structured subgraph T̂ ∈ F∗(G,H) consisting of an inner graph
G with each edge covered by a copy of H. Maximizing over all such subgraphs of all graphs F ∗,
we obtain

max
F ∗∈F∗

m(F ∗) ≥ max
G,H⊆F

T̂∈F∗(G,H)

e(T̂ )

v(T̂ )
= max

G,H⊆F
eGeH

eG(vH − 2) + vG

= max
H⊆F

eH
vH − 2 + 1/m(F )

= m2(F ) .

Lemma 6.15 asserts that this inequality is in fact an equality.

Next we define the graph class F ∗−(H1, H2), which is obtained by removing the inner copy from
graphs F ∗ ∈ F∗(H1, H2).

Definition 6.16. For nonempty graphs H1 and H2, let

F∗−(H1, H2) :=
{
F ∗− = (V

.∪ U,D) : F ∗ = (V
.∪ U,E .∪ D) ∈ F∗(H1, H2)

}
.

Similarly to before, we abbreviate F∗−(F, F ) by F∗−. The proof of the next lemma is also deferred
to Section 6.5.2.

Lemma 6.17. Let F be a graph that is not a forest. If there exists a subgraph F− ⊂ F with
eF − 1 edges satisfying

m2(F−) ≤ m2(F ) ,

then there exists F ∗− ∈ F∗− with
m2(F ∗−) ≤ m2(F ) .

Clearly, every red copy of a graph F ∗− ∈ F∗− induces its missing inner copy in Base(R). Thus,
Lemma 6.17 implies with Theorem 6.10 that for N � n2−1/m2(F ), the precondition (6.3) not
only ensures that there are many edges in Base(R), but also that these form many copies of F .
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Proof of Theorem 6.3. Fix N(n)� n2−1/m2(F ). W.l.o.g. we assume that N � n2. Consider
a fixed strategy for Painter, and let the random variable Y denote the duration of the game
when played with this strategy. Fix F ∗− ∈ F∗− as provided by Lemma 6.17. Set N1 = N2 := N/2

and p := N2/
(
n
2

)
. We will tacitly switch between the models Gn,p and G(n,N), exploiting their

asymptotic equivalence.

Consider the coloring assigned by Painter to the first N1 edges. Every monochromatic copy of
F ∗− induces a copy of F in the corresponding base graph, and Painter must assign the opposite
color to each edge of that F if it appears in the second round. Hence, she loses if the N2 � N

remaining edges form any such copy of F .

Let the random variable M denote the number of monochromatic copies of F ∗− after the first
round. It is determined by the outcome of (G(n,N))0≤N≤N1 and Painter’s strategy. For the
second round, consider M being fixed. For each monochromatic copy F ∗−i ⊆ G(n,N1), i =

1, . . . ,M , let F i denote its induced inner copy of F . Let the random variable Zi denote the event
that F i is in the graph formed by the N2 edges of the second round, and let Z :=

∑M
i=1 Zi. Note

that Zi ≡ Zj if F ∗−i and F
∗
−j induce the same copy F i = F j in Base(R) or Base(B), and that

therefore the same threat may be considered multiple times in the definition of Z.

We have
E[Z] �MpeF (6.11)

and

Var[Z] = E[Z2]− E[Z]2

=

M∑

i,j=1

(E[ZiZj ]− E[Zi]E[Zj ])

�
∑

G⊆F
eG≥1

M∑

i,j=1
F i∩F j∼=G

(
p2eF−eG − p2eF

)

≤
∑

G⊆F
eG≥1

MGp
2eF−eG ,

(6.12)

where the random variable MG denotes the number of pairs of monochromatic copies of F ∗−
whose induced inner copies intersect in a copy of G. Like M , consider MG being fixed after the
first round.

In the remainder of this proof, we let the random variable XG denote the number of copies of
a fixed graph G in Gn,p. Note that E[XG] � nvGpeG . Lemma 6.15 implies with p � n−1/m2(F )

that all subgraphs T of all F ∗ ∈ F∗ satisfy

E[XT ] = ω(1) . (6.13)

Moreover, Theorem 6.10 yields that a.a.s. we have M = Ω(E[XF ∗− ]), from which we obtain that

E[Z]
(6.11)

= Ω(E[XF ∗− ])peF = Ω(E[XF ∗ ])
(6.13)

= ω(1) (6.14)

a.a.s.

Clearly, we can bound MG by the number of pairs of copies of F ∗− whose induced inner copies
intersect in a copy of G, regardless of their coloring. Let F ∗−∪GF ∗− denote a fixed graph obtained
as the union of two copies of F ∗− whose (missing) inner copies intersect in a copy of G, and let
T ⊆ F ∗− ∪G F ∗− denote the intersection of the two copies of F ∗−. Note that all vertices of G are in
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both copies of F ∗− and thus in T . Hence, we may define T+ as the graph in which the edges of
G are added to T . We obtain

E[XF ∗−∪GF ∗− ] = Θ

(
E[XF ∗− ]2

E[XT ]

)
= Θ

(
E[XF ∗− ]2peG

E[XT+ ]

)
(6.13)

= o
(
E[XF ∗− ]2peG

)
.

Since the number of isomorphism classes of graphs of type F ∗− ∪G F ∗− is bounded by a constant
only depending on F , it follows by the first moment method that a.a.s. MG = o

(
E[XF ∗− ]2peG

)

for all nonempty G ⊆ F . We obtain that a.a.s.

Var[Z]
(6.12)

=
∑

G⊆F
eG≥1

o
(
E[XF ∗− ]2peG

)
p2eF−eG

= o(E[XF ∗ ]
2)

(6.14)
= o(E[Z]2) .

The second moment method now yields that Pr[Y ≥ N ] ≤ Pr[Z = 0] = o(1), which concludes
the proof of the upper bound part of Theorem 6.3. �

6.5. Proofs of technical lemmas

6.5.1. Proof of Lemma 6.13. We shall prove Lemma 6.13 by induction on r using the following
lemma.

Lemma 6.18. Let F be a graph that is not a forest, and let r ≥ 2. Let S be a graph satisfying
m(S) ≥ mr−1

2 (F ) if r ≥ 3, and m(S) = m(F ) if r = 2. If the subgraph H = Hr ⊆ F is chosen
according to (6.4), all graphs S′ ∈ F(S,H) satisfy

m(S′) ≥ mr
2(F ) .

With Lemma 6.18 in hand, Lemma 6.13 follows easily.

Proof of Lemma 6.13. We proceed by induction on r. For r = 1, we have F(F ) = {F} and
m(F ) = m1

2(F ) by definitions. For r = 2, we have by choice of H1 that m(H1) = m(F ), and
Lemma 6.18 implies Lemma 6.13 with S ← H1 and H ← H2.

Now suppose we have r ≥ 3, and let F r be any graph from F(H1, H2, . . . ,Hr). Then by definition
there is a graph F r−1 ∈ F(H1, H2, . . . ,Hr−1) such that F r ∈ F(F r−1, Hr), and we have

m(F r−1) ≥ mr−1
2 (F )

by the induction hypothesis. Applying Lemma 6.18 with S ← F r−1 and H ← Hr yields the
statement of Lemma 6.13. �

For the proof Lemma 6.18, we need the following technical lemma. Unfortunately, there are
two exceptional cases where its statement does not hold and which we will have to consider
separately.

Lemma 6.19. Let F be a graph that is not a forest, and let r ≥ 2. Let S be a graph satisfying
mr−1

2 (F ) ≤ d(S) ≤ mr
2(F ) if r ≥ 3, and d(S) = m(F ) if r = 2. Then we have

mr
2(F )− b2d(S)c

(
mr

2(F )

mr−1
2 (F )

− 1

)
− 1 ≥ 0 , (6.15)

unless one of the following exceptional cases occurs:
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a) r = 2, and (6.4) yields H2 = H2(F ) = K4.
b) d(S) < 3/2, and (6.4) yields a graph Hr = Hr(F ) with e(Hr) ≤ v(Hr) + 1.

Proof of Lemma 6.19. Throughout, H denotes the graph Hr given by (6.4). By Lemma 6.8
we have eH ≥ vH ≥ 3.

Observe that d(S) ≥ mr−1
2 (F ) ≥ m(F ) ≥ 1. We distinguish the three cases

i) d(S) ≥ 3/2 and r ≥ 3,
ii) d(S) ≥ 3/2 and r = 2, and
iii) 1 ≤ d(S) < 3/2.

i) Suppose d(S) ≥ 3/2 and r ≥ 3. Using that d(S) ≤ mr
2(F ) and dropping the Gauss bracket,

we see that (6.15) holds if

mr
2(F )

(
3− 2

mr
2(F )

mr−1
2 (F )

)
− 1 ≥ 0 . (6.16)

For eH ≥ vH ≥ 4, we have due to mr−1
2 (F ) ≥ m2

2(F ) ≥ d2
2(F,H) that

mr
2(F )

mr−1
2 (F )

=
eH

(vH − 2)mr−1
2 (F ) + 1

≤ eH

(vH − 2)d
2
2(F,H) + 1

=
eH

(vH − 2) eHm(F )
(vH−2)m(F )+1 + 1

= 1 +
eH − (vH − 2)m(F )− 1

(eH + 1)(vH − 2)m(F ) + 1

≤ 1 +
eH − (vH − 2) eHvH − 1

(eH + 1)(vH − 2) eHvH + 1

= 1 +
2eH − vH

eH(eH + 1)(vH − 2) + vH
≤ 7/6 .

Thus, the parenthesis in (6.16) is at least 2/3, and (6.16) holds due to mr
2(F ) ≥ d(S) ≥ 3/2. For

H = K3, plugging mr
2(F ) = 3/(1 + 1/mr−1

2 (F )) into (6.16) yields the condition

8mr−1
2 (F )2 − 11mr−1

2 (F )− 1 ≥ 0 ,

which is easily checked using that mr−1
2 (F ) ≥ m2

2(H) = 3/2 due to H ⊆ F .
ii) Suppose d(S) ≥ 3/2 and r = 2. Using that d(S) = m(F ) by assumption and dropping the
Gauss bracket, we see that (6.15) holds if

m2
2(F ) ≤ 2m(F )− 1 . (6.17)

Plugging in that m2
2(F ) = eH

vH−2+1/m(F ) ≤
vHm(F )

vH−2+1/m(F ) , we deduce that (6.17) holds if

vH ≥ 4 +
1

m(F )(m(F )− 1)
, (6.18)

which due to m(F ) ≥ 3/2 is satisfied for vH ≥ 6. Using that m2
2(F ) = eH/(vH − 2 + 1/m(F ))

and expanding (6.17) yields

eH ≤ 2m(F )(vH − 2)− 1/m(F ) + 4− vH .

Since m(F ) ≥ max{3/2, eH/vH}, the claim follows if either

eH ≤ 2vH − 8/3

or
eH − 4eH/vH − vH/eH + 4− vH ≥ 0



Chapter 6. Online Ramsey games in random graphs 77

is satisfied. All graphs with vH ≤ 5 and eH ≥ vH satisfy one of these equations, except H with
vH = 5, eH = 8 and H = K4. In the first case, if m(F ) ≥ 2, the claim follows from (6.18), and
otherwise with m(F ) ≥ eH/vH = 8/5 and b2d(S)c = b2m(F )c = 3 directly from (6.15) with
elementary calculations. The second case is listed as exceptional case a).

iii) Suppose 1 ≤ d(S) < 3/2. Observing that b2d(S)c = 2, we see that (6.15) holds if

mr
2(F ) ≤ mr−1

2 (F )

2−mr−1
2 (F )

.

Plugging in that mr
2(F ) = eH/(vH − 2 + 1/mr−1

2 (F )), this reduces to

mr−1
2 (F ) ≥ 2eH − 1

eH + vH − 2
,

Since mr−1
2 (F ) ≥ eH/vH , the last inequality holds if

eH
vH
≥ 2eH − 1

eH + vH − 2

or, equivalently,
eH(eH − vH − 2) + vH ≥ 0 ,

which holds if eH ≥ vH + 2. The remaining possibilities are listed as exceptional case b). �

With Lemma 6.19 in hand, we are ready to prove Lemma 6.18.

Proof of Lemma 6.18. Note that we may assume that m(S) ≤ mr
2(F ), as otherwise the claim

follows trivially from S ⊆ S′. Next, we argue that it suffices to prove Lemma 6.18 for the case
when S is balanced. Suppose it is not, and let G ⊂ S be a (balanced) subgraph satisfying
d(G) = m(S). If S satisfies the assumption m(S) ≥ mr−1

2 (F ), so does G. Moreover, every graph
S′ ∈ F(S,H) contains a subgraph G′ ∈ F(G,H). Therefore, if Lemma 6.18 holds for balanced
graphs, it follows that

m(S′) ≥ m(G′)
L. 6.18
≥ mr

2(F ) .

For the rest of the proof, we assume that S is balanced withmr−1
2 (F ) ≤ d(S) ≤ mr

2(F ). Note that
the preconditions of Lemma 6.19 reflect these assumptions. In order to prove m(S′) ≥ mr

2(F )

for all S′ ∈ F(S,H), we show the slightly stronger assertion d(S′) ≥ mr
2(F ).

We now give a brief outline of the main ideas of our proof. Let S′ be any graph from the
family F(S,H). Then there exists a graph S∗ from the same family that has non-overlapping
outer copies of H (i.e., a graph from the subfamily F∗(S,H) as defined in Definition 6.14) and
can be transformed into S′ by merging those outer copies in e(S) steps as follows: we fix some
linear ordering on the set of inner edges E = E(S). For every edge f ∈ E, we merge the outer
copy Ĥ(f) of H associated with f to outer copies associated with those edges preceding f .
Throughout the entire process, we keep track of the number of edges ∆e(f) and vertices ∆v(f)

vanishing at each step. If one could show that d(S′) ≥ d(S∗) by proving that the density of the
graph is nondecreasing at every step of the process, the proof would be finished since we have

d(S∗) =
eSeH

eS(vH − 2) + vS
=

eH
vH − 2 + 1/d(S)

≥ eH

vH − 2 + 1/mr−1
2 (F )

= mr
2(F ) (6.19)

by our assumptions on S. To show that the density of S∗ indeed is nondecreasing in this process,
it would suffice to show that at each step, the ratio of vanishing edges to vanishing vertices is
bounded by d(S∗), i.e., that

∆e(f)

∆v(f)
≤ d(S∗)
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for all f ∈ E (cf. Proposition 3.1). Unfortunately, this monotonicity does not hold in general.
However, we are able to rescue this proof strategy by showing that there are sufficiently many
‘good’ steps in this process that can amortize all ‘bad’ ones which may arise. Essentially, we
group the edges f ∈ E into suitable ‘phases’ such that the ratio of vanished edges to vanished
vertices in each phase is bounded by d(S∗).

Additional technical difficulties arise from the fact that outer vertices may be glued to inner
vertices, as depicted in Figure 6.2. Indeed, this complication might spoil the amortization inside
certain phases, and we have to compensate such ‘irregular’ phases differently, amortizing also
between phases. In the following we make these ideas precise.

Recall that in every graph S′ = (V
.∪ U,E .∪ D), the inner copy (V,E) is isomorphic to S. By

definition, for each inner edge f ∈ E, we can identify sets of outer vertices U(f) ⊆ V
.∪ U and

outer edges D(f) ⊆ D such that Ĥ(f) := (f
.∪ U(f), {f} .∪ D(f)) is isomorphic to H. While

these sets are not necessarily unique, for the rest of the proof we fix one choice of appropriate
sets U(f) and D(f). Note that by the minimality condition in Definition 6.11, every vertex and
edge of S′ is included in at least one outer copy. Let Ĥ−(f) := (f

.∪ U(f), D(f)) denote the
subgraph that is obtained by removing f from Ĥ(f). For every vertex u ∈ V .∪ U and for every
outer edge d ∈ D of S′, the sets

E(u) := {f ∈ E : u ∈ U(f)}

and

E(d) := {f ∈ E : d ∈ D(f)}

indicate in which outer copies it participates.

Note that
∑

d∈D
|E(d)| =

∑

d∈D

∑

f∈E:
d∈D(f)

1 =
∑

f∈E

∑

d∈D:
d∈D(f)

1 =
∑

f∈E
|D(f)| = eS(eH − 1)

and analogously ∑

u∈U .∪V

|E(u)| = eS(vH − 2) .

Recall that S∗ has eSeH edges and vS + eS(vH − 2) vertices. Due to

e(S′)− |D| = eS = e(S∗)− eS(eH − 1)

= e(S∗)−
∑

d∈D
|E(d)| ,

we have
e(S′) = e(S∗)−

∑

d∈D
(|E(d)| − 1) . (6.20)

Analogously,

v(S′)− |U | = vS = v(S∗)− eS(vH − 2)

= v(S∗)−
∑

u∈U .∪V

|E(u)|

yields
v(S′) = v(S∗)−

∑

u∈U
(|E(u)| − 1)−

∑

v∈V
|E(v)| . (6.21)
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Next, we impose a linear order on the vertices and edges of S. For ease of notation we will use the
abbreviation ` := vS in the remainder of the proof. Using the averaging principle, it is easy to see
that for every balanced graph S there exists an ordering [v1, . . . , v`] of its vertices such that for
all 2 ≤ i ≤ `, vi has at most b2d(S)c neighbors among {v1, . . . , vi−1} in S. W.l.o.g. we assume that
the inner vertices V are ordered in this way. This ordering induces a mapping p : E → {2, . . . , `},
which assigns every inner edge to the greater label of its two vertices. We call p(f) the phase of
edge f . This mapping induces a partial order on E, which can be extended to a total order ≺
by choosing an arbitrary order on edges belonging to the same phase.

For f ∈ E, we define

∆E(f) := D(f) ∩


 ⋃

f ′≺f
D(f ′)


 (6.22)

∆V (f) := U(f) ∩


 ⋃

f ′≺f
U(f ′) ∪ {v1, . . . , vp(f)}


 (6.23)

Φ(f) := U(f) ∩


{vp(f)+1, . . . , v`} \

⋃

f ′≺f
U(f ′)




and ∆e(f) := |∆E(f)| and ∆v(f) := |∆V (f)| for the cardinalities of those sets. Intuitively,
∆e(f) is the number of edges vanishing when Ĥ−(f) is merged with preceding outer copies and
possibly inner vertices. Analogously, ∆v(f) + |Φ(f)| is the number of vertices vanishing in this
merge operation. We introduce the sets Φ(f) to deal with the problem that vertices of outer
copies can be merged onto inner vertices. Φ(f) is the set of inner vertices vj with j > p(f) which
are merged with an outer vertex for the first time at step f .

∆E(f) contains all edges d ∈ D(f) that also belong to D(f ′) for some edge f ′ ≺ f . By definition,
both f and f ′ are in E(d). Therefore, we have

∑

f∈E
∆e(f) =

∑

f∈E

∑

d∈D:
d∈D(f)

f 6=minE(d)

1 =
∑

d∈D

∑

f∈E:
d∈D(f)

f 6=minE(d)

1 =
∑

d∈D
|E(d)− 1| ,

and by (6.20),
e(S′) = e(S∗)−

∑

f∈E
∆e(f) . (6.24)

Similarly, it follows from

∆v(f) =
∑

u∈U :
u∈U(f)

f 6=minE(u)

1 +
∑

v∈{vp(f)+1,...,v`}:
v∈U(f)

f 6=minE(v)

1 +
∑

v∈{v1,...,vp(f)}:
v∈U(f)

1

and
|Φ(f)| =

∑

v∈{vp(f)+1,...,v`}:
v∈U(f)

f=minE(v)

1

that
∆v(f) + |Φ(f)| =

∑

u∈U :
u∈U(f)

f 6=minE(u)

1 +
∑

v∈V :
v∈U(f)

1



Chapter 6. Online Ramsey games in random graphs 80

and thus ∑

f∈E
∆v(f) +

∑

f∈E
|Φ(f)| =

∑

u∈U
|E(u)− 1|+

∑

v∈V
|E(u)| .

By (6.21), we obtain

v(S′) = v(S∗)−
∑

f∈E
∆v(f)−

∑

f∈E
|Φ(f)| . (6.25)

Note that the sets Φ(f) ⊆ V are disjoint because vi ∈ Φ(f) implies that vi ∈ U(f), which
prevents vi from being contained in Φ(g) for all g � f . Recall also that Φ(f) contains those
vertices vj with j > p(f) that are merged with an outer vertex for the first time at step f . Their
union

Φ :=
.⋃
f∈E

Φ(f)

contains all vertices vj ∈ V that form part of some outer copy of an edge f with p(f) < j, i.e.,

Φ =
{
vj ∈ V : vj ∈

⋃

f∈E:
p(f)<j

U(f)
}
.

In order to calculate the density of S′, we introduce the following quantities. For every phase i,
we define

∆i
e :=

∑

f∈E:
p(f)=i

∆e(f)

and analogously

∆i
v :=

∑

f∈E:
p(f)=i

∆v(f) .

Due to (6.24) and (6.25), we can express the density of S′ simply as

e(S′)
v(S′)

=
e(S∗)−∆2

e − . . .−∆`
e

v(S∗)−∆2
v − . . .−∆`

v − |Φ|
. (6.26)

We will distinguish between regular and irregular phases. A phase i is regular if vi 6∈ Φ. Let Φ :=

V \ Φ. We can rewrite (6.26) by grouping into regular and irregular phases as

e(S′)
v(S′)

=
e(S∗)−∑vi∈Φ ∆i

e −
∑

vi∈Φ ∆i
e

v(S∗)−∑vi∈Φ ∆i
v −

∑
vi∈Φ(∆i

v + 1)
. (6.27)

We call phase i trivial if ∆i
v = 0, which implies ∆i

e = 0. Applying Proposition 3.1 to (6.27), it
follows with (6.19) that

d(S′) ≥ mr
2(F )

if the next two claims hold.

Claim 6.20. In every nontrivial, regular phase i, we have

∆i
e

∆i
v

≤ mr
2(F ) .

Claim 6.21. In every nontrivial, irregular phase i, we have

∆i
e

∆i
v + 1

≤ mr
2(F ) .



Chapter 6. Online Ramsey games in random graphs 81

In order to prove these claims, we derive bounds on ∆e(f) by carefully examining appropriate
graphs with edge set ∆E(f). For every edge f ∈ E, let

T (f) :=
(
f

.∪ ∆V (f),∆E(f)
)
.

This is a well-defined graph since the edges ∆E(f) have endpoints in

(
f

.∪ U(f)
)
∩


 ⋃

f ′≺f

(
f ′

.∪ U(f ′)
)



⊆
(
f

.∪ U(f)
)
∩


 ⋃

f ′≺f
U(f ′) ∪ {v1, . . . , vp(f)}




= f
.∪ ∆V (f)

(cf. (6.22) and (6.23)).

We shall use that T (f) is a subgraph of Ĥ(f) ∼= H to derive an easy upper bound on ∆e(f). Since
the graph T+(f) obtained by adding the edge f to T (f) is still a subgraph of Ĥ(f) ∼= H ⊆ F ,
we use that dr2(F, T+(f)) ≤ mr

2(F ) to obtain that

∆e(f) = e(T+(f))− 1

≤ mr
2(F )

(
v(T+(f))− 2 + 1/mr−1

2 (F )
)
− 1

= mr
2(F )∆v(f) +mr

2(F )/mr−1
2 (F )− 1 .

(6.28)

This simple bound already suffices to prove Claim 6.21.

Proof of Claim 6.21. Recall that phase i consists of at most b2d(S)c merge operations. Using
this, we derive from (6.28) that

∆i
e =

∑

f∈E,p(f)=i

∆e(f)

≤
∑

f∈E,p(f)=i

(
mr

2(F )∆v(f) +
mr

2(F )

mr−1
2 (F )

− 1

)

= mr
2(F )∆i

v +
∣∣{f ∈ E, p(f) = i}

∣∣
(

mr
2(F )

mr−1
2 (F )

− 1

)

≤ mr
2(F )(∆i

v + 1) + b2d(S)c
(

mr
2(F )

mr−1
2 (F )

− 1

)
−mr

2(F ) .

Claim 6.21 now follows if

mr
2(F )− b2d(S)c

(
mr

2(F )

mr−1
2 (F )

− 1

)
≥ 0 , (6.29)

which is slightly weaker than the statement of Lemma 6.19. Therefore, the claim follows unless
one of the exceptional cases in Lemma 6.19 occurs.

If exceptional case a) occurs, i.e., r = 2 and H = K4, using d(S) = m(F ) and dropping the Gauss
bracket, (6.29) reduces to m2

2(F ) ≤ 2m(F ), which is satisfied due to m2
2(F ) = 6/(2 + 1/m(F )) ≤

3 ≤ 2m(F ).

If exceptional case b) occurs, i.e., d(S) < 3/2 and eH ≤ vH + 1, we proceed similarly to the
calculations in the proof of case iii) in Lemma 6.19: observing that b2d(S)c = 2, we see that (6.15)
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⋃

p(f ′)<i

Ĥ−(f ′)

Ĥ−(f)

Ĥ
−
(f

′3 )

Ĥ
−
(f

′2 )

Ĥ
−
(f

′1 )

p(f ′
1) = p(f ′

2) = p(f ′
3) = i

f ′
1, f

′
2, f

′
3 ≺ f

vi

vj

Figure 6.4. The structure of G(f) in the case where f = {vj , vi} is the first
edge in phase i with ∆v(f) > 0. The outer copy Ĥ−(f) is drawn dashed because
it is not part of G(f). Intuitively, the graph T (f) depicted in the next figure
indicates how it is merged onto G(f). Here it is shown in its unmerged position.

holds if

mr
2(F ) ≤ 2mr−1

2 (F )

2−mr−1
2 (F )

.

Plugging in that mr
2(F ) = eH/(vH − 2 + 1/mr−1

2 (F )), this reduces to

mr−1
2 (F ) ≥ 2eH − 2

eH + 2vH − 4
.

Since mr−1
2 (F ) ≥ eH/vH , the last inequality holds if

eH
vH
≥ 2eH − 2

eH + 2vH − 4

or, equivalently,
eH(eH − 4) + 2vH ≥ 0 ,

which holds for all graphs H. This concludes the proof of Claim 6.21. �

Proof of Claim 6.20. To deal with regular phases, we derive a better bound on ∆e(f) than
the one given by (6.28) for a suitably chosen edge f in phase i. Note that for g ∈ E, ∆v(g) = 0

implies ∆e(g) = 0. In the following, let f = {vj , vi}, j < i, be the first edge in phase i according
to the ordering ≺ satisfying ∆v(f) > 0. That is, no merging took place in the previous steps of
this phase, and therefore the outer copies of H associated with the edges preceding f in phase i
are still untouched. Then

G(f) := ({v1, . . . , vi}, ∅) ∪
⋃

f ′≺f
Ĥ−(f ′) ,
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T0

Tf ′
3

Tf ′
2

T1

A = {f ′
1}

B = {f ′
2, f

′
3}

vi

vj

Figure 6.5. The decomposition of T into T0, T1, and Tf ′ , f ′ ∈ B. The dashed
lines indicate G(f), cf. Figure 6.4.

the union of all outer copies associated with edges preceding f , has the structure shown in
Figure 6.4. This structure enables us to obtain a stronger bound on ∆e(f) than (6.28).

Due to (6.22) and (6.23), we have T (f) =
(
f

.∪ ∆V (f),∆E(f)
)

= Ĥ−(f)∩G(f) . In particular,
T (f) is a subgraph of G(f) and inherits the structure of G(f). Therefore, T (f) looks as sketched
in Figure 6.5. This observation gives rise to the following decomposition. To simplify notation,
we write T for T (f) in the remainder of the proof. By definition, T contains the inner vertex
vi. We consider all edges preceding f in phase i, distinguishing them according to whether their
other inner vertex is also contained in T or not. Let

A := {f ′ ≺ f : p(f ′) = i ∧ f ′ 6⊆ V (T )}

and

B := {f ′ ≺ f : p(f ′) = i ∧ f ′ ⊆ V (T )} .

We will show that

∆e(f) ≤ mr
2(F )

(
∆v(f)− 1

)
+ |B|

(
mr

2(F )

mr−1
2 (F )

− 1

)
+

mr
2(F )

mr−1
2 (F )

. (6.30)

As |B| grows, this bound becomes worse, but at the same time, we have fewer edges that follow
f in phase i. We will see that these two effects cancel out in our framework.

Recall that f = {vj , vi} with j < i. We define the following subgraphs of T .
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T0 :=





({vj}, ∅) if {f ′ ∈ E : p(f ′) < i} = ∅ ,
T ∩

[⋃
p(f ′)<i Ĥ−(f ′)

]
otherwise ,

T1 :=





({vi}, ∅) if A = ∅ ,
T ∩

[⋃
f ′∈AĤ−(f ′)

]
otherwise ,

Tf ′ := T ∩ Ĥ−(f ′) for all f ′ ∈ B .

Clearly, we have

T = T0 ∪ T1 ∪
⋃

f ′∈B
Tf ′ .

These definitions are illustrated in Figure 6.5. Since, by choice of f , all edges in A and B
correspond to still untouched outer copies of H, the graphs T0, T1 and Tf ′ are edge-disjoint. For
the vertex sets, we have the following relations for all f ′ = {vi, vj′} and f ′′ = {vi, vj′′} in B:

V (T0) ∩ V (T1) = ∅
V (T0) ∩ V (Tf ′) = {vj′}
V (T1) ∩ V (Tf ′) = {vi}
V (Tf ′) ∩ V (Tf ′′) = {vi}

(6.31)

These equations hold since we assumed that phase i is regular, which translates to vi /∈ V (T0).
Since all graphs T0, T1, and Tf ′ , f ′ ∈ B, are pairwise edge-disjoint, we conclude that

∆e(f) = e(T ) = e(T0) + e(T1) +
∑

f ′∈B
e(Tf ′) . (6.32)

Similarly, (6.31) implies that

v(T0) + v(T1) +
∑

f ′∈B
v(Tf ′) = v(T ) + 2|B| (6.33)

since on the left hand side each of the |B| vertices vj′ ∈
.⋃
f ′∈B (f ′ \{vi}) is counted exactly twice,

vi is counted exactly |B|+ 1 times, and all other vertices of T are counted only once.

Since T0 and T1 are subgraphs of T ⊆ H ⊆ F , it follows for j = 0, 1 from d
r
2(F, Tj) ≤ mr

2(F )

that we have

e(Tj) ≤ mr
2(F )

(
v(Tj)− 2 + 1/mr−1

2 (F )
)
, (6.34)

provided that Tj contains at least two vertices. Otherwise, we observe that both T0 and T1

contain at least one vertex by definition. Using that mr−1
2 (F ) ≥ m(F ) ≥ 1, we deduce that

e(Tj) ≤ mr
2(F ) (v(Tj)− 1) (6.35)

in all cases. Note that this bound is weaker than (6.34). Similarly, we obtain a bound on e(Tf ′)
for any fixed edge f ′ ∈ B. Consider the graph T+

f ′ in which f ′ is added to Tf ′ . As T+
f ′ is a

subgraph of Ĥ(f ′) ∼= H ⊆ F , we obtain with dr2(F, T+
f ′ ) ≤ mr

2(F ) that

e(Tf ′) = e(T+
f ′ )− 1 ≤ mr

2(F )
(
v(Tf ′)− 2 + 1/mr−1

2 (F )
)
− 1 . (6.36)

If v(T0) = 1, we have B = ∅, and if moreover v(T1) = 1, the graph T = T0∪T1∪
⋃
f ′∈B Tf ′ contains

no edges at all, and (6.30) is trivially true. We may therefore assume w.l.o.g. that either T0 or
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T1 contains at least two vertices. Denote that graph by Tj , j ∈ {0, 1}. Thus, combining (6.34),
(6.35), and (6.36), we continue (6.32) and derive that

∆e(f) = e(T0) + e(T1) +
∑

f ′∈B
e(Tf ′)

≤ mr
2(F )

(
v(Tj)− 2 + 1/mr−1

2 (F )
)

+mr
2(F ) (v(T1−j)− 1)

+
∑

f ′∈B

(
mr

2(F )
(
v(T+

f ′ )− 2 + 1/mr−1
2 (F )

)
− 1
)

= mr
2(F )


v(T0) + v(T1) +

∑

f ′∈B
v(Tf ′)− 2|B| − 3 + (|B|+ 1)/mr−1

2 (F )


− |B|

(6.33)
= mr

2(F )
(
v(T )− 3 + (|B|+ 1)/mr−1

2 (F )
)
− |B|

= mr
2(F )

(
∆v(f)− 1 + (|B|+ 1)/mr−1

2 (F )
)
− |B|

= mr
2(F ) (∆v(f)− 1) + |B|

(
mr

2(F )/mr−1
2 (F )− 1

)
+mr

2(F )/mr−1
2 (F ) ,

as claimed in (6.30).

Claim 6.20 now follows with a similar calculation as in the proof of Claim 6.21. Recall that each
phase consists of at most b2d(S)c merge operations. Let G := {g ∈ E : g � f ∧ p(g) = i}, and
note that |B|+ |G| ≤ b2d(S)c− 1 since f belongs neither to B nor to G. Using (6.28) and (6.30),
we compute

∆i
e = ∆e(f) +

∑

g∈G
∆e(g)

≤ mr
2(F ) (∆v(f)− 1) + |B|

(
mr

2(F )

mr−1
2 (F )

− 1

)
+

mr
2(F )

mr−1
2 (F )

+
∑

g∈G

(
mr

2(F )∆v(g) +
mr

2(F )

mr−1
2 (F )

− 1

)

= mr
2(F )

(
∆i
v − 1

)
+ (|B|+ |G|)

(
mr

2(F )

mr−1
2 (F )

− 1

)
+

mr
2(F )

mr−1
2 (F )

≤ mr
2(F )

(
∆i
v − 1

)
+ (b2d(S)c − 1)

(
mr

2(F )

mr−1
2 (F )

− 1

)
+

mr
2(F )

mr−1
2 (F )

= mr
2(F )∆i

v −
(
mr

2(F )− b2d(S)c
(

mr
2(F )

mr−1
2 (F )

− 1

)
− 1

)
.

Claim 6.20 now follows from Lemma 6.19, unless one of the exceptional cases occurs.

If exceptional case a) occurs, i.e., r = 2 and H = K4, we prove Claim 6.20 directly. Since
K4 = H ⊆ F , Lemma 6.9 implies that m2

2(F ) ≥ m2
2(K4) = 9/4 = 2.25. This yields with easy

case checking that the only edges g ∈ E with ∆e(g)/∆v(g) > m2
2(F ) are those with ∆v(g) = 2

and ∆e(g) = 5. We call these edges bad and all others good.

Recall that f = {vj , vi}, j < i, denotes the first edge in phase i with ∆v(f) > 0. The key
observation is that all vertices in T0 at distance 2 from vi are in the set

.⋃
f ′∈B (f ′ \ {vi}),

since this set separates vi from vj in T (f), and the edges f ′ ∈ B themselves are not in T (f).
In particular, vi and vj are not connected by a path of length two in T (f), and therefore for
every vertex u ∈ ∆V (f) at most one of the two edges {u, vi} and {u, vj} can be contained
in ∆E(f) = E(T (f)). Consequently, ∆v(f) = 1 implies ∆e(f) ≤ 1, and ∆v(f) = 2 implies
∆e(f) ≤ 3. This shows in particular that f is good. In fact, our argument is that it is ‘good
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enough’ to compensate for all bad edges which may occur later in phase i. Formally, we show
that

∆e(f) +
∑

g∈E,p(g)=i,g bad ∆e(g)

∆v(f) +
∑

g∈E,p(g)=i,g bad ∆v(g)
≤ m2

2(F ) , (6.37)

and infer Claim 6.20 with Proposition 3.1 from ∆e(g)/∆v(g) ≤ m2
2(F ) for all good edges of phase

i.

To prove (6.37), recall that we have m(F ) < m2
2(F ) = 6/(2 + 1/m(F )) by Lemma 6.7. Solving

this for m(F ) yields m(F ) < 5/2. Moreover, we have m(F ) ≥ d(K4) = 3/2. We distinguish the
cases 3/2 ≤ m(F ) < 2 and 2 ≤ m(F ) < 5/2.

If 3/2 ≤ m(F ) < 2, there are at most b2d(S)c = b2m(F )c ≤ 3 edges in every phase, and since
f is good, there are at most two bad edges. Recall that m2

2(F ) ≥ 2.25. Letting x denote the
number of bad copies in phase i, the left hand side of (6.37) is either

1 + x · 5
1 + x · 2

x≤2
= 11/5 = 2.2 < m2

2(F )

or
3 + x · 5
2 + x · 2

x≤2
= 13/6 = 2.166 . . . < m2

2(F ) ,

depending on whether ∆v(f) = 1 or ∆v(f) = 2.

If 2 ≤ m(F ) < 5/2, we obtain that m2
2(F ) = 6/(2 + 1/m(F ) ≥ 12/5 = 2.4, and that every phase

consists of at most four edges. The claim follows analogously from

1 + x · 5
1 + x · 2

x≤3
= 16/7 = 2.285 . . . < m2

2(F )

or
3 + x · 5
2 + x · 2

x≤3
= 19/8 = 2.375 < m2

2(F ) .

This settles exceptional case a).

It remains to consider exceptional case b), i.e., the case d(S) < 3/2 and eH ≤ vH + 1. By
Lemma 6.8 we have eH ≥ vH ≥ 3. We will solve the case eH = vH by a simple combinatorial
argument, and the case eH = vH + 1 by redoing calculations (6.28) and (6.30) taking into
account integrality constraints. In both cases, phase i consists of at most b2d(S)c ≤ 2 edges due
to d(S) < 3/2.

We first deal with the easier case eH = vH . It follows from (6.4) that H is a cycle (in fact,
the shortest cycle in F ). For any edge g ∈ E, T (g) is a subgraph of the path Ĥ−(g), of which
it contains both endpoints. Hence, we have ∆e(g) = e(T (g)) ≤ v(T (g)) − 2 = ∆v(g) unless
T (g) = Ĥ−(g), i.e., ∆v(g) = vH − 2. However, the latter is only possible if there exists a path of
length eH − 1 connecting the endpoints of g in G(g). This can only be the case if there has been
another merge operation earlier in phase i, i.e., only for the second of the at most b2d(S)c ≤ 2

edges of phase i.

If phase i consists of only one edge with ∆v(g) > 0, we have ∆i
e/∆

i
v = ∆e(g)/∆v(g) ≤ 1 ≤ mr

2(F ).
Otherwise, denoting the first edge by f and the second one by g, it follows from the above that

∆i
e

∆i
v

≤ ∆e(f) + ∆e(g)

∆v(f) + ∆v(g)
= 1 ≤ mr

2(F )
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unless ∆v(g) = vH − 2, in which case we have

∆i
e

∆i
v

≤ ∆v(f) + ∆v(g) + 1

∆v(f) + ∆v(g)

≤ vH
vH − 1

, as ∆v(f) ≥ 1 and ∆v(g) = vH − 2

≤ vH

vH − 2 + 1/mr−1
2 (F )

= mr
2(F ) , as mr−1

2 (F ) ≥ 1.

This settles the case eH = vH .

Now suppose we have eH = vH + 1. Recall that phase i consists of at most two edges. If there
is only one edge with ∆v(g) > 0, according to (6.30) we have

∆e(g) ≤ mr
2(F ) (∆v(g)− 1) + 2

mr
2(F )

mr−1
2 (F )

− 1

=
eH
(
∆v(g)− 1 + 2/mr−1

2 (F )
)

vH − 2 + 1/mr−1
2 (F )

− 1

{eH=vH+}
= ∆v(g)− 1 +

(
3− 1/mr−1

2 (F )
)

∆v(g)− (vH + 1)(1− 2/mr−1
2 (F ))

vH − 2 + 1/mr−1
2 (F )

.

(6.38)

If ∆v(g) ≤ vH/2− 1 this implies

∆e(g) ≤ ∆v(g) + 1

− 2(vH − 2 + 1/mr−1
2 (F ))− (3− 1/mr−1

2 (F ))(vH/2− 1) + (vH + 1)(1− 2/mr−1
2 (F ))

vH − 2 + 1/mr−1
2 (F )

= ∆v(g) + 1−
3
2vHm

r−1
2 (F )− 3

2vH − 1

mr−1
2 (F ) · (vH − 2 + 1/mr−1

2 (F ))
.

Using that mr−1
2 (F ) ≥ eH/vH = (vH + 1)/vH , we deduce that both numerator and denominator

of the quotient are positive. Since ∆e(g) is an integer this implies that ∆e(g) ≤ ∆v(g) and thus

∆i
e

∆i
v

=
∆e(g)

∆v(g)
= 1 ≤ mr

2(F ) ,

as desired. If ∆v(g) > vH/2− 1, integrality implies that ∆v(g) ≥ (vH − 1)/2. Since we trivially
also have that ∆v(g) ≤ vH − 2 we deduce from (6.38)

∆e(g) ≤ ∆v(g) + 2

− 3(vH − 2 + 1/mr−1
2 (F ))− (3− 1/mr−1

2 (F ))(vH − 2) + (vH + 1)(1− 2/mr−1
2 (F ))

vH − 2 + 1/mr−1
2 (F )

= ∆v(g) + 1− (vH + 1)(1− /mr−1
2 (F ))

vH − 2 + 1/mr−1
2 (F )

,

which implies by integrality of ∆e(g) that ∆e(g) ≤ ∆v(g) + 1. Thus, we have

∆i
e

∆i
v

≤ ∆v(g) + 1

∆v(g)

≤ (vH + 1)/2

(vH − 1)/2
, as ∆v(g) ≥ (vH − 1)/2

≤ vH + 1

vH − 2 + 1/mr−1
2 (F )

= mr
2(F ) , as mr−1

2 (F ) ≥ 1.

This proves the claim for the case when only one edge satisfies ∆v(g) > 0.
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Suppose now that there are two edges in phase i with ∆v(·) > 0, and denote these by f and g,
f ≺ g. Applying (6.30) to f and (6.28) to g we get

∆e(f) ≤ mr
2(F ) (∆v(f)− 1) +

mr
2(F )

mr−1
2 (F )

and
∆e(g) ≤ mr

2(F )∆v(g) +
mr

2(F )

mr−1
2 (F )

− 1 .

Note that these equations are similar but not quite identical to (6.38). Nevertheless similar case
distinctions as above yield

∆e(f) ≤
{

∆v(f) + 1 if vH/2 ≤ ∆v(f) ≤ vH − 2 ,

∆v(f) if 1 ≤ ∆v(f) ≤ (vH − 1)/2 ;

and

∆e(g) ≤





∆v(g) + 2 if ∆v(g) = vH − 2 ,

∆v(g) + 1 if vH/2− 1 ≤ ∆v(g) < vH − 2 ,

∆v(g) if 1 ≤ ∆v(g) ≤ (vH − 3)/2 .

With these inequalities in hand, the claim follows for all possible values of ∆v(f) and ∆v(g) from
one of the following calculations.

In the first case we have ∆v(f) ≥ vH/2 and ∆v(g) = vH − 2. Using that mr−1
2 (F ) ≥ d(H) =

(vH + 1)/vH and with some elementary calculations, this yields

∆i
e

∆i
v

≤ ∆v(f) + ∆v(g) + 3

∆v(f) + ∆v(g)

≤ 3vH/2 + 1

3vH/2− 2

≤ vH + 1

vH − 2 + vH/(vH + 1)

≤ vH + 1

vH − 2 + 1/mr−1
2 (F )

= mr
2(F ) .

In the second case we suppose that either ∆v(f) ≥ vH/2 and vH − 2 > ∆v(g) ≥ vH/2 − 1

or (vH − 1)/2 ≥ ∆v(f) ≥ 1 and ∆v(g) = vH − 2. We obtain similarly

∆i
e

∆i
v

≤ ∆v(f) + ∆v(g) + 2

∆v(f) + ∆v(g)

≤ vH + 1

vH − 1
≤ vH + 1

vH − 2 + 1/mr−1
2 (F )

= mr
2(F ) .

In the third case we assume that either (vH − 1)/2 ≥ ∆v(f) ≥ 1 and vH − 2 > ∆v(g) ≥ vH/2− 1

or ∆v(f) ≥ vH/2 and (vH − 3)/2 ≥ ∆v(g) ≥ 1. This yields

∆i
e

∆i
v

≤ ∆v(f) + ∆v(g) + 1

∆v(f) + ∆v(g)

≤ vH/2 + 1

vH/2
≤ vH + 1

vH − 1
≤ vH + 1

vH − 2 + 1/mr−1
2 (F )

= mr
2(F ) .

In the last case when (vH − 1)/2 ≥ ∆v(f) ≥ 1 and (vH − 3)/2 ≥ ∆v(g) ≥ 1, we readily have

∆i
e

∆i
v

≤ ∆v(f) + ∆v(g)

∆v(f) + ∆v(g)
= 1 ≤ mr

2(F ) .

This settles exceptional case b), and concludes the proof of Claim 6.20. �
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Figure 6.6. On the left side a subgraph T of F ∗− ∈ F∗−(K4,K4), and on the right
side its corresponding T̂ ∈ F∗−(K3,K4). The dashed edges form G = K3, but do
not belong to either graph.

As explained before, Claims 6.20 and 6.21 imply Lemma 6.18 by (6.27) and Proposition 3.1. �

6.5.2. Proofs of Lemma 6.15 and Lemma 6.17. Recall that we abbreviate d2
2 by d2 and

m2
2 by m2. We first prove Lemma 6.17.

Proof of Lemma 6.17. Fix H ⊆ F satisfying d2(F,H) = m2(F ). Consider a graph F− as
given by the assumption. If necessary, add isolated vertices to F− until it has vF vertices.
Clearly, this maintains the property m2(F−) ≤ m2(F ). For this F−, fix any F ∗− ∈ F∗− with every
outer copy F̂−(f) := (f

.∪ U(f), D(f)), f ∈ E isomorphic to F− (cf. Definition 6.14). Slightly
abusing notation, we let F = (V,E) denote the missing inner copy of F ∗−. For any fixed subgraph
T ⊆ F ∗−, let

G := F [V (T ) ∩ V ]

denote the subgraph of F induced by the inner vertices of T . In order to show that d2(T ) ≤
m2(F ), we compare T to a ‘nice’ graph T̂ , where by nice we mean that T̂ ∈ F∗−(G,H). Note
that T̂ is not necessarily a subgraph of F ∗−. For the rest of the proof, T̂ denotes a fixed graph
from F∗−(G,H). The actual choice is irrelevant since all graphs in this family have the same
number of edges and vertices. Note that H depends only on F , while G varies with the choice
of T ⊆ F ∗−. This construction is illustrated in Figure 6.6 for the case F = H = K4.

Throughout this proof, let E0 := E(G) and V0 := V (G) = V (T ) ∩ V . For every f ∈ E0, let
Jf := (F̂−(f) ∩ T ) ∪ f denote the intersection of T with the outer copy F̂−(f) complemented
with the edge f . For f ∈ E \E0, define similarly Jf := (F̂−(f) ∩ T ). With these definitions, we
obtain that

e(T ) =
∑

f∈E0

(e(Jf )− 1) +
∑

f∈E\E0

e(Jf ) (6.39)

and

v(T ) = vG +
∑

f∈E0

(v(Jf )− 2) +
∑

f∈E:
|f∩V0|=1

(v(Jf )− 1) +
∑

f∈E:
|f∩V0|=0

v(Jf )

≥ vG +
∑

f∈E0

(v(Jf )− 2) +
∑

f∈E\E0:
v(Jf )≥2

(v(Jf )− 1)
(6.40)
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With
e(T̂ ) = eG(eH − 1) =

∑

f∈E0

(eH − 1)

we obtain due to (6.39)

e(T ) = e(T̂ )−
∑

f∈E0

(eH − 1) +
∑

f∈E0

(e(Jf )− 1) +
∑

f∈E\E0

e(Jf )

= e(T̂ ) +
∑

f∈E0:
v(Jf )≥vH

(e(Jf )− eH)−
∑

f∈E0:
v(Jf )<vH

(eH − e(Jf )) +
∑

f∈E\E0:
v(Jf )≥2

e(Jf )

≤ e(T̂ ) +
∑

f∈E0:
v(Jf )>vH

(e(Jf )− eH)−
∑

f∈E0:
v(Jf )<vH

(eH − e(Jf )) +
∑

f∈E\E0:
v(Jf )≥2

e(Jf ) ,

(6.41)

where in the last line we used that H is a graph with maximal number of edges on vH vertices.

Similarly, we obtain with

v(T̂ ) = vG + eG(vH − 2) = vG +
∑

f∈E0

(vH − 2)

from (6.40) that

v(T ) ≥ v(T̂ )−
∑

f∈E0

(vH − 2) +
∑

f∈E0

(v(Jf )− 2) +
∑

f∈E\E0:
v(Jf )≥2

(v(Jf )− 1)

= v(T̂ ) +
∑

f∈E0:
v(Jf )>vH

(v(Jf )− vH)−
∑

f∈E0:
v(Jf )<vH

(vH − v(Jf )) +
∑

f∈E\E0:
v(Jf )≥2

(v(Jf )− 1) .
(6.42)

Together, (6.41) and (6.42) yield

d2(T ) ≤
(e(T̂ )− 1) +

∑
f∈E0:

v(Jf )>vH

(e(Jf )− eH)−∑ f∈E0:
v(Jf )<vH

(eH − e(Jf )) +
∑

f∈E\E0:
v(Jf )≥2

e(Jf )

(v(T̂ )− 2) +
∑

f∈E0:
v(Jf )>vH

(v(Jf )− vH)−∑ f∈E0:
v(Jf )<vH

(vH − v(Jf )) +
∑

f∈E\E0:
v(Jf )≥2

(v(Jf )− 1)
.

(6.43)

If eG ≥ 1, we have v(T̂ ) ≥ vH ≥ 3 and e(T̂ ) ≥ eH − 1 ≥ 2. It follows by Proposition 3.1 that
d2(T ) ≤ m2(F ) if

d2(T̂ ) ≤ m2(F ) for all G ⊆ F and T̂ ∈ F∗−(G,H) , (6.44)
eJ − eH
vJ − vH

≤ m2(F ) for all J = Jf ⊆ F with vJ > vH , (6.45)

eH − eJ
vH − vJ

≥ m2(F ) for all J = Jf ⊆ F with 2 ≤ vJ < vH , (6.46)

eJ
vJ − 1

≤ m2(F ) for all J = Jf ⊆ F with vJ ≥ 2 . (6.47)

To verify (6.44), observe that

d2(T̂ ) =
eG(eH − 1)− 1

eG(vH − 2) + vG − 2

=
eGeH − (eG + 1)

eG(vH − 2 + 1/m(F ))− (eG/m(F )− (vG − 2))
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is less than m2(F ) = d2(F,H) if eG/m(F ) ≤ vG−2. Otherwise (6.44) follows by Proposition 3.1
from

eG + 1

eG/m(F )− (vG − 2)
≥ m2(F ) ,

which is equivalent to

eG

(
m2(F )

m(F )
− 1

)
≤ 1 +m2(F )(vG − 2)

and

eG ≤
m(F )

m2(F )−m(F )

(
1 +m2(F )(vG − 2) +

m2(F )

m(F )
− m2(F )

m(F )

)

=
m(F )m2(F )

m2(F )−m(F )

(
vG − 2 + 1/m(F )

)
− 1 .

Plugging m2(F ) ≥ d2(F,G) = eG/(vG−2+1/m(F )) into the numerator, one sees that the claim
follows if

eG

(
m(F )

m2(F )−m(F )
− 1

)
≥ 1

for all eG ≥ 1. This is equivalent to m(F ) ≥ 2m2(F )/3, and after plugging in m2(F ) =

eH/(vH − 2 + 1/m(F )) to

m(F ) ≥ 2eH − 3

3vH − 6
.

The last inequality is certainly true if eH/vH ≥ (2eH − 3)/(3vH − 6) for all graphs H with
eH ≥ vH ≥ 3. This is obvious for all vH ≥ 6 and easily verified by case checking if vH < 6.

Inequality (6.45) follows from

eJ − eH
vJ − vH

=
eJ − eH

(vJ − 2 + 1/m(F ))− (vH − 2 + 1/m(F ))

Prop.3.1
≤ d2(F,H) = m2(F ) .

Similarly, (6.46) follows from

eH − eJ
vH − vJ

=
eH − eJ

(vH − 2 + 1/m(F ))− (vJ − 2 + 1/m(F ))

Prop.3.1
≥ d2(F,H) = m2(F ) .

For (6.47), observe that for all J ⊆ F with vJ ≥ 2,
eJ

vJ − 1
≤ eJ
vJ − 2 + 1/m(F )

= d2(F, J) ≤ m2(F ) ,

as m(F ) ≥ 1 due to our assumption that F is not a forest.

As explained, it follows from (6.43) with (6.44), (6.45), (6.46), (6.47), and Proposition 3.1 that
d2(T ) ≤ m2(F ). This settles the case eG ≥ 1.

If eG = 0, we assume w.l.o.g. that T is connected. It is easily seen that this implies that also G is
connected, and that therefore vG ≤ 1. If vG = 0, the claim follows directly from the assumption
m2(F−) ≤ m2(F ). If vG = 1, the claim follows with Proposition 3.1 from

d2(T ) ≤
∑

f∈E e(Jf )− 1∑
f∈E(v(Jf )− 1)− 1

,

including the two −1 in the first summand and using m2(F−) ≤ m2(F ) for this term, and (6.47)
for the remaining ones. �

Note that we only used the assumption m2(F−) ≤ m2(F ) for the case where G contains no edges.

The framework from the proof of Lemma 6.17 also lends itself to prove Lemma 6.15.
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Proof of Lemma 6.15. With the notations of the previous proof, it follows analogously to
(6.43) that for a given subgraph T of an F ∗ ∈ F∗,

d(T ) ≤
e(T̂ ) +

∑
f∈E0:

v(Jf )>vH

(e(Jf )− eH)−∑ f∈E0:
v(Jf )<vH

(eH − e(Jf )) +
∑

f∈E\E0:
v(Jf )≥2

e(Jf )

v(T̂ ) +
∑

f∈E0:
v(Jf )>vH

(v(Jf )− vH)−∑ f∈E0:
v(Jf )<vH

(vH − v(Jf )) +
∑

f∈E\E0:
v(Jf )≥2

(v(Jf )− 1)
.

for a T̂ ∈ F∗(G,H). Replacing (6.44) by

d(T̂ ) =
eGeH

eG(vH − 2) + vG
=

eH
vH − 2 + vG/eG

≤ eH
vH − 2 + 1/m(F )

= m2(F ) (6.48)

and using (6.45), (6.46), and (6.47), Proposition 3.1 implies that d(T ) ≤ m2(F ) similarly to
before.

This proves that maxF ∗∈F∗m(F ∗) ≤ m2(F ). The other inequality follows from the fact that any
graph from F∗(G,H) attains equality in (6.48) if d(G) = m(F ) and d2(F,H) = m2(F ). �

6.6. Concluding remarks

6.6.1. More colors. We have no proof of any nontrivial upper bound for the game with more
than two colors. Nevertheless, we believe that the densities (6.1) determine threshold functions
for the game with an arbitrary number r of colors, provided the condition (6.3) is satisfied. The
intuition behind this conjecture is the following. As explained in Section 6.4, if (6.3) holds, the
base graph of one color will have density pB = nvF−2peF−1 after the first round, and a p-fraction
of these edges will be hit in the second round. Assuming that these edges are distributed as in
a random graph Gn,pBp, the second round restricted to these edges is an online game with one
color excluded, which Painter will lose if pBp = nvF−2peF � n−1/mr−1

2 (F ), or, equivalently, if
p� n−1/mr2(F ).

6.6.2. Online Ramsey games via deterministic two-player games. Very recently, we
presented an alternative approach to proving upper bounds on the threshold of the online F -
avoidance game [BMS10+]. Even though this approach extends to the game with more than
two colors in principle, we restrict our attention to the game with two colors here. Consider the
deterministic two-player variant of the game where the edges appearing at each step are not cho-
sen randomly, but by a second player Builder. However, Builder has to adhere to the restriction
that, for some real number d, the evolving board B satisfies m(B) = maxH⊆B eH/vH ≤ d at
all times. As it turns out, the existence of a winning strategy for Builder in this deterministic
two-player game implies an upper bound of n2−1/d on the threshold of the original (probabilistic
one-player) F -avoidance game. Using this approach, one can e.g. obtain a simpler proof of
Corollary 6.5 that does not rely on the offline result stated in Theorem 6.10.

In fact, this approach yields a complete combinatorial characterization of the threshold for the
case where F is a forest: in that case, the best upper bound that can be derived from the
deterministic two-player game is indeed the threshold of the probabilistic one-player game. Thus
for the case of forests, the probabilistic aspect of the problem is fully understood, and the problem
of determining the threshold of the online F -avoidance game for a given forest F reduces to a
completely deterministic combinatorial problem. However, even for the seemingly simple case
where F is a path, this combinatorial characterization does not appear to lead to a simple closed-
form threshold formula, as one might hope. The paper [BMS10+] contains exact threshold
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functions for paths with up to thirteen edges, and asymptotic bounds for longer paths that are
nontrivial but leave much room for improvement.



CHAPTER 7

Online vertex-coloring games in random graphs

In this chapter we present our results for the vertex-coloring analogue of the online Ramsey game
studied in Chapter 6. The results presented here are joint work with Martin Marciniszyn and
will appear in [MS10+]; an extended abstract appeared as [MS07]. They are similar in spirit
to those presented in Chapter 6 with the notable difference that in the vertex case studied here,
we can give upper bound proofs for the game with an arbitrary number of colors.

7.1. Introduction

Consider the following one-player game on a random graph Gn,p. (Recall that Gn,p denotes the
standard binomial random graph on n vertices in which each edge is included independently with
probability p = p(n).) The vertices of Gn,p are revealed one by one to a player called Painter. At
each step, also all edges connecting the newly revealed vertex to preceding vertices are revealed.
Painter has a fixed number r of colors at her disposal, and has to assign one of these to each
vertex immediately. Her goal is to do so without creating a monochromatic copy of some fixed
graph F in the process. She loses as soon as the subgraph induced by the vertices of any color
contains a copy of F , and she wins if she can avoid this until all n vertices are colored. We ask
for which densities p of the underlying random graph Painter can win the game a.a.s. We will
refer to this as the online F -avoidance vertex-coloring game with r colors.

We answer this question for a large class of graphs F , including cliques and cycles of arbitrary
size, and any fixed number of colors r: we give an explicit threshold function p0 = p0(F, r, n)

such that, using the right strategy, Painter a.a.s. succeeds in coloring the entire random graph
Gn,p for any function p� p0, but a.a.s. fails to do so with any strategy if p� p0.

In order to state our main theorem, we need to introduce some notation. For any graph F , let

m1(F ) := max
H⊆F

eH
vH − 1

(7.1)

denote the maximum so-called 1-density of a subgraph H of F . The thresholds we establish
in this paper are determined by the density measures mr

1(F ), which are defined recursively as
follows:

mr
1(F ) :=





max
H⊆F

eH
vH

if r = 1 ,

max
H⊆F

eH +mr−1
1 (F )

vH
if r ≥ 2 .

(7.2)

Theorem 7.1. Let F be a fixed nonempty graph that has an induced subgraph F ◦ ⊂ F on vF −1

vertices satisfying
m1(F ◦) ≤ m2

1(F ) . (7.3)

Then for all r ≥ 2, the threshold for the online F -avoidance vertex-coloring game with r colors
is

p0(F, r, n) = n−1/mr1(F ) .

94
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The side condition (7.3) is only used in the upper bound proof – we prove a lower bound of
n−1/mr1(F ) in full generality. In other words, we prove a direct analogue of Theorem 6.1, and an
extension of the vertex analogue of Theorem 6.3 to the game with an arbitrary number of colors.

If F is 1-balanced, i.e., if we have m1(F ) = eF /(vF −1), Theorem 7.1 can be simplified as follows
(cf. Lemma 7.7 below).

Corollary 7.2. Let F be a fixed 1-balanced nonempty graph that has an induced subgraph F ◦ ⊂ F
on vF − 1 vertices satisfying

m1(F ◦) ≤ m1(F )
(
1− v−2

F

)
.

Then for all r ≥ 2, the threshold for the online F -avoidance vertex-coloring game with r colors
is

p0(F, r, n) = n
− 1

m1(F )(1−v−r
F ) .

In particular, this implies the following thresholds for the game with cliques and cycles respec-
tively.

Corollary 7.3 (Clique-avoidance games). For any ` ≥ 2 and r ≥ 2, the threshold for the online
K`-avoidance vertex-coloring game with r colors is

p0(`, r, n) = n
− 2
`(1−`−r) .

Corollary 7.4 (Cycle-avoidance games). For any ` ≥ 3 and r ≥ 2, the threshold for the online
C`-avoidance vertex-coloring game with r colors is

p0(`, r, n) = n
− `−1
`(1−`−r) .

As in the edge case, the maximization over r potentially different subgraphs in (7.2) gives rise
to the phenomenon that a disconnected graph F may have a higher threshold than each of
its components. Consider for example r = 2 and F the disjoint union of a triangle K3 and a
cycle of length 6 with one extra edge connecting two opposite vertices, denoted by C+

6 . Corol-
lary 7.2 yields that the individual components have thresholds p0(K3, 2, n) = n−3/4 = n−0.75

and p0(C+
6 , 2, n) = n−36/49 = n−0.734... respectively, whereas our lower bound proof yields that

p0(F, 2, n) is at least n−1/m2
1(F ) = n−18/25 = n−0.72.

Similarly to the edge case, the thresholds of the online game are bounded from below by the
threshold for the appearance of F as a subgraph (corresponding to the ‘game’ with r = 1 colors),
and bounded from above by the threshold for offline-r-vertex-colorability without monochromatic
copies of F . This threshold is given by the following result of Łuczak, Ruciński, and Voigt,
which is an analogue of Theorem 2.2 for the vertex case. For any two graphs G and F , and any
integer r ≥ 2, let G → (F )vr denote the event that every possible vertex-coloring of G with r

colors contains a monochromatic copy of F .

Theorem 7.5 ([ŁRV92]). Let r ≥ 2 be a fixed integer, and let F be a fixed nonempty graph
that in the case r = 2 is not a matching. Then there exist positive constants c = c(F, r) and
C = C(F, r) such that

lim
n→∞

Pr[Gn,p → (F )vr ] =

{
1 if p ≥ Cn−1/m1(F )

0 if p ≤ cn−1/m1(F )
,

where m1(F ) is defined in (7.1).
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Similarly to the edge case, every graph satisfies

lim
r→∞

mr
1(F ) = m1(F ) ,

cf. Lemma 7.6 below. Thus the online threshold, which does depend on the number of colors r,
approaches the offline threshold as r grows.

7.1.1. Organization of this chapter. We explain our notation and prove some auxiliary
results in Section 7.2. In Section 7.3 we prove that for any graph F and any integer r ≥ 2,
n−1/mr1(F ) is a lower bound on the threshold of the online F -avoidance vertex-coloring game
with r colors. In Section 7.4 we show that if F satisfies condition (7.3), n−1/mr1(F ) is also an
upper bound on this threshold, which establishes Theorem 7.1. Finally, we give some concluding
remarks in Section 7.5.

7.2. Preliminaries and notation

7.2.1. Density measures. For nonempty graphs F and G and any integer r ≥ 2, we define

d
r
1(F,G) :=

eG +mr−1
1 (F )

vG
,

where mr−1
1 (F ) is defined in (7.2). We set dr1(F,G) := 0 if F or G is empty. Note that

mr
1(F ) = max

H⊆F
d
r
1(F,H)

for all r ≥ 2, and recall that m1
1(F ) = m(F ) by definition. We say that F is balanced w.r.t. dr1

if mr
1(F ) = d

r
1(F, F ). To simplify notation, we often write d1 for d2

1.

The maximum density measures m and m1 are well-known and motivated by Theorems 2.1
and 7.5 respectively. It is also well-known that every nonempty graph satisfies m(F ) < m1(F ),
and that every 1-balanced graph is balanced. The next lemma shows that the densities mr

1(F )

studied in this chapter interpolate between m and m1 in some sense.

Lemma 7.6. Let F be a nonempty graph.

(i) We have
m(F ) = m1

1(F ) < m2
1(F ) < · · · < mr

1(F ) < · · · < m1(F ) .

(ii) We have
lim
r→∞

mr
1(F ) = m1(F ) .

(iii) If F is 1-balanced, it is is balanced with respect to dr1 for all r ≥ 1.
(iv) For all r ≥ 2, if F is balanced with respect to dr1, it is balanced with respect to dr−1

1 .

Proof of Lemma 7.6. We prove (i) by induction on r, showing that that mr
1(F ) < mr+1

1 (F )

and mr
1(F ) < m1(F ). In the base case r = 1, these statements follow from the inequalities

d(H) < d
2
1(F,H) and d(H) < d1(H) for all nonempty subgraphs H ⊆ F . For r ≥ 2, the first

inequality follows from

mr
1(F ) = max

H⊆F
eH +mr−1

1 (F )

vH

Ind.
< max

H⊆F
eH +mr

1(F )

vH
= mr+1

1 (F ) .

The second inequality follows with eH/(vH − 1) ≤ m1(F ) from

mr
1(F ) = max

H⊆F
eH +mr−1

1 (F )

vH

Ind.
< max

H⊆F
m1(F )(vH − 1) +m1(F )

vH
= m1(F ) .

This concludes the proof of (i).
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Clearly, (i) implies that m∞1 (F ) := limr→∞mr
1(F ) exists and is at most m1(F ). On the other

hand, letting r →∞ in (7.2) yields that eH+m∞1 (F )
vH

≤ m∞1 (F ) for allH ⊆ F , which by elementary
calculations is equivalent to m∞1 (F ) ≥ m1(F ). This proves (ii).

An easy calculation shows that dr1(F, F ) ≤ d1(F ) is equivalent to mr−1
1 (F ) ≤ d1(F ). Hence, F

satisfies dr1(F, F ) ≤ d1(F ) by (i). If F is 1-balanced, we obtain for every subgraph H ( F with
2 ≤ vH < vF that

(eF +mr−1
1 (F ))− (eH +mr−1

1 (F ))

vF − vH
=

eF − eH
(vF − 1)− (vH − 1)

Prop.3.1
≥ d1(F ) ≥ dr1(F, F ) ,

which again by Proposition 3.1 implies that dr1(F,H) ≤ dr1(F, F ), concluding the proof of (iii).

Claim (iv) follows analogously from

(eF +mr−1
1 (F ))− (eH +mr−1

1 (F ))

vF − vH
=

(eF +mr
1(F ))− (eH +mr

1(F ))

vF − vH
Prop.3.1
≥ d

r
1(F, F ) ≥ dr−1

1 (F, F )

for every subgraph H ( F with 2 ≤ vH < vF . �

The inductive definition of mr
1(F ) can be written in the following explicit form, which yields the

threshold formula in Corollary 7.2.

Lemma 7.7. For all nonempty graphs F and r ≥ 1, we have

mr
1(F ) = max

H1,...,Hr⊆F

∑r
i=1 e(Hi)

∏i−1
j=1 v(Hj)∏r

i=1 v(Hi)
, (7.4)

and the graphs H1, . . . ,Hr maximizing (7.4) can be calculated recursively via

Hr = Hr(F ) :=





arg max
H⊆F

eH
vH

if r = 1 ,

arg max
H⊆F

eH +mr−1
1 (F )

vH
if r ≥ 2 .

(7.5)

If F is 1-balanced, we have
mr

1(F ) = m1(F )
(
1− v−rF

)
.

Proof. To prove the first statement, we apply induction on r. For r = 1, the claim follows
directly from (7.2). For r ≥ 2, we have

mr
1(F ) = max

Hr⊆F
e(Hr) +mr−1

1 (F )

v(Hr)

Ind.
= max

H1,...,Hr⊆F

e(Hr) +
∑r−1
i=1 e(Hi)

∏i−1
j=1 v(Hj)∏r−1

i=1 v(Hi)

v(Hr)

= max
H1,...,Hr⊆F

∑r
i=1 e(Hi)

∏i−1
j=1 v(Hj)∏r

i=1 v(Hi)
.

The above calculation shows that the graphs H1, . . . ,Hr maximizing (7.4) are the ones defined
in (7.5). If F is 1-balanced, by Lemma 7.6 it is also balanced w.r.t. dr1, r ≥ 1, and we have
H1 = · · · = Hr = F . Plugging this into (7.4), we thus obtain

mr
1(F ) =

eF
vF

r−1∑

j=0

v−jF =
eF
vF

(
v
−(r−1)
F

vrF − 1

vF − 1

)
=

eF
vF − 1

(
1− v−rF

)
.
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�

7.2.2. Janson’s inequality. Janson’s inequality is a very useful tool in probabilistic combina-
torics. In many cases, it yields an exponential bound on lower tails where the second moment
method only gives a bound of o(1). Here we formulate a version tailored to random graphs.

Theorem 7.8 ([Jan90]). Consider a family (potentially a multi-set) F = {Hi | i ∈ I} of graphs
on the vertex set {v1, . . . , vn}. For each Hi ∈ F , let Xi denote the indicator random variable for
the event Hi ⊆ Gn,p, and for each pair Hi, Hj ∈ F , i 6= j, write Hi ∼ Hj if Hi and Hj are not
edge-disjoint. Let

X =
∑

Hi∈F
Xi ,

µ = E[X] =
∑

Hi∈F
pe(Hi) ,

∆ =
∑

Hi,Hj∈F
Hi∼Hj

E[XiXj ] =
∑

Hi,Hj∈F
Hi∼Hj

pe(Hi)+e(Hj)−e(Hi∩Hj) .

Then for all 0 ≤ δ ≤ 1 we have

Pr[X ≤ (1− δ)µ] ≤ e
− δ2µ2

2(µ+∆) .

In particular, Janson’s inequality yields the following counting version of Theorem 7.5. The proof
is essentially the same as the one for the 1-statement of Theorem 7.5 given in [ŁRV92].

Theorem 7.9. Let r ≥ 2 and F be a nonempty graph. Then there exist positive constants C =

C(F, r) and a = a(F, r) such that for

p(n) ≥ Cn−1/m1(F ) ,

where m1(F ) is defined in (7.1), the random graph Gn,p a.a.s. satisfies the property that in every
r-vertex-coloring there are at least anvF peF monochromatic copies of F .

7.3. Lower bound

In this section we prove a lower bound of n−1/mr1(F ) on the threshold of the game with an
arbitrary graph F and an arbitrary number of colors r. We provide an explicit strategy which
a.a.s. succeeds in coloring Gn,p online if p� n−1/mr1(F ).

Consider the game with two colors, say red and blue, and assume that Painter uses one color, say
red, in every move if this does not create an entirely red copy of F . Clearly, if Painter loses she
does so with a blue copy of F , which was forced by a surrounding red structure. More precisely,
after her losing move the board contains a blue copy of F , each vertex of which completes a red
subgraph to a copy of F . We say that the graph formed by these copies is a dangerous graph for
Painter. Figure 7.1 shows two such dangerous graphs for the case F = K4.

This simple greedy strategy yields the claimed lower bound if F is balanced w.r.t. d2
1. For

general graphs, it may be smarter to play the greedy strategy with respect to an appropriately
chosen subgraph H of F . For an example, consider the graph F consisting of a triangle with one
edge attached to it. Here it turns out that greedily avoiding triangles and forgetting about the
additional edge guarantees longer survival than greedily avoiding F itself. If Painter follows this
greedy strategy for a fixed H ⊆ F , the game ends with a blue copy of F , each vertex of which
completes a red subgraph to a copy of H.
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Figure 7.1. Two graphs from the class F(K4,K4), which are dangerous to a
greedy Painter in the K4-avoidance game with two colors. The graph on the left
hand side is the unique graph K∗4 . In both graphs, the inner vertices and edges
are shaded.

For arbitrary nonempty graphs H1 and H2, let F(H1, H2) denote the class of all graphs that have
an ‘inner’ (blue) copy of H1, each vertex of which also completes an ‘outer’ (red) copy of H2.
Here the colors should only provide the intuitive connection to the greedy strategy, the members
of the family F(H1, H2) are not associated with a coloring. We say that the inner copy of H1 is
formed by inner vertices and edges, and refer to the surrounding elements as outer vertices and
edges respectively. Formally, we define the family of graphs F(H1, H2) as follows.

Definition 7.10. For all graphs H1 = (V,E) and H2, let

F(H1, H2) :=
{
F ′ = (V

.∪ U,E .∪ D) : F ′ is a minimal graph such that

for all v ∈ V there are sets U(v) ⊆ U and D(v) ⊆ D with
(
{v} .∪ U(v), D(v)

)
∼= H2

}
.

The inner vertices V and edges E form the inner of H1. Every vertex v ∈ V together with U(v)

and D(v) forms a copy of H2. Hence, |U(v)| = v(H2) − 1 and |D(v)| = e(H2). We take F ′ as
a minimal element with respect to subgraph inclusion, i.e., F ′ does not have a subgraph which
satisfies the same properties. This ensures in particular that F(H1, H2) is finite.

In the game with three colors, say, with colors yellow (3), red (2) and blue (1), a greedy Painter
first avoids some subgraph H3 in yellow, H2 in red, and eventually H1 in blue. We call this
strategy the greedy 〈H3, H2, H1〉-avoidance strategy. By the same argument as before, if Painter
loses, the board contains a red-blue copy of a member from the family F(H1, H2), every vertex
of which completes an entirely yellow copy of H3. We denote the class of all such graphs by
F(H1, H2, H3). Figure 7.2 depicts a graph from the class F(K3,K3,K3).

This motivates the following inductive definition for general r.

Definition 7.11. For any graph H1, let F(H1) := {H1}. For r ≥ 2 and arbitrary graphs
H1, . . . ,Hr, let

F(H1, . . . ,Hr) :=
{
F r ∈ F(F r−1, Hr) : F r−1 ∈ F(H1, . . . ,Hr−1)

}
.

By the same argument as before, if Painter loses the game with r colors following the greedy
〈Hr, . . . ,H1〉-avoidance strategy, the board contains a copy of a graph from F(H1, . . . ,Hr). With
this observation in hand, the lower bound in Theorem 7.1 is an immediate consequence of the
next, purely deterministic lemma.



Chapter 7. Online vertex-coloring games in random graphs 100

Figure 7.2. The unique graph from the class F(K3,K3,K3) in which no outer
copies overlap.

Lemma 7.12. Let F be a nonempty graph, and let r ≥ 1. If the subgraphs H1, . . . ,Hr ⊆ F are
chosen according to (7.5), all graphs F r ∈ F(H1, . . . ,Hr) satisfy

m(F r) ≥ mr
1(F ) .

Proof of Theorem 7.1 (Lower Bound). Due to the fact that the class F(H1, . . . ,Hr) is
finite, Lemma 7.12 implies by Theorem 2.1 that Gn,p a.a.s. contains no graph from this class
if p � n−1/mr1(F ). Therefore, Painter will a.a.s. not lose the game if she follows the greedy
〈Hr, . . . ,H1〉-avoidance strategy. �

Before proving Lemma 7.12, we give some intuition for it. Consider again the case r = 2.
Among the graphs F ′ ∈ F(H1, H2), there are some distinguished ones F ∗ which have vertex-
disjoint outer copies. Such a graph is depicted in Figure 7.1 on the left hand side. Clearly, these
graphs have exactly v(H1)(v(H2)− 1) + v(H1) = v(H1)v(H2) vertices and v(H1)e(H2) + e(H1)

edges. If H1 and H2 are chosen according to (7.5), this yields

d(F ∗) =
v(H1)e(H2) + e(H1)

v(H1)v(H2)
=
e(H2) + d(H1)

v(H2)
= m2

1(F ) .

More generally, the density of a ‘nice’ member of the class F(H1, . . . ,Hr) with vertex-disjoint
outer copies is given by the fraction on the right hand side of (7.4) (cf. Figure 7.2 for an example).
Thus the statement of Lemma 7.12 is essentially that members of the family F(H1, . . . ,Hr) that
contain overlapping substructures are at least as dense as the ‘nice’ members which have vertex-
disjoint outer copies.

We shall prove Lemma 7.12 by induction on r using Lemma 7.13, which essentially proves the
case r = 2. Recall that we abbreviate d2

1 by d1.

Lemma 7.13. Let S and H be graphs satisfying m(H) ≤ d1(S,H). Then all S′ ∈ F(S,H)

satisfy

m(S′) ≥ d1(S,H) .

With Lemma 7.13 in hand, Lemma 7.12 follows easily.

Proof of Lemma 7.12. We proceed by induction on r. For r = 1, we have F(F ) = {F} and
m(F ) = m1

1(F ) by definitions.
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Now suppose we have r ≥ 2, and let F r be any graph from F(H1, H2, . . . ,Hr). Then by definition
there is a graph F r−1 ∈ F(H1, H2, . . . ,Hr−1) such that F r ∈ F(F r−1, Hr), and we have

d1(F r−1, Hr) =
e(Hr) +m(F r−1)

v(Hr)

Ind.
≥ e(Hr) +mr−1

1 (F )

v(Hr)
= d

r
1(F,Hr) = mr

1(F ) (7.6)

by the induction hypothesis. Due to

m(Hr) ≤ m(F )
L. 7.6
≤ mr

1(F )
(7.6)
≤ d1(F r−1, Hr) ,

we can apply Lemma 7.13 with S ← F r−1 and H ← Hr to obtain that

m(F r)
L. 7.13
≥ d1(F r−1, Hr)

(7.6)
≥ mr

1(F ) .

�

Proof of Lemma 7.13. First, we argue that it suffices to prove Lemma 7.13 for the case when
S is balanced. Suppose it is not, and let G ⊆ S be a (balanced) subgraph satisfying d(G) = m(S).
Then we have d1(S,H) = d1(G,H). Hence, if S and H satisfy the assumption of the lemma, so
do G and H. Moreover, every graph S′ ∈ F(S,H) contains a subgraph G′ ∈ F(G,H). Therefore,
if Lemma 7.13 holds for balanced graphs, it follows that

m(S′) ≥ m(G′)
L. 7.13
≥ d1(G,H) = d1(S,H) .

For the rest of the proof, we assume that S is balanced and thus

d1(S,H) =
eH + d(S)

vH
=
vSeH + eS
vSvH

. (7.7)

In order to prove m(S′) ≥ d1(S,H) for all S′ ∈ F(S,H), we show the slightly stronger assertion
d(S′) ≥ d1(S,H).

Recall that in every graph S′ = (V
.∪ U,E .∪ D), the inner copy (V,E) is isomorphic to S. By

definition, for each inner vertex v ∈ V , we can identify sets of outer vertices U(v) ⊆ U and outer
edges D(v) ⊆ D such that Ĥ(v) := ({v} .∪ U(v), D(v)) is isomorphic to H. While these sets are
not necessarily unique, for the rest of the proof we fix one choice of appropriate sets U(v) and
D(v). The minimality condition in Definition 7.10 ensures that every vertex of U is contained in
one of the sets U(v), v ∈ V , and that every edge of D is contained in one of the sets D(v), v ∈ V .
Let ` := vS , and fix an arbitrary order v1, . . . , v` on the inner vertices of S′. For 2 ≤ i ≤ `, let

Ji := Ĥ(vi) ∩
( i−1⋃

j=1

Ĥ(vj)
)

denote the intersection of the ith outer copy of H with the preceding i−1 copies. For 0 ≤ k ≤ `,
let

Sk := (V,E) ∪
k⋃

i=1

Ĥ(vi) .

Note that S0
∼= S and S` = S′.

With induction on k and using that

V (Sk−1 ∩ Ĥ(vk)) = {vk}
.∪ V (Jk) ,
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we obtain that, for 0 ≤ k ≤ `,
v(Sk) = v(Sk−1) + v(Ĥ(vk))− v(Sk−1 ∩ Ĥ(vk))

Ind.
=
(
vS + (k − 1)(vH − 1)−

k−1∑

i=2

v(Ji)
)

+ vH − (1 + v(Jk))

= vS + k(vH − 1)−
k∑

i=2

v(Ji) .

Similarly, we obtain with
E(Sk−1 ∩ Ĥ(vk)) = E(Jk)

that, for 0 ≤ k ≤ `,

e(Sk) = eS + keH −
k∑

i=2

e(Ji) .

For k = `(= vS) this yields

v(S′) = v(S`) = vSvH −
∑̀

i=2

v(Ji) (7.8)

and

e(S′) = e(S`) = eS + vSeH −
∑̀

i=2

e(Ji) . (7.9)

Since we chose H maximizing (7.2), and since each Ji is a subgraph of H, we have for 2 ≤ i ≤ `
that

e(Ji)

v(Ji)
≤ e(Ji) + d(S)

v(Ji)
≤ eH + d(S)

vH

(7.7)
= d1(S,H) . (7.10)

Using (7.10) and applying Proposition 3.1 repeatedly, we obtain from (7.8) and (7.9) that

e(S′)
v(S′)

=
eS + vSeH −

∑`
i=2 e(Ji)

vSvH −
∑`

i=2 v(Ji)
≥ eS + vSeH

vSvH

(7.7)
= d1(S,H) .

�

7.4. Upper bound

In this section we prove an upper bound of n−1/mr1(F ) on the threshold of the game with a graph
F satisfying the precondition of Theorem 7.1, and an arbitrary number of colors r. We show
that Painter a.a.s. fails to color Gn,p online regardless of her strategy if p� n−1/mr1(F ), provided
that there exists an induced subgraph F ◦ ⊂ F on vF − 1 vertices satisfying

m1(F ◦) ≤ m2
1(F )

(cf. (7.3)). We will need this assumption in order to apply Theorem 7.9 to F ◦.

Assume that p � n−1/mr1(F ) is given. We combine a two-round approach with induction on
r to prove that every strategy a.a.s. fails to color all vertices. We partition the vertex set of
G = Gn,p into two sets V1 := {v1, . . . , vbn/2c} and V2 = {vbn/2c+1, . . . , vn} and relax the game
to a semi-online game, revealing the subgraph G[V1] to Painter all at once. She may color the
vertices of V1 offline. In the second round, the vertices of V2 are revealed one by one, and Painter
has to color them online as before.

Suppose that Painter’s coloring of the vertex set V1 is fixed, and consider the set of edges
EG(V1, V2) generated between V1 and V2, but hidden from Painter’s view. For each color s ∈
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{1, . . . , r}, this edge set defines a vertex set Base(s) ⊆ V2 consisting of all vertices in V2 that
complete a copy of F in color s. Obviously, Painter may not assign color s to any vertex in Base(s)

in the second round. The next claim asserts that there exists some color class s0 ∈ {1, . . . , r}
such that Base(s0) is large enough to apply the induction hypothesis.

Claim 7.14. After the first round was played, there a.a.s. exists a color s0 ∈ {1, . . . , r} such
that we have

|Base(s0)| = Ω
(
nm

r−1
1 (F )/mr1(F )

)
.

With Claim 7.14 in hand, the upper bound in Theorem 7.1 is easy to prove.

Proof of Theorem 7.1 (Upper Bound). We proceed by induction on r. The base case r = 1

follows directly from Theorem 2.1. For r ≥ 2, Claim 7.14 implies that in the second round, Painter
must a.a.s. color a binomial random graph Gñ,p̃ on ñ = Ω(nm

r−1
1 (F )/mr1(F )) vertices with edge

probability
p̃ = p� n−1/mr1(F ) = Ω(ñ−1/mr−1

1 (F ))

with just r−1 colors left in an online fashion. Applying the induction hypothesis yields that she
a.a.s. fails to do so no matter which strategy she employs. �

It remains to prove Claim 7.14.

Proof of Claim 7.14. For a fixed vertex v ∈ V2, we will prove a lower bound on Pr[v ∈
Base(s0)] by an application of Theorem 7.8 to the random edges between V1 and V2 generated
in the second round. For this calculation to work out we need certain properties to hold for the
random graph on V1 generated in the first round. In the following we specify these properties
and prove that they hold a.a.s.

In order to simplify notation, let β := mr−1
1 (F )/mr

1(F ). Note that we have β < 1 due to
Lemma 7.6. For any graph J ⊆ F with vJ ≥ 1 and p� n−1/mr1(F ), we have

nvJpeJ � nvJ−eJ/m
r
1(F ) ≥ n

vJ− eJvJ

eJ+mr−1
1 (F )

= n

vJeJ+vJm
r−1
1 (F )−eJvJ

eJ+mr−1
1 (F ) = n

vJ

eJ+mr−1
1 (F )

mr−1
1 (F )

≥ nmr−1
1 (F )/mr1(F ) = nβ .

(7.11)

Consider a fixed induced subgraph F ◦ ⊂ F on vF − 1 vertices satisfying m1(F ◦) ≤ m2
1(F ) ≤

mr
1(F ) (cf. (7.3) and Lemma 7.6). Let s0 ∈ {1, . . . , r} denote the color for which the number of

monochromatic copies of F ◦ in G[V1] is largest, and let M denote the number of copies in this
color. In the following, we label these copies by F ◦i , i = 1, . . . ,M . By Theorem 7.9, we a.a.s.
have

M = Ω(nv(F ◦)pe(F
◦)) . (7.12)

For any vertex v ∈ V2 and i = 1, . . . ,M , let Tv,i ⊆ V1 × {v} be a set of potential edges that
connect F ◦i and v such that they form a copy of F . If there are several such sets, pick one
arbitrarily. Thus |Tv,i| = degF (u) for all v and i, where u denotes the vertex that was removed
from F to obtain F ◦.

For v ∈ V2 and any pair of indices i, j, 1 ≤ i, j ≤M , let

Jv,ij := (F ◦i ∪ Tv,i) ∩ (F ◦j ∪ Tv,j)
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denote the graph in which the two potential copies of F intersect. Furthermore, for J ⊆ F let
Mv,J denote the number of pairs i, j, i 6= j, for which Tv,i ∩ Tv,j 6= ∅ and Jv,ij ∼= J . Note that
Mv,J is bounded by a constant times the number of subgraphs in G[V1] formed by two copies
of F ◦ intersecting in a copy of J◦ := J ∩ F ◦. (Here the constant accounts for the fact that the
same subgraph of G[V1] might correspond to different overlapping pairs of copies of F ◦.) The
expected number of such subgraphs in G[V1] is of order

n2v(F ◦)−v(J◦)p2e(F ◦)−e(J◦) =
(
nv(F ◦)pe(F

◦)
)2
n−vJ+1p−eJ+degJ (u)

(7.11)
�

(
nvF−1pe(F

◦)
)2
n1−βpdegJ (u) .

Thus it follows with Markov’s inequality that

Mv,J �
(
nvF−1pe(F

◦)
)2
n1−βpdegJ (u) (7.13)

a.a.s. Since the number of subgraphs J◦ ⊆ F ◦ is a constant only depending on F , a.a.s. this
bound holds simultaneously for all subgraphs J ⊆ F and all v ∈ V2 after the first round.

For v ∈ V2, let

Fv := {Tv,1, . . . , Tv,M} .

Note that Fv might be a multiset, since the same set of edges may complement distinct monochro-
matic copies of F ◦ in G[V1] to a copy of F . For i = 1, . . . ,M , letXv,i denote the indicator random
variable for the event Tv,i ⊆ Gn,p, and set

Xv :=
M∑

i=1

Xv,i .

Clearly, the vertex v is contained in Base(s0) if Xv ≥ 1. We apply Theorem 7.8 to the family Fv
in order to obtain a lower bound on the probability of this event. Conditioning on the outcome
of the first round as specified, i.e., on (7.12) and (7.13), we obtain

µ = E[Xv] = M · pdegF (u)(7.12)
= Ω(nvF−1peF )

(7.11)
= ω(nβ−1) (7.14)

and

∆ =
M∑

i,j=1
Tv,i∼Tv,j

E[Xv,iXv,j ]

=
∑

J⊆F
u∈V (J)

M∑

i,j=1
Tv,i∼Tv,j ,Jv,ij∼=J

E[Xv,iXv,j ]

=
∑

J⊆F
u∈V (J)

Mv,J · p2 degF (u)−degJ (u)

(7.13)
= o

(
(nvF−1peF )2n1−β) (7.14)

= o(µ2n1−β) .

Therefore, Theorem 7.8 yields that

Pr[v /∈ Base(s0)] ≤ Pr [Xv = 0] ≤ exp

{
− µ2

2(µ+ ∆)

}
= exp

{
−ω

(
nβ−1

)}
= 1− ω

(
nβ−1

)
.
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Figure 7.3. Illustrations for the bowtie example, cf. text.

Since for a fixed outcome of the first round, the events {u ∈ Base(s0)} and {v ∈ Base(s0)} are
independent for u 6= v ∈ V2, standard Chernoff bounds imply that a.a.s. we have

|Base(s0)| = Ω


∑

v∈V2

Pr [v ∈ Base(s0)]


 = Ω

(
nβ
)
.

�

7.5. Concluding remarks

As in the edge case, the strategy analyzed in our lower bound proof is not optimal in general.
In the following we present an example of a graph for which the threshold of the game with two
colors is strictly higher than n−1/mr1(F ).

Consider the ‘bowtie graph’ B formed by two triangles which are connected by an edge. The lower
bound proof presented in Section 7.3 shows that greedily avoiding triangles (say, greedily using
red, and using blue to avoid red triangles) allows Painter to win the game if p � n−1/m2

1(B) =

n−18/25 = n−0.72. This value corresponds to the number of edges and vertices of a ‘nice’ graph
from F(F,K3), depicted on the left hand side of Figure 7.3. With some case checking, one can
show that switching back to red when the previous strategy would complete a blue copy of B (thus
completing a red triangle instead) improves the lower bound to n−36/51 = n−12/17 = n−0.705....
This value is given by the number of edges and vertices of the graph depicted on the right hand
side of Figure 7.3. A matching upper bound (and thus a threshold!) can be derived by adapting
the techniques of [BMS10+] (cf. Section 6.6) to the vertex setting studied here. More generally,
we believe that for the vertex case the approach via deterministic two-player games can be pushed
considerably further – our hope is that it will lead to a general combinatorial characterization of
the threshold that is valid for any graph F (not just forests as in the edge case) and any number
of colors. This is joint work in progress with Torsten Mütze and Thomas Rast.
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